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Amplification of acoustic in-plane phonons due to an external temperature gradient (rT) in

single-layer graphene (SLG) was studied theoretically. The threshold temperature gradient ðrTÞg0
and the threshold voltage ðVTÞg0 in SLG were evaluated. For T ¼ 77 K, the calculated value for

ðrTÞg0 ¼ 746:8 K=cm and ðVTÞg0 ¼ 6:6 mV. The calculation was done in the hypersound regime.

Further, the dependence of the normalized amplification ðC=C0Þ on the frequency xq and rT=T
were evaluated numerically and presented graphically. The calculated threshold temperature

gradient ðVTÞg0 for SLG was higher than that obtained for homogeneous semiconductors (n-InSb)

ðrTÞhom
0 � 103 K=cm, superlattices ðrTÞSL

0 � 384 K=cm, and cylindrical quantum wire

ðrTÞcqw
0 � 102 K=cm. This makes SLG a much better material for thermoelectric phonon

amplification. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4954779]

1. Introduction

The successful exfoliation of SLG sheets has attracted

lots of research due to its unusual material properties such as

the high carrier mobilities, unusual transport phenomena char-

acteristic for two-dimensional Dirac fermions,1 the anoma-

lous integer quantum Hall effect and Shubnikov-de Haas

oscillations that exhibit a phase shift of n due to Berry’s

phase.2 SLG is characterized by vibrations of two types of

phonons: (1) in-plane vibrations with linear and longitudinal

acoustic branches (LA and TA), and (2) out-of-plane vibra-

tions known as flexural phonons (ZA and ZO).3 In SLG, these

two forms of phonon differ in their coupling to charge car-

riers: while the coupling is conventional for in-plane phonons;

reflection symmetry demands out-of-plane displacement for

flexurals phonons. Moreover, scattering of Dirac fermions by

flexural phonons requires absorption (or emission) of two

phonons which is quadratic in nature whilst the in-plane pho-

nons have linear dispersion. Due to the flexibility of SLG, its

flexural mode (also called the ZA mode, bending mode, or

out-of-plane transverse acoustic mode) can not be ignored.

SLG is 2D material with an in-plane symmetry thus only in-

plane phonons modes can couple linearly to electrons.4 The

amplification (absorption) of acoustic phonons in graphene5–7

and other low-dimensional materials such as superlattices,8–11

carbon nanotubes (CNT)12 and cylindrical quantum wires

(CQW)12 has attracted lots of attention recently. For SLG,

Nunes and Fonseca7 studied amplification of acoustic pho-

nons and determined the drift velocity VD at which amplifica-

tion occurs but Zhao et al.14 further showed that even at

VD ¼ 0, absorption of acoustic phonons can occur.

Acoustoelectric effect (AE) involves the transfer of momen-

tum from phonons to conducting charge carriers which leads

to the generation of dc in the sample. This has been studied

both theoretically14,15 and experimentally16 in graphene. The

interaction between electrons and phonons in the presence of

an external temperature gradient (rT) can lead to thermoelec-

tric effect17–20 and thermoelectric amplification of phonons.

Thermoelectric amplification of phonons has been studied in

bulk21,22 and low-dimensional materials such as cylindrical

quantum wire (CQW)23 and superlattices.24 This phenomena

was predicted by Gulayev (1967)21 but was thoroughly devel-

oped by Sharma and Singh25 from a hydrodynamic approach

ql� 1 (q is the acoustic wave number, l is the electron mean

free path). Epstein further explained this effect for sound in

the opposite limiting case, ql� 1 and showed that amplifica-

tion is also possible in an electrically open-circuited sample

(i.e., in the absence of an electric current).26 In n-InSb,

Epstein calculated a threshold temperature gradient of �103

K/cm at 77 K. However, in superlattices, Mensah and

Kangah27 calculated the threshold temperature gradient nec-

essary for amplification to occur to be ðrTÞhom
0 ¼ 2:6ðrTÞSL

0

(where ðrTÞSL
0 is the threshold temperature gradient of
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superlattice) but in the lowest energy mini-band ðD ¼
0:1 eVÞ obtained ðrTÞSL

0 ¼ 384 K=cm. In all these materi-

als, the threshold temperature gradient for the amplification

was found to depend on the scattering mechanism and

sound frequency where the relaxation time is independent

of energy.24

Graphene differs significantly from the other lowdi-

mensional materials. It has the highest value for thermal

conductivity at room temperature (�3000–5000 W/mK).28

This extremely high thermal conductivity opens up a vari-

ety of applications. The most interesting property of gra-

phene is its linear energy dispersion eðkÞ ¼ 6�hVFjkj (the

Fermi velocity VF � 108cm=s) at the Fermi level with low-

energy excitation. Conductivity in SLG is restricted by

scattering of impurities but in the absence of extrinsic scat-

tering sources, in-plane phonons constitute an intrinsic

source of scattering of electrons to produce measurable

temperature gradient (rT).25 In the works of Mariani and

von Oppen,3 the threshold temperature below which flex-

ural phonons or above which in-plane phonons dominate

was calculated to be T ¼ 70 K. To date, there is no study of

thermoelectric amplification of acoustic phonons in SLG.

