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ABSTRACT
In this thesis, we developed an SEIR - SEI model of malaria transmission
with the inclusion of susceptible, exposed and infected immigrants. Analysis
of the model were carried out to find the equilibrium points and their
stabilities. We have discovered that our model has no disease-free and hence
no basic reproduction number #o due to the influx of exposed and infected
immigrants. However, when the proportions of exposed and infected
immigrants approaches zero, disease-free status will be attained whenever $
< 1. The unique endemic equilibrium point for which there are exposed and
infected immigrants is both locally and globally stable. Numerical simulations
were performed to know the effect of exposed and infected immigrants and the
results from our simulations showed that exposed and infected immigrants
entering the population rendered the basic reproduction number % irrelevant
and can not be used to determine the extinction and the prevalence of malaria.
Sensitivity analysis was carried out on the parameters that the basic
reproduction number #b depend on. The result from the sensitivity analysis
revealed that the most sensitive parameter is the mosquito biting rate v. We
recommended that immigrants should be screened at our borders and be sure
of malaria free before allowing them to enter the population to ensure the

health and well-being of everyone in the community.
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CHAPTER ONE

INTRODUCTION

Mathematical modelling, an essential research tool has been employed
over the years to study the transmission dynamics of infectious diseases. Hav-
ing a comprehensive insight of how these infectious diseases are transmitted
could aid in developing the appropriate tools to mitigate the transmission of

these infectious diseases.

Background to the Study

Malaria is perceived as both epidemic and endemic disease. History has
it that there have been controversies among researchers concerning the cause of
malaria. There were two conjectures with respect to malaria transmission that
is bad air and insect vectors (Hempelmann & Krafts, 2013). Sir Patrick Man-
son discovered in 1878 that a parasite that causes human infection is capable
of infecting mosquito (CDC, 2015). Malaria parasite was discovered on 20th
October 1880 by Dr Alphonse Laveran at Military hospital in the Constantine,
Algeria (Garnham, 1988). In 1895, Sir Ronald Ross embarked on a journey in
pursuit of proving the conjectures of Dr. Alphonse Laveran and his contem-
porary Sir Patrick Manson that mosquitoes were responsible for the spread of
malaria. On 20th August 1897 in Secunderbad, Sir Ronald Ross also found the
malaria parasite after he dissected the stomach tissues of an anopheles mosquito
that fed four days previously on malaria patient and he proceeded to prove the
role of anopheles mosquitoes in the transmission of malaria parasites in humans
(CDC, 2015).

Malaria, a lethal disease caused by the parasite of the plasmodium fam-
ily which is rife in Sub-Sahara Africa and seen as a penury-induced disease
(WHO, 2019). According to WHO (2021), an estimated 241 million cases of

malaria were recorded globally in the year 2020 out of which Africa recorded
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228 million cases against 213 million cases of malaria in Africa in the year
2019. Comparatively, there was a surge in malaria cases in Africa from 2019
to 2020, which was attributed to the arrival of COVID-19 pandemic. The death
toll of malaria in Africa increased from 534000 to 602000 in the year 2019 and
2020 respectively (WHO, 2021). In 2021 world malaria report, it was estimated
that 6.7 and 5.9 million cases of malaria were presumed and confirmed in 2019
and 2020 respctively. There were 336 deaths in 2019 and 308 deaths in 2020
recorded in Ghana.

Malaria parasite is generally transmitted when the malaria parasite enter
the bloodstream of a susceptible human, after they (susceptible human) are been
bitten by female anopheles mosquito that is infected. Suscpetible mosquitoes
become infected when they bite an infected human. Since malaria parasite is
found in red blood cells of an infected person, malaria can be transmitted from
human to human via blood transfusion, organ transplant or sharing of needles or
syringes contaminated with blood (CDC, 2022). According to Otieno (2016),
pregnant women that have malaria may also transmit the malaria parasite verti-
cally to her unborn child before or during birth (congenital malaria). There are
five species of malaria parasite that infect human and cause illness: Plasmod-
ium falciparum, Plasmodium malariae, Plasmodium vivax, Plasmodium ovale
and Plasmodium knowlesi. Plasmodium falciparum malaria is a life-threatening
human parasite which accounted for 80% of all recorded malaria cases globally
and 90% of death is rife in the tropical areas of Africa and South East Asia (Mia,
Begum, Er, Abiden & Pereira, 2011). The first symptoms of malaria are fever,
headache and chills usually appeared 10-15 days after infectd female mosquito
deposit the parasite into human and may be clement and hard to recognize as
malaria. If left untreated, plasmodium falciparum malaria can progress to se-
vere illness which can lead to death within 24 hours.

Controlling mosquito population plays a crucial role in decreasing human-

female mosquito interaction which will intend decrease the spread of malaria.

2
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According to WHO (2021), insecticide-treated nets (ITNs) and indoor residual
spraying (IRS) are important tools to be employed in reducing mosquito pop-
ulation. Adulticide and larvicide can be applied to reduce the size of female
mosquito population (Nordin, Ahmad & Ahmad, 2015). Effort in planetary
malaria control is impeded by anopheles mosquito resistance to insecticides. In
2021 world malaria report, 78 countries reported mosquito’s resistance to at least
one out of four commonly-used insecticide classes in the period 2010 — 2019
whiles 29 countries reported mosquito’s resistance to all main insecticide classes
(WHO, 2021).

