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Abstract

The nonlinear polarization effects in a birefringent single mode optical fiber is studied using

Jacobi elliptic functions. We find that the polarization state of the propagating beam depends

on the initial polarization as well as the intensity of the input light in a complicated way. The

Stokes polarization parameters are either periodic or aperiodic depending on the value of the

Jacobian modulus. Our calculations suggest that the effective beat length of the fiber can

become infinite at a higher critical value of the input power when polarization dependent losses

are considered.
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1 Introduction

Nonlinear effects resulting from polarization behavior have been of great research interest be-

cause they lead to various applications including pulse shaping, optical switching, intensity dis-

criminators and all-optical logic gates [1]. In optical fiber telecommunication devices, nonlinear

polarization dependent effects are also of keen interest. It has been reported that polarization

dependent losses influence systems containing several elements connected by optical fibers [2].

Also, several nonlinear phenomena including optically induced birefringence [3], polarization in-

stability [4 — 6], and solitons [7] have led to important advances from the fundamental as well as

technological points of view. In addition, interest in nonlinear polarization optics is expected to

develop further in view of the current emphasis on photonics-based technologies for information

management. Infact, a polarization diversity detection system for distributed sensing of polar-

ization mode coupling in high birefringence fibers has been implemented using a pump-probe

architecture based on optical Kerr effect [8]. Thus, a thorough understanding of polarization

and its effects are fundamental to the design and characterization of various devices that use

single mode optical fibers.

In this paper, we will study the nonlinear polarization effects in a birefringent single mode

optical fiber. Evolution equations involving Stokes parameters are derived and used to describe

polarization changes as the beam propagates along a birefringent optical fiber. The solutions are

obtained in terms of Jacobi elliptic functions. It will be shown that the output Stokes parameters

depend on the Jacobian modulus which in turn depends on the input polarization of the light.

We will also show that depending on the value of the Jacobian parameter, the output Stokes

parameters may be periodic or aperiodic. For each case of periodicity, the effective beat length

of the fiber is determined. We further observe in this work, that the effective beat length can

become infinite at a higher critical input power. We will also present geometrical illustrations

to enhance the visualization of these resulting effects.

The rest of this paper is organized as follows: section two deals with the theory and contains

the basic equations for understanding of the concepts; section three involves a discussion on the

salient features of the results; and finally, section four is devoted to the concluding remarks.

2 Theory

The evolution equations describing the polarization state of an intense light beam propagating

along a birefringent single-mode optical fiber can be expressed in compact form as [5, 9]

, s)] x s (l)

where S = (Si, S2, £3) is Stokes vector associated with the polarization state of the monochro-

matic electric fields. In one of the standard conventions [10], the Stokes parameters are defined



as
Sa = A*(aa)lJA, (2)

where the indices a — 1,2,3 and i,j = 1,2. Here, the A^s represent the field amplitudes along

the principal axes of the fiber and aa are the Pauli spin matrices. The fi's with projections fii,

Q2, and ^2 are vectors in Stokes space related to the fiber characteristics and can be expressed

explicitly as

OaW = K)J-i«»i (3)

and

n^L(z,S) = ^waPSp (4)

Uij is a tensor of rank two in 2-dimensional space related to the fiber linear dielectric tensor ê -

which represents the coupling in the field amplitudes due to perturbations in the fiber while wap

is an expansion coefficient representing the fiber parameters responsible for nonlinearities and
(3)

related to its cubic nonlinear susceptibility tensor xljii-

If we assume small anisotropy along the direction of propagation and that the cubic nonlin-

earity is isotropic, the nonlinear evolution equations will take the following form
d£n _ _ /12?rw j 3 )
dz V nc

CLO2 ~ / , O / 1 _ _ \ o ; r< \ rt / /»\

dz \2ncK^L - - / j ° 2 (7)

Following the method of Sala [11], the exact analytical solutions to this system of equations can

be deduced. Using Eq.(5) and Eq.(7), S2 can be eliminated to obtain

(2G05! Gi5|) = 0 (8)

which when integrated will yield

2G0 (Si - 5io) = Gi (Si - 5|0) (9)

(31

We have set GQ = co (eu — 633) /2nc and G\ = 127rwxii22/nc- ^he Sa$ denotes an input Stokes
parameter, u> is the frequency of the propagating beam, c is the speed of light and n is the

refractive index of the fiber.