In this paper, thermoelectric amplification of acoustic pho-

nons is theoretically studied in SLG with degenerate energy

dispersion. Here the threshold temperature gradient ðrTÞg0
above which amplification occur is calculated in the regime

ql � 1. The paper is organized as follows: In the theory

section, the equation underlying the thermoelectric amplifi-

cation of acoustic phonon in graphene is presented. In the

numerical analysis section, the final equation is analyzed

and presented in a graphical form. Lastly, the conclusion is

presented in Sec. 4.

2. Theory

The kinetic equation for the acoustic phonon population

Nq (t) in the graphene sheet is given by

@Nq tð Þ
@t

¼ 2p
�h

gsgv

X
k;k0
jC

q
j2dk0;kf Nq tð Þ þ 1

� �
fk 1� fk0ð Þ

� d ek0 � ek þ �hxqð Þ � Nq tð Þfk0 1� fkð Þ
� d ek0 � ek þ �hxqð Þg: (1)

Here, we have ignored other processes rather than phonon

emission or absorption by electrons. The gs ¼ gv ¼ 2

account for the spin and valley degeneracy, respectively,

NqðtÞ represent the number of phonons with a wave vector q

at time t. The factor Nq þ 1 accounts for the presence of Nq

phonons in the system when the additional phonon is emit-

ted. The fkð1� fkÞ represent the probability that the initial k

state is occupied and the final electron state k0 is empty

whilst the factor Nqfk0 ð1� fkÞ is that of the boson and fer-

mions statistics. From Ref. 29, the matrix element jCqj in

Eq. (1) is given as

jCqj ¼

ffiffiffiffiffiffiffiffiffiffi
K2q

2qVs

s
acoustic phonons;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p2qx0

q2

 !
k�1
1 � k�1

0

� �vuut optical phonons;

8>>>>>><
>>>>>>:

where K is the deformation potential constant, q is the crys-

tal density, Vs is the sound velocity, x0 is the frequency of

an optical phonon, k�1
1 and k�1

0 are, respectively, the low fre-

quency and optical permeabilities of the crystal. In Eq. (1),

the summation over k and k0 can be transformed into inte-

grals by the prescription

X
k;k0
! A2

2pð Þ4
ð

d2kd2k0;

where A is the area of the sample. Assuming that NqðtÞ � 1

yields

@Nq

@t
¼ CqNq; (2)

where

Cq ¼
AjKj2�hq

2pð Þ3�hVFqVs

ð1
0

kdk

ð1
0

k0dk0
ð2p

0

du
ð2p

0

dh

(
f kð Þ � f k0ð Þ
� �

� d k � k0 � 1

�hVF
�hxqð Þ

� �)
; (3)

with

k0 ¼ k � 1

�hVF
�hxqð Þ;

q is the density of the graphene sheet, f(k) is the distribution

function and Vs is the velocity of sound. Here the acoustic

wave will be considered as phonons of frequency (xq) in the

short-wave region. The linear approximation of the distribu-

tion function f(k) is given as

f ðkÞ ¼ f0ðeðkÞÞ þ f1ðeðkÞÞ; (4)

f1ðkÞ is derived from the Boltzmann transport equation as

f1 e kð Þð Þ ¼ s e kð Þ � nð ÞrT

T

	 

@f0 pð Þ
@e

v kð Þ: (5)

Here vðkÞ ¼ @eðkÞ=�h@k is the electron velocity, n is the

chemical potential, s is the relaxation time and rT is the

temperature gradient. The unperturbed electron distribution

function is given by the shifted Fermi–Dirac function

f0ðkÞ ¼ f exp ðbeðkÞ � beFÞ þ 1g�1; (6)

where b ¼ 1=kBT (kB is the Boltzmann constant, T is the

where absolute temperature, and eF is the Fermi energy). At

low temperatures ðkBT � 1Þ; eF ¼ n, the Fermi–Dirac equi-

librium distribution function become

f0ðeðkÞÞ ¼ exp ð�bðeðkÞ � nÞÞ: (7)
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Inserting Eqs. (5)–(7) into Eq. (4) and setting n ¼ 0 for
intrinsic graphene, gives