Preventive chemotherapy can be used to thwart malaria infections and
their implications. It consists of chemoprophylaxis, intermittent preventive treat-
ment of infants (IPT1) and pregnant women (IPTp), seasonal malaria chemopre-
vention (SMC) and mass drug administration (MDA). These safe and econom-
ical strategies are geared towards malaria control activities, including vector
control measures, prompt diagnosis of suspected malaria, and treatment of con-
firmed cases with antimalarial medicines (WHO, 2021).

Vaccination in an effective way of preventing the transmission of malaria.
World Health Organization target for malaria vaccine is at least 75% efficacy. In
October 2021, global advisory bodies for immunization convoked to review the
RTS,S/ASO1 malaria vaccine among children living in regions with moderate to
high plasmodium falciparum malaria transmission. This vaccine was piloted in
three countries in Sub-Sahara Africa that is Ghana, Kenya, and Malawi of which
more than six hundred and fifty thousand children benefited in the exercise. The
vaccine has been observed to decrease malaria drastically, and deadly severe
malaria among young children so in view of that, World Health Organization
recommended wider use of this vaccine (WHO, 2021). Ball, Knock, and O’ Neil
(as cited in Koutou, Sangare & Traore, 2020) have observed that albeit malaria
vaccine could be imperfect, using it together with other control strategies could

aid in decreasing the rifeness of malaria monumentally.
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Early diagnosis and treatment of malaria does not only mitigate the dis-
ease but it also thwarts death and transmission rate drastically. According to
WHO (2021), parasite-based diagnostic testing should be used to affirm malaria
cases which would enable health care workers to promptly differentiate between
malarial and non-malarial fevers for apt treatment. Artemisinin-based combina-
tion therapy (ACT) is the best treatment specifically for P. falciparum malaria
(WHO, 2021). The main motive of treatment is to guarantee zero plasmodium
parasites to prevent a simple case of malaria from advancing to serious illness
leading to death.

WHO (2021) underscored that antimalarial drug resistance is an imped-
iment to planetary malaria control efforts in the Greater Mekong subregion.
There were report from Africa indicating drug-resistant to malaria. Strategies
are being put in place by World Health Organization to ameliorate drug resis-
tance in Africa.

Malaria elimination is the primary objective of health care providers. How-
ever, this task is not a walk on the park as the case of malaria increases astro-
nomically each year. In order to allow malaria elimination see the light of the
day, protracted measures to prevent re-establishment of transmission and relapse
of the disease is required. In 2020, twenty-six countries in the world reported
less than 100 cases of malaria. Also, countries like China and El Salvador were
certified by World Health Organization in 2021 as malaria-free and European
Region has been malaria-free since 2015 which is a confirmation that malaria
can be eliminated (WHO, 2021).

Malaria surveillance enable health care providers to figure out which areas
are most affected and does not only aids countries to track change in disease pat-
terns but it also assists them to plan effective health interventions and examine

the effect of their malaria restrain interventions
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Statement of the Problem

Malaria is a lethal infectious disease affecting nearly half of the world’s
population. The WHO African Region accounted-for 95% of malaria cases and
96% of malaria deaths in 2020. Children below five years accounted-for 80%
of all the malaria deaths in the WHO African Region (WHO, 2021).

Regrettably, Ghana is among the first 10 highest malaria burdened coun-
tries in the world (WHO, 2021). In 2021, a total of 5.7 million cases of malaria
were confirmed in Ghana, a modest increase of 2020 estimated number of 5.1
million cases. The number of admission due to malaria were increased from
308,358 in 2020 to 391,052 in 2021, albeit, there is a drop in inpatients deaths
from 312 to 275 in 2020 and 2021 respectively (Annoh, 2022). These figures
should make us restless, especially because malaria is a preventable and treat-
able disease. Ghana is doing everything possible to join the queue of malaria-
free countries, however, our efforts failed to see the light of the day.

Due to comparatively low level of border control in Ghana which makes it
virtually possible for immigrants to infiltrate as a result of the porous nature of
our borders, it is therefore extremely important that we conduct more research in
order to fully understand the impacts of infective immigrants in the transmission

of malaria using mathematical modelling as a tool.

Purpose of the Study

The purpose of this thesis is to formulate a deterministic epidemic model
of malaria transmission where influx of infective immigrants into the human

population is allowed.
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Research Objectives

General Objectives

The overall objective of this thesis is to formulate an SETR — S EI model
for malaria transmission with infective immigrants to understand the role play

by infective immigrants in the transmission of malaria.

Specific Objectives

This thesis has the following specific objectives:

e To formulate a mathematical model of malaria with the inclusion of in-

fective immigrants into the human population.

* To determine the equilibrium states of the model.

* To determine the basic reproduction number, R.

* To determine both local and global stability of the model .

* To perform sensitivity analysis to understand the parameters that influence

the model dynamics .

* To perform numerical simulations to know the full extent of the effect of

infective immigrants on malaria transmission .

Significance of the Study

* An essential research tool that can assist us to study and understand the

transmission dynamics of malaria is deterministic mathematical modelling.

e There are several mathematical models on malaria transmission, never-
theless, much work has not been done extensively taking into account the

effect of infective immigrants on the transmission dynamics of malaria.
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* Therefore, it is imperative that we come with a mathematical model that
allow influx of infective immigrants, in order to inform our policy makers

on the best strategies that will effectively combat the spread of malaria.

Delimitation

This thesis is limited to finding out the crucial role played by exposed and

infected immigrants in the transmission dynamics of malaria

Limitation

This thesis has a limitation of correct estimation of parameter values be-
cause we depend primarily on values from literature and some assumed values

for our numerical simulations.