We further assume that the beam of light is completely polarized and the total intensity is

normalized so that

5? + 5| + 5| = 1 (10)

Then, using the above equation with the help of Eq.(7) and Eq.(9 ), we obtain
2

l l D3 (11)



where

Di = \G\ (12)

D2 = Gl + Gx (G0SW - ^C?i5fo) (13)

and

( \ y (14)
The right-hand side of Eq.(ll) has roots

(15)

which are strictly real. Then, Eq.(ll) can be expressed as

\-v2) (16)

The exact analytical solution to Eq.(16) can be obtained in terms of elliptic functions as

(17)

where C is a constant and k = y/vi/ (vi — v2) is the modulus. The above expression in Eq.(17)

can be written more compactly in the form

5 3 = ^ c n (Gofz + C ; k) (18)
<?

The solutions for £2 and Si can be obtained similarly and expressed as follows

S2 = -^-J- [sn {Gofz + C; k)] dn (Gofz + C ; k) (19)

and
f 2

5i = — {l-2m[sn2(G0/z + C; k)]} - 1 (20)

where

[ f 2l]{ (21)

en, sn. and dn are Jacobian elliptic functions and q = G\/GQ is a relative measure of the

anisotropy and the cubic nonlinear susceptibility of the fiber. In this paper, it is assumed that

q > 0 since the difference in refractive indices for the eigenpolarizations is a positive quantity

for a birefringent fiber. Also, p = ±1 = sgn (S30) with the sign function defined as sgn (x) = 1

for x > 0 and sgn (x) = — 1 for x < 0. The Jacobian modulus k is given by

(22)
L ^ -*J ~ - ' J

and

- Re [K (m)] < C < + Re [K (m)] (23)



with K(m) denoting the Jacobian quarter-period. Here, the Jacobian parameter m =k2. The

constant C can be obtained in terms of the initial conditions

en (C ; m) = q ^ (24)

where sgn (C) = sgn

These solutions in Eq.(18) through Eq.(20) describe the characteristics of an arbitrarily in-

tense beam propagating along a low-loss optical fiber. The equations show that the output

Stokes parameters depend on the Jacobian modulus k which depend on the input Stokes param-

eters and the ratio q. These solutions are general since no restrictions are placed on the relative

strength of the optical fields and are also exact since the set of coupled nonlinear differential

equations are solved in terms of known transcendental functions.

3 Discussion of Results

With the use of Eq.(18) through Eq.(20), the propagation characteristics of the optical beam for

different initial polarization states can now be described. The propagation of an intense light

along the optical fiber may result in a change in the fiber's refraction, absorption and anisotropy.

We will assume that the intensity-dependent behavior of the fiber is accounted for in the cubic

nonlinearity. Then, the object q relates to the intensity of the beam and may be regarded as a

scaling parameter as the intensity of the input light is varied. If nonlinear effects are initially

neglected so that the fiber response to the propagating light wave is considered linear, the cubic

nonlinearity becomes negligible and the quantity q = 0. Then, one deduces immediately that

m = 0 with the help of Eq.(21) and Eq.(22). We note that when m = 0, the Jacobian ellip-

tic function takes on its degenerate trigonometric counterpart {sinnx, cosnx; n = 0, ±1, ±2...}.

Fig.(l) illustrates the effects, when q = m = 0, for an input light with initial polarization state

510 = —0.5, S20 = 0 a nd S30 = 0.3. The output Stokes parameters are periodic with period

2TT and the fiber beatlength is given by L(m = 0) = 2-K/GQ. This case obviously involves

polarization effects of linear and circular birefringence and dichroism in the fiber.

If we now consider effects when the fiber behaves nonlinearly due to the propagation of

an intense beam, the cubic nonlinear susceptibility tensor cannot be neglected and q > 0.