C ¼ AjKj2�hq

2pð Þ3VFqVs

ð1
0

k2 � k�hxq

�hVF

� �(
exp �b �hVFkð Þð Þ

�b�hVFs �hVFkð ÞrT

�hT
exp �b�hVFkð Þ

� exp �b�hVF k � �hxq

�hVF

� �� �

�b�hVFs �hVF k � �hxq

�hVF

� �� �
rT

�hT

� exp �b�hVF k � �hxq

�hVF

� �� �)
: (8)

Using standard integrals in Eq. (8) and after cumbersome
calculations yield the final equation as

C ¼ C0

n
2� b�hxqð Þ 1� exp �b�hxqð Þð Þ

�sVF 6ð1þ exp b�hxqð Þ
� �

� b�hxq 2þ b�hxq exp b�hxqð Þð Þ�
rT

T

o
; (9)

where

C0 ¼
2AjKj2q

2pb3�h3VF
4qVs

: (10)

In Eq. (9), the temperature-dependent parameter is the diffu-
sion coefficient. Increasing temperature increases the particle
kinetic energy and the diffusion component of the system.
The threshold temperature gradient ðrTÞg0 necessary for dif-
fusion to occur is calculated by letting C ¼ 0 as a conse-
quence of the laws of conservation which yields

rTð Þg
0 ¼ T

2� b�hxqð Þ 1� exp �b�hxqð Þð Þ
sVF 6 1þ exp b�hxqð Þð Þ � b�hxq 2þ b�hxq exp b�hxqð Þð Þ½ �

: (11)

The ðrTÞg0 is dependent on the temperature (T), the frequency (xq) and the relaxation time (s) as well as the acoustic wave-

number (q). The threshold voltage ðVTÞg0 in graphene is the minimum gate-to-source voltage differential that is needed to cre-

ate a conducting path between the source and drain terminals. From Eq. (11), the source-to-drain voltage ðVÞg0 is deduced as

VTð Þg0 ¼
kbsVF 6 1þ exp b�hxqð Þð Þ � b�hxq 2þ b�hxq exp b�hxqð Þð Þ½ �

e 2� b�hxqð Þ 1� exp �b�hxqð Þð Þ
rTð Þg

0: (12)

3. Numerical analysis

To understand the complex expressions in Eqs. (9), (11),

and (12), numerical method was adopted with the following

parameters used: K ¼ 9 eV, Vs ¼ 2.1 � 103 m/s, s ¼ 5 �
10�10, xq ¼ 1.5 � 1012 s�1 and q ¼ 107 m�1. At T ¼ 77 K,

the calculated values for the threshold temperature gradient is

ðrTÞg0 ¼ 746:8 K=cm and threshold voltage ðVÞg0 ¼ 6:6 mV.

Using these values, the Eq. (9) is analyzed numerically and

presented graphically (see Figs. 1 and 2). Figure 1(a) shows a

normalized graph of C/C0 on xq for varying rT. For rT ¼
550 K/cm, it was observed that the amplitude of the absorption

graph reduces and the absorption switches to amplification at

xq ¼ 10 THz. Interestingly, when rT > ðrTÞg0, that is rT ¼
750 K/cm and 950 K/cm, the graph switches completely to

amplification (C/C0 < 0) (see Fig. 1(a)). This agrees with the

theory of thermoelectric amplification of phonons.

FIG. 1. The normalized graph of C/C0 on xq for varying rT (a) and on rT
for varying xq (b).
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Figure 1(b) shows the graph of C/C0 on various rT for

varying xq. The graphs increases to a maximum then

decreased with the peak shifting to the right for higher values

of xq. This means the temperature gradient (rT) attains a

maximum at C/C0 > 0 then decreases. A 3D graph is pre-

sented to further elucidate the graphs obtained (see Fig. 2).

Figure 2 shows the dependence of C/C0 on rT and xq.

Along the rT axis, the graph increases to a maximum then

decreases. On the xq axis, the graph attains a maximum at

lower rT and a minimum at higher rT.

4. Conclusion

Thermoelectric amplification of in-plane phonons in gra-

phenes is studied. We observed that absorption switches

over to amplification at values greater than the threshold

values. The threshold value calculated at T ¼ 77 K in gra-

phene is ðrTÞg0 ¼ 746:8 K=cm and threshold voltage

ðVTÞg0 ¼ 6:6 mV. The threshold value is far higher than that

calculated in homogeneous semiconductor using n-InSb (Vs

¼ 2.3 � 105 cm/s at 77 K) and was found to be

ðrTÞhom
0 � 103 K=cm,21 superlattice ðrTÞSL

0 � 384 K=cm

for mini-band width D ¼ 0.1 eV at 77 K,24 and finally for cy-

lindrical quantum wires (CQW) to be ðrTÞCWQ
0 � 102 K=cm

at liquid nitrogen temperature of 77 K.23 These makes gra-

phene a much better material for thermoelectric phonon

amplification.
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