Definition of Terms

In this section, we state some fundamental defintions needed to compre-

hend the model.
Definition 1.1

A differential equation of the form

dy
— =W (L.1)

where f does not depend explicitly on ¢ is called an autonomous differential

equation: otherwise it is nonautonomous
Definition 1.2

A system of first-order ordinary differential equations of the form

= [(t z(1)), (1.2)
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is independent of ¢ or f(t,x(t)) = f(z(t)) forz € R, f € R™, ¢ € Ris called

an autonomous system.
Definition 1.3

In differential equation (1.2), if a point z¢ is such that
f(zf) =0, ¢ e R"” (1.3)

then z¢ is called an equilibrium point (critical point, fixed point , steady-state)
Definition 1.4

An equilibrium point x¢ is said to be locally stable if for any € > 0, there

is 6 > 0 such that
|2® — z°|| < 6 = ||=(t) = z°, vVt >0 (1.4)

Instinctively, an equilibrium point z¢ = (xf,z§,...,2%) € R", of the au-

cey n

tonomous system (1.2) is called stable, if the initial point 2° is close to z¢, then

the trajectory x(t) will remain close to x for future time for all ¢ > 0
Definition 1.5

An equilibrium point z¢ is locally asymptotically stable it it is stable and

in addition there exists (fy) > 0 such that
2% = z°||. > x(to) = 1tlirn |z(t) — z¢|| =0 (1.5)
—00

Organization of the Study

This thesis is divided into five chapters. Chapter one of this work describes

the background to the study, statement of the problem, research objectives and
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the significance of the problem. Chapter two deals with the review of some re-
lated literature on mathematical models of malaria with the inclusion of infected
immigrants. In chapter three, we formulate the model and investigate its stabili-
ties. Chapter four we carry out numerical simulations and sensitivity analysis of

our model. In chapter five, we present summary, conclusions recommendations.
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CHAPTER TWO

LITERATURE REVIEW

Introduction

In this section, we re-examine related work on deterministic mathematical
models of malaria with infective immigrants. Deterministic mathematical model

gives us a clear picture of the transmission dynamics of infectious disease.

Mathematical Models on Infectious Disease

Malaria is a long in the tooth infectious disease that researchers have tried
to comprehend its transmission dynamics for many years due to its burden on
human population globally. The breakthrough happened when the mosquito in-
volvement in the transmission cycle was uncovered by Grassi and Ross in 1897
(Mandal, Sarkar & Sinha, 2011). Deterministic mathematical model for malaria
transmission is attributed to Ross (1911). Ross was the first person to publish
a paper on simple mathematical model that provided a clear picture of inter-
active factors and their role in the eradication of malaria disease. In his work,
he used the S7.S model for human population and SI model for mosquito pop-
ulation with standard incidence and constant population. According to Ross
(1911), decreasing malaria transmission does not require extinction of mosquito
population, in lieu, reducing mosquito population below a certain threshold is
enough to control malaria transmission. Scores of work on malaria transmission
was investigated after Ross (1911). For instance, Macdonald et al. (1957) reit-
erates the significance of mathematical epidemiology and extended Ross (1911)
model by adding the exposed compartment to the mosquito population. The
human population is the same as in the Ross model thus S7.S model while the
mosquito population is modified to S EI model. This model gave a clear under-

standing of malaria cycle and underscored that the survival of adult mosquito

10
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is the weakest link in the cycle. This led to massive malaria eradication cam-
paign by the World Health Organization (WHO) by concentrating on the use of
DDT as an insecticide to eliminate mosquito in Africa (Macdonald et al., 1957;
Mandal, Sarkar & Sinha, 2011).

Mojeeb, Osman and Isaac (2017) did a work on SE IR model followed
by SEIR — SEI model of malaria transmission. They assumed that permanent
immunity is conferred on recovered individuals. Their analysis indicated that
both models are locally asymptotically stable whenever the associated basic re-
production numbers are less than unity and unstable, when they are greater than
unity. They went further by saying that in order to control malaria, the rate of
infection between humans and mosquitoes must be decreased, also reducing the
interaction between mosquitoes and humans and the use of malaria drugs, in-
secticides, and treated bed nets would decrease mosquito population which will
in turn keep human population stable.

Several models on malaria were developed after that. For example, New-
man, Parise, Barber and Steketee (2004 ) reported that nearly 1500 malaria cases
occur each year in the United States, of which 60% are among United States
travellers (imported malaria cases). This phenomenon is as a result of immi-
grants from malaria endemic regions act as a source of malaria when they move
to malaria free zone that has uninfected mosquitoes.

Also, Tumwiine, Luboobi and Mugisha (2005) did a work on a host-vector
mathematical model for malaria with infective immigrants. Analysis of their
model indicated that the basic reproduction number does not exist because there
is no disease-free equilibrium point due to the influx of infective immigrants.

Mandal and Sarkar (2011) asserted that the reason why various strategies
to eradicate infectious disease fail to see the light of the day is the disregard for
the mobility pattern of the host (human), and this confirmed the recent surge in
malaria incidence not only in endemic areas but also in areas where malaria had

been eliminated.

11
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Also, Budhwar and Daniel (2017) analysed the stability of SEITR — ST
model for malaria with infective immigrants. They found out in their analysis
that both the disease-free and endemic equilibria are stable locally and globally.
The apparent drawback of their work is that, they have not done any numerical
simulations and sensitivity analysis to comprehend the full extent of the impact
of infective immigrants on the spread of malaria in the population.