Fig.(2) and Fig.(3) show, respectively, for q = 2.3 and q = 4, the variations in the Stokes

parameters as a function of dimensionless distance for an input light with initial polarization

state corresponding to a right elliptically polarized beam with 45° azimuthal angle and 22.5°

ellipticity. We note that such an input beam has an initial polarization state Sw — 0, S20 = 0-71

and 530 = 0.71. Also, m = 0.58 when q = 2.3. This is easily deduced resorting again to Eq.(21)

and Eq.(22) with knowledge of the input Stokes parameters. In Fig. (2), the Stokes parameters

are observed to be doubly periodic with period L (m) = 4K(m) / JGQ. Thus, the period of the

elliptic function determines the effective beat length of a nonliner fiber. In addition, the effective

beatlength depends on input intensity and input polarization. Fig.(3) shows a qualitatively



different behavior from the previous illustrations. For this case m = 1. We observe that the

output Stokes parameters are aperiodic even though the initial polarization state is the same as

in Fig. (2). The polarization tends asymptotically to a final state instead of varying periodically

as in the previous cases when 0 < m < 1. The final state in this example of Fig. (3) corresponds

to a linearly polarized optical beam.

Another set of interesting results for an input light with initial polarization state Sio = 0,

£20 = 0.3 and 530 = 1 corresponding to a right elliptically polarized beam with 45° azimuth

and 37° ellipticity is shown in Fig.(4) for q = 2.3. We deduce for this case that m = 1.2 when

q = 2.3. The Stokes parameters are doubly periodic with period L (m) = 2K(l/m) /k/Go- We

note that as q increases from 2.3 to 4, the period of the Stokes parameters also increases. This

implies that the output polarization state at fiber length (z = L) is dependent on the beam's

intensity.

We also obtained results shown in Fig. (5) for the unique polarization state in which the

orientation angle is 90° and the initial Stokes parameters are such that £10 = —0.5, 5*20 = 0

and 630 = 0.3. In this example, q = 2 and m = 00. For this case, the fiber's effective beat

length becomes infinite at a higher critical input power. As we have reported [12], this occurs

because of an intensity dependent change in the ellipticity of the polarization ellipse. This is a

surprising result and is of special interest since it could have concrete implications for systems

that combine birefringent fibers and components with polarization dependent losses. Ordinarily,

in linear optics, increase in losses leads to a decrease in power. However, our result indicates

that in the nonlinear case, increase in polarization dependent loss shifts polarization instability

to higher power values.

4 Conclusions

The output polarization state of an optical beam propagating along a birefringent single mode

fiber has been shown to be dependent on the Jacobian modulus which in turn depends on the

input polarization of the light as well as the relative measure of the nonlinear susceptibility and

anisotropic dielectric tensors characterizing the fiber. We have reported that the output Stokes

polarization parameters are either periodic or aperiodic depending on the value of the Jacobian

modulus. We have also found that the effective beat length of a fiber can become infinite at

a higher critical value of the input power when polarization dependent losses are considered.

These results show that the polarization state of a beam propagating along a birefringent single

mode optical fiber depends on the initial polarization as well as the intensity of the input light

in a complicated way. This has far reaching effects on polarization-sensitive devices utilizing

single mode optical fibers.
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FIG. 1. Stokes parameters as a function of fiber length for initial polar-
ization state Sw = 0, ^ = 0.3 and Sao = 1. In this figure, q •= m = 0 and
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FIG. 2. Stokes parameters as a function of fiber length for initial polar-
ization state 5 i 0 = 0, 520 = 0.71 and 530 = 0.71. Here, q = 2.3, m = 0.58
and L = 4K (m) /fG0.
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FIG. 3. Same initial polarization state as in Fig. 2 but with q = 4 and
m = 1.

FIG. 4. Same initial polarization state as in Fig. 1 but with q
m = 1.2 and L = 2K (1/m) /kfG0.

= 2.3,



FIG. 5. Effective beatlength as a function of intensity for initial polariza-
tion state SIQ = —0.5, S20 ~ 0 and 630 = 0.3.
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