Furthermore, Sigdel and McCluskey (2014) studied global stability of an
SET model of infectious disease with immigration into all the three compart-
ments. The result from their study indicated that there was no basic reproduc-
tion number because disease-free steady state does not exist due to the influx
of infective humans. Further analysis of their model reveals the existence of
endemic steady state which was globally asymptotically stable. They concluded
that elimination of disease becomes virtually unattainable if there is an influx of
infected immigrants in the population.

Wedajo, Bole and Koya (2018), published a paper on STR — S math-
ematical model of malaria with the inclusion of infected immigrants. Their
numerical analysis indicated that preventing the influx of infected immigrants

have a strong impact on the malaria disease control.

Chapter Summary

In this chapter, we reviewed some related works on mathematical models
of malaria taken into account the inclusion of infected immigrants into the hu-
man population. Many of the research on the mathematical models of malaria
do not allow the influx of exposed immigrants and even those that include ex-
posed immigrants, they have not done any numerical simulations to comprehend
the effect of those immigrants in the malaria transmission. In this study, we de-
veloped a SEIR — SEI model of malaria with the inclusion of exposed and

infected immigrants into the human population.

12
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CHAPTER THREE

RESEARCH METHODS

Introduction

In this chapter, we formulate a mathematical model for human-female
mosquito transmission of malaria using compartmental approach with mass ac-
tion as incidence rate. We consider four and three compartments in the human
and female mosquito population respectively. In the human population, there is
an influx of immigrants A where proportions w, ¥ and (1— w — 1)) are exposed,
infected and uninfected with malaria respectively such that (0 < w + ¢ < 1).
We consider two cases in the analysis of our model. In the first case where we
assume there are no immigrants (A = 0), we compute equilibrium points, the
basic reproduction number R, and investigate both local and global stability of
disease-free and endemic equilibria. In the second case of our model, where
there are influx of immigrants (A > 0), where proportions of the imigrants w, ¢
and (1— w — ) are exposed, infected and uninfected with malaria respectively
such that (0 < w + ¥ < 1), we compute the equilibrium point and investigate
its stability.

According to Wedajo et al. (2018), it is without a shred of doubt that im-
migrants play a vital role in the transmission of malaria so in view of that, we
formulate a deterministic model for human-female mosquito transmission of
malaria incorporating infective immigrants in the human population. We make
the assumption that there is a transfer of individuals from the susceptible com-
partment to exposed compartment when there is an interaction between suscep-
tible humans and infected female mosquitoes given that there is a transmission

in the process of the interaction.

13
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Mathematical Backgrounds

In this section, basic definitions and theorems needed to comprehend the

model are reviewed.
Definition 3.1

An equilibrium point (steady-state, fixed-point or critical point) of a dif-
ferential equation (1.2), is a constant solution z¢ = (x§, z5, ..., z%) € R", satis-
fying

f(z€) =0 3.1)

Example 3.1

The logistic differential equation,

d
d—fzzux(l—%), w,L >0, (3.2)
has two points of equilibrium: z{ = 0, and z§ = L

Example 3.2

The SET epidemic model

as

— = A= _

o BIS — pS

dF

S = BIS - (u+OF (3.3)
dl

a =ck — ,u]

has two equilibrium points namely

* a disease-free equilibrium point: p; = (%, 0,0), and

14
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* an endemic equilibrium point P, = (S5, £, I5), where

. (pt+ep
S5 =g
= p(ABe — p*(n+ €)
Bulp + e)e
o ABe—p(ute)
? Bu(p +e)

The next generation matrix and the basic reproduction number

In epidemiology, the next-generation matrix is a method used to derive
the basic reproduction number, for a compartmental model of the spread of in-
fectious diseases. This method is given by (Dekmann, Heesterbeek & Metz,
1990; Van den Driessche & Watmough, 2002 ). Many of today’s most impor-
tant emerging infectious diseases are multi-host infections by their very nature.
As a result, they require a slightly more complex formalism for investigating
epidemic thresholds, etc. The basic tool for examining epidemic thresholds in
complex, structured models is the so-called next generation matrix.

Consider a population of individuals (or species) subdivided into n com-
partments, of which m are infected. Let x; represent the proportion of the pop-
ulation in the ¢th compartment and let the vector of the proportions in all the
compartments be z. In order to compute R, it is important to distinguish new

infections from all other changes in the population. Let

* Fi(z) be the rate of appearance of new infections in compartment 1,

e V:*(x) be the rate of transfer of individuals into compartment 7 by all

other means, and

* V.7 (x) be the rate of transfer of individuals out of compartment .
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It is assumed that each function is continuously differentiable at least
twice in each variable.The disease transmission model consists of nonnegative

initial conditions together with the following system of equations:

T = fi(x) = Fi(z) = Vi(z),i=1,..,n (3.4)

where V; =V, — V. We define the matrices,

E=lte]. v |2l

where Q° denotes the DFE with indices 4, j = 1, ..., m. The entries of the matrix

G=FV!

gives the rate at which infected individuals of state ; generate new infections
of type i. The matrix G is called the next generation matrix (Diekmann et al.,

1990). Ry is the dominant eigenvalue of G. That is

Ro=p(G)=p(FV'). 3.5)

For example , considering the epidemic model Equation (3.3) which has a
disease-free quilibrium point p; = (%, 0,0).

To compute R, for the epidemic model Equation (3.3), we note the two
disease states of the epidemic model which are £ and /. The vectors V; and F;

are given respectively as

IS +e)E
F= 2 and V; -Vt=V= te)

0 w — ekl

The matrices F' and V are defined respectively as
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0 BSs +e 0
F = and V = K
0 0 —€ L
Now,
1

V—l_ Im 0

€ 1

plute) p

The matrix GG is now given given by

Be

E— B 1 = p(pte)
0

S Tl

The basic reproduction number is given by the spectral radius of G, denoted by

p(G). That is ,

Global Stability analysis

The Lyapunov direct method is generally used to study the stability prop-
erties of an equilibrium point of systems of non-linear ordinary differential
equation globally. There is no general techniqiues for constructing Lyapunov

functions for ODEs.
Theorem 3.1

Let Q € R” be a domain of origin. Let us consider the equation,

X' = f(=), (3.6)

on [0,00) x @ with f(0) = 0 so that z, = 0 is an equilibrium point of Equation

(3.8). Assume that V' is a Lyapunov function.
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e Ifv'(z) <0,thenx, =0 globally stable .

e If V'(z) <0,z # 0 (or =V’(z) is positive definite), then =, = 0 is glob-

ally asymptotically stable .
o IfV'(x) >0,z # 0, then z, = 0 is unstable.

Below are some common Lyapunov candidates functions.

* Logarithemic Lyapunov Function:

V(y17y27 7ym) = 2211 QZ(yZ — y;k In ??j_z:‘)’

* Common Quadratic Lyapunov Function:

i=1 g, N
V (1, Yz, o Ym) = dom Z(yi — )%,

* Composite Quadratic Lyapunov Function:

V (Y1, 92, -, Ym) = % [Z:l(yz- — y*)]2

Sensitivity analysis

The sensitivity analysis enables the researcher to ascertain the effect of
the parameters in the model on the independent variable, Jt,. For example the
researcher may want to know if increasing a particular parameter will result in
increase or decrease in the dependent variable .

The sensitivity index on R is given by

oR

Ro__ 0o P

<,'= _8/) —%0, 3.7
18
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where ¥ is the basic reproductive number (independent variable) and p is the

parameter of interest.

Example 3.3

Let us consider the SEI model in system Equation (3.3) and compute the
sensitivity index of 5 with = 0.0113 and € = 0.1 and interprete the result.

The basic reproduction number for Equation (3.3) is given by

o L (3.8)

pp+€)

The sensitivity index of 5 on R is given by,

ORow...0
Ro__ 0
<= — . —. 3.9
5= 88 Wy (3.9)
Differentiating (3.8) partially with respect to (3, we have

6%0 €

= ! (3.10)
08 plp+e)

Substituting Equation (3.8) and Equation (3.10) into Equation (3.9), we

obtain
Ro e PBulpte)
<5 = . . (3.11)
T wlu+e)  Be
Simplifying Equation (3.11), we obtain
< po=nel. (3.12)

The plus (+) sign of the right hand side of Equation (3.12) indicates there
is a direct relationship between § and Ry. The 1 means that, a unit increase in 3

will result in a unit increase in 1.
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Model formulation

In our model, we consider two populations that is human population (N, (t))
and female-mosquito population (V,,(¢)). We compartmentalized human popu-
lation into Susceptible (Sy), Exposed (E},), Infected (/) and Recovered (Ry,) at

a given time. We illustrate total human population mathematically as

Np(t) = Sp(t) + En(t) + In(t) + Rp(t).

Influx into the susceptible compartment is from two sources that is natural
birth at the rate of A; and immigration rate (1 — w — ¥)A. There is a movement
of individuals from the susceptible compartment to the exposed compartment
at a bitting rate v and the rate of transmission /3. Susceptible human become
exposed at the rate of v, 1,,,. Furthermore, in the exposed compartment, there
is an influx of immigrants at the rate w which is a proportion of the total number
of immigrants A coming into the human population at a given time. Individuals
move from the exposed compartment to the infected compartment at the rate oy,
which is a proportion of the total number of exposed individuals £}. Also, in
the infected compartment, there is an influx of immigrants at the rate of ¢) which
is a proportion of the total number of immigrants A. Infected individuals may
die of the disease at a rate 9 which is a proportion of the total number of infected
individuals [},. Infected individuals recover at the rate of p which is a proportion
of Ij,. Individuals in all the compartment can die naturally at the rate 1, which
are proportions of the individuals’ respective status at a given time.

In a similar fashion, we compartmentalized female-mosquito population
into susceptible (.5,,), exposed (E,,), and infected (/,,,) mosquitoes. The female-

mosquito’s total population is formulated mathematically as
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Female-mosquitoes are rucruited into the susceptible compartment by nat-
ural birth rate A,,. Susceptible mosquitoes become infected when they have an
interaction with infected human at the bitting rate v and the rate of transmission
Bm. Susceptible female mosquitoes become infected at the rate of v3,,I;,. After
the susceptible female-mosquito has an interaction with infected human, they
will progress to the exposed compartment. Female mosquitoes in the exposed
compartment move to the infected compartment at the rate «,,, which is a pro-
portion of the total number of exposed mosquitoes. Also, female-mosquitoes
in the infected compartment remain infected until they die naturally (Wan &
Cui, 2009). Female-mosquitoes in all the three compartment die naturally at
the rate u,, which are proportions of female-mosquitoes’ respective status. Our
model excludes male mosquitoes since they do not take part in the transmission

process.

State variables and parameters description

Explicit description of the state variabls and parameters of the model are

given in Table 1 and 2 below respectively.

Table 1: State Variables and their Description

State Variables Description

Sh Susceptible human

Ej, Exposed human

I Infected human

Ry, Rocovered human

Sm Susceptible female mosquitoes
E, Exposed female mosquitoes
I, Infected female mosquitoes

Source: Mojeeb, Osman and Isaac (2017)
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Table 2: Parameters Description for the Model

Parameters Description

Bh Rate of transmission from infectious female
mosquitoes to susceptible human
Bm Rate of transmission from infectious human

to susceptible female mosquitoes

Ay Natural birth rate for human

A, Natural birth rate for female mosquitoes

L, Natural death rate for human

L Natural death rate for female mosquito

v Biting rate of female mosquitoes

w proportion of exposed human immigrants

Y proportion of infected immigrants

ap, Human progression rate from exposed to infected
Qo mosquito progression rate from exposed to infected
o Human disease-induced death rate

p Human recovery rate

A Total number of immigrants

Source: Mojeeb et al. (2017)

Based on the state variables and parameters description in Table 1 and 2
above respectively and the assumption made, we present SEIR — SEI model

of malaria transmission in Figure 1

22

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

(1 — @ — 'NA Hn wA 'J'A 3 Hp

L L1

Ay an I p
A VBm an I
Hm Hm Hm

Hp

Figure 1: Compartmental Model for Human-Female Mosquito Transmission of

Malaria with Infective Immigrants.

Equations for the model

From Figure 1, we obtained system of seven (7) non-linear differential

equations.

% = An + (1 — W= ¢)A — vBLShLm — pnSh

% = wA + I/ﬁhShIm = (,uh + ah)Eh

o =pA+ apEy — (up+ 6+ p)ln

B = ply— pnRy

% = Am + B0nSmdn — mSm

dg‘_tm = VﬁmSth — (,U/m + am)Em

dlm

dt ~— amEm — MmIm

Reduced model

)

> (3.13)

Since the first three of system Equation (3.13) are independent of R,
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Ni(t) = Su(t) + En(t) + In(t) + Rn(?)

and we can obtain 1, from this equation that is

Ry(t) = Ni(t) — (En(t) + En(t) + In(t))

We then concentrate on the reduced system because they have the same
dynamical bahaviour as system Equation (3.13). For this reason, the model

system of the reduced form excluding the R}, is given as

\

% = A+ (1w —Y)A = vBuSilm — pnSh
% = WA + vBpSidm — (i + o) By,

% = YA+ apEn — (pn + 0 + p)y 3.14)

B = Ny — VBnSmdh — fmSm

dg_tm = l/ﬂhsm[h ) (,um i Oém)Em

dlm e
M T amEm e /fLm[m

Basic Properties of the Malaria Model

Here, we illustrate the positivity and boundedness of solutions of system

Equation (3.14).

Positivity of solutions

For the malaria model transmission to be mathematically and epi-
demiologically correct, it is imperative to show that all state vaiables in the
model system are non-negative at all time. That is to say, model system Equa-
tion (3.14) with non-negative initial condition will give a non-negative solution

at all time.
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Lemma 3.2

Suppose that the initial conditions

{(5h(0), S (0)) > 0, (Ew(0), In(0), B (0), ;m(0)) = 0} € @, (3.15)

then the solution set

{Sn(t), Sm(t), En(t), In(t), Em(t), Im(£)},

for model Equation (3.14) is

{(51(0), 5m(0)) > 0, (En(0), 1n(0), Em(0), In(0)) = 0} €

for ¢ > 0.
Proof 3.1

We assume that

in considering the first equation in model system Equation (3.14), we have

ds
d_th = Ap + (1 —w — )A— vBpSplm — 1nSh.

It follows that
dSh,
—= > —u, S,
i = Hhohn

By separation of variables, we have

dSh

— > —pupdt

S Hh
Integrating both sides,

dsy,

—— > — dt
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we obtain

In |Sh| Z —Uh + c,.

Taking antilog on both sides, we obtain
Sp(t) > e Hntteo = gmHntelo

2 Kleiuhta

where K = e® > 0. Taking the initial condition at t = 0, we have S, (0) > K.
This implies
Sh(t) 2 Sh(O)e_uht Z 0.

For the second equation of model Equation (3.14), we have

dE,

T = wA + vl — (un + an) By,

It follows that,
dE;,

Ry E
7 = (pn + ap) Ep,

By separation of variables, we obtain

Integrating both sides,

dE
/ h /,thra)dt

The result is,

In |Eh| Z —([Lh + ah)t + .
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Taking antilog on both sides, we have

Eh(t) > e*(/‘thah)tJrcl — 67(“h+ah)€cl

> K2€*(P«h+ah)t7

where Ky =e“ > 0. Att=0, E,(0) > Ks.
This implies,

Eh<t) > Eh(O)e(_“h—'—ah) > 0.

For the third equation of model Equation (3.14), we have

dli,
d_th = Q/JA—l— OéhEh - (,uh =+ (5—|—p)[h

It follows that,

dl,
d—h > —(pup + 6 + p) I
t
This gives,
drl
— > —(up + 8+ p)dt.
I
Integrating both sides,
dl
[—h > —/(Mh+5+p)dt.
h

The result is,

|l > —(pn + 6+ p) + co.
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Taking antilog on both sides, we have

I,(t) > e~ (Bntotp)ter — o—(un+d+p) c2

> Kse_(ﬂh‘f'é'i‘ﬂ)’

where K3 =¢% > 0. Att=0, [,(0) > K,
This implies,

It > I,(0)eHatotolt > 0
For the fourth equation of model Equation (3.14), we have

S,

It follows that,

W B N
This gives

% > —undt.
Integrating both sides,

% > — / s

The result is,

In|S,| > —pmt + c3.

Taking antilog on both sides, we have

Sm(t) Z e—umt+03 - 6—umt603

Z K46_MMt7
where Ky, =¢® > 0. Att=0,5,(0) > Ky .
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This implies,

Si(t) > S, (0)e #mt > 0.

For the fifth equation of model Equation (3.14), we have

ddE—tm = vBpSmin — (fm + ) B
It follows that,
% > —(fm + ) By
This gives,
dEl,?—: B SO =

Integrating both sides give,

v

= /(um + ayy,)dt.

The result is,

In|E,| > —(pm + an)t + ca.

Taking antilog on both sides, we have

Em(t) > e*(ﬂm+am)t+04

> KSe*(Neram)t

Y

where K5 =e“ > 0. Att=0, E,(0) > K.
This implies,

En(t) > Ep(0)eHmtamlt >

For the sixth equation of model Equation (3.14), we have

dl,,

a .
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It follows that,
dl,,

— > = mIm

at = "
This gives,

dl

mos mdt

I, = *

Integrating both sides,

The result is,

In|I,| > —pmt + cs.

Taking antilog on both sides, we have

L(t) > e Hmites = g7hmets

— it
Z Kﬁe 9

Where K¢ =e% > 0. Att=0, [,,(0) > K.
This implies,

In(t) > L,(0)e " > 0.

Boundedness of solution

Considering the human population of model system Equation (3.14), given
initial conditions

Sh(o) > 07 (Eh<0)a Ih(o)) Z 0.

The total human population is given by

Ni(t) = Si(t) + En(t) + In(2).

30

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

The rate at which the total human population is changing over time is given by

dNw(t) _ dSu(t) N dE(t) n dly(t)

dt dt dt dt (3.16)

Substituting model system Equation (3.14) into Equation (3.16), we obtain

dNy (t
c;t( ) = Ap + A — ppSp — pnBn — prln — (0 + p)ip,
=\, SeAell;, (Sp, + Ep + In) — (0Nl (.17)
— Ah + A— ,uhNh == (5+,0)[h
Lemma 3.3

We have the result below for the boundedness of model Equation (3.14).

The feasible region of the human population is defined by

Ap+ A
127

O, = {(ShaEfm[h) GRi’_ Sy + Ep+ 1, < o U, (Eh,fh) > O}

From Equation (3.17), we have

AN (1) > Ap + A — pn Ny,
dt
AN, (t
d—f;() 4 Ny > Ay 4 A. (3.18)

Using integrating factor e»!, the computation for solving Equation (3.18)

is given as

RLANG
dt
d(@“htNh)

dt

+ e Ny, > et (A, + A)
< et (Ay, + A)
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d(e“hNh) S etr (Ah + A)dt

/ d(e" Ny) < / et (A + A)dt

< (An + A)

Mt Ny (t
h( ) Hh

t
eﬂh + cs,

where cg > 0 is the constant of integration

Aph+ A

Ny (t) <
h() Hh

+ e Hhtcg.

Att =0, Ny(0) < AntA 4 oo where

Bh

Cg — Nh(O) = Ah—+

Hh

A+ A

AL+ A
Ny () < 4 emhnt (Nh(O) =i ) . (3.19)
Hn Hh
Taking limit of Equation (3.19) as t — oo, we have
Ap+ A Ap+ A
lim (Nh(t) <t i + e (N, (0) — =2 i )) )
t—o00 Lh Hh,
AL+ A AL+ A
lim N (t) < lim =2 i + lim et <Nh(0) i on ) ,
t—00 t—=0o  lip t—00 n
which is simplifies to
Ap+ A
lim Ny(f) < 2272 (3.20)
t—o0 HUh

Hence, the human population is bounded above by the carrying capacity

AptA

” and its feasible set is given by

A, + A
Kn

Qh = {(ShaEhylh) € Ri’_ : Sh+Eh+Ih < aSh > Oa (Eh,]h) > O}

Also, considering the mosquito population of model Equation (3.14), given

32

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

initial conditions

Sm(0) > 0, (En(0), I,(0)) > 0.

The total mosquito population is given by

N (t) = Spu(t) + En(t) + In(2).

The rate at which the total mosquito population is changing over time is
given by
ANy, (t) dSn(t)  dE,(t) dI,(¢)

o~ (3.21)

Substituting model system Equation (3.14) into (3.21), we obtain

AN (t)
= p u 1
= A — i N,

Lemma 3.4

We have the result for the boundedness of model Equation (3.14), the

feasible region for the female-mosquito population is define by

m

Ap,
Q, = {(Sm,Em,Im) ER : S+ Ep+ 1, <=",5,>0(EpL,) > 0}.

From Equation (3.21), we have

AN, (1)

< A — i N,
dt 3 m Mm m
N,
d C’;(t) + pm Ny < Ay, (3.23)
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Using integration factor e#™*, the computation for solving Equation (3.23)

is given by

e“th

dt + eﬂmtumNm S eﬂmtAm

d
%(eumtﬂmNm) < e,

d(e"™*Ny,) < efmtA,,
/d(e"’"tNm) < /e“mt/\mdt

A
e*mt N, (1) < M—e“mt + c9,

where cqg is the constant of integration

A
Ny (t) < == 4 e #mieg

i
Att =0, N,(0) < % + ¢g, where
= _ An
Cg = Nm(O) fim
A, Am
Ny (t) < =2 4 e7Hm? (Nm(o) - —) . (3.24)
Hm Hom
Taking limit of Equation (3.24) as ¢ — oo, we have
A A
lim (Nm(t) < == 4 e (N, (0) — —)) ’
t—o00 Mo, Mo,

i (V1) < fim 2+l ¢ (Nm<0> y A—m) ,

t—o0 t—o00 M t—o00

which is simplifies to

A
lim (N, () < —=.

t—o00 Mo,

Hence, the female-mosquito population is bounded above by the carrying ca-
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pacity 2—’" and its feasible set is given by

A
Q,, = {(Sm,Em,Im) € Ri S, +E,+1, < ’u—m,Sm >0, (Em, In) > O}.

m

Model Steady State for the First Case: A =0

The system Equation (3.14) has two equilibria that is disease-free equilib-
rium point (DFE) and endemic equilibrium point (EE;) when we there are no
exposed and infected immigrants (w = ¢ = 0).Equating the right hand side of

system Equation (3.14) to zero, we have,

G 1 U, [ e =0
VBRSh Ly — (pn +an)E, - =0
anEn — (un +6 + p) I =0
(3.25)
5.5, -

VBmSm[h o (,um - CVm)Ewm =0

Am B — I =0

Disease-Free Equlibrium (DFE)

At the disease-free equilibrium, we assume that there is no malaria in the
population. Therefore, at the disease-free equilibrium, we have E}) = I} =
0 _ j0 _
e = (.
Substituting ) = I = E% = I? = 0 into the first and second equations

of the system in Equation (3.25), we have

An = pnSp =0, (3.26)
and
A — 1SS = 0. (3.27)
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Making S} the subject of Equation (3.26), we obtain

Ap
Sy ==,
" Hn

Similarly, making S°, the subject of Equation (3.27), we obtain

Therefore , the disease- free equilibrium point Q° with the axis is given by

B @ I, 1)\5° i

m?Tm

which is defined by
A A,
Q= <—”,o,o,—,0,0).

h m

The Basic Reproduction Number

In this section, we employed next generation matrix appraoch to compute
the basic reproduction number, Ry. The basic reproduction, R, plays an eminent
role in epidemiological theory for infectious diseases. The basic reproduction
number, $ in this context is nothing more than the expected number of humans
who would be infected after one generation of the parasite by a singular infec-
tious human who is introduced into a susceptible population. What is essential
about the ¥ is that, it measures how swiftly a disease can spread in its incipient
stage and can foretell whether an infectious disease will die out or will become
endemic in a population whenever Ry < 1 and iy, > 1 respectively. It can also
be used to establish stability of steady states of disease models.

The system Equation (3.14) has four infected states that is £}, I, E,, and

1,,, given by
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WA + vBrShly — (pn + an) Ep
YA+ apky — (un + 0+ p) Iy

VBhSth - (Mm + am)Em

)

and two uninfected states, 53, S,,. At the disease free state

EY=1I9=E’= E =A=0and Sy = 2, 50 = 4m,

The vectors F; and V; are given by

and

vBLShm,
0

Vﬁmsm[h

(tn + ap) B,
(pn + 0+ p)I — anEp
(.. + o S

mdm + O B,

(3.28)
Am
o
(3.29)
} (3.30)

respectively. The partial derivative of Equation (3.29) with respect to Ey, [,

FE,, and I, is given by

0 0
s 0 W
0 vBwSm 0 0O
0o 0 0 0

0 vBrSh

(3.31)

Evaluating Equation (3.31) at the disease-free equilibrium point (Q") and the
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Jacobian matrix of Fj is given by

0 0 0 O |

Similarly, the partial derivative of Equation (3.30) with respect to Ey,, I, E,,,and

1., is given by
(pn + an) 0 0 0
—« +46+ 0 0
v h (1n 12) . (3.32)
0 0 (o + ) 0
O 0 —Qpy Hm

Evaluating Equation (3.32) at the disease-free equilibrium point (Q°) and the

Jacobian matrix of V; is given by

(pn + an) 0 0 0
—a tr+90+p 0 0
A h (fen, )
0 0 (eSS O
O 0 — Oy, lum

The inverse of the matrix V is given by

= : v
Gonran) 0 0 0
4 L 0 0
Vfl - (un+on)(up+0+p)  (un+0+p)
1
. b Gom¥ary 0
am 1
L O 0 Hm (Mm +Oém) Hm

The Next Generation Matrix is given by

G=FV
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[ vinr | [ 1 ]
O O 0 #};z (Nh+ah) 0 0 O
(e 1
_ 0 0 0 0 (ﬂh+ah)(Zh+5+P) (un+o+p) 0 0
VBmAm 1 7
0 R 0 0 0 0 r——— 0
O 1
_O O O 0 4 L 0 0 Hom (o +0im,) Hm |
[ VBhApam Vﬂh/\ham_
0 0 p o (pom - Ctm ) Heh
0 0 0 0
o VBmAmap VBmAm O O
o (pntan)(pn+6+p)  pm(pun+0+p)
0 0 0 0

The eigen values of G are given by

VZBhAhﬁmAmamah .

. LatE _\/Mhﬂgn(Mm+am)(ﬂh+0¢h)(ﬂh+5+9) and A, =

v2Bp Ap B Am aman
Hh B (B +aom ) (i +an ) (pn+0+p) ©
The basic reproduction number ¥ is the spectral radius of the next generation

matrix G,

26, A A
%0 _ - 4 5h hﬁm mOmQp . (333)
Fin o (Bom + 0 ) (i1 + Q) (i 40+ p)

Equation (3.33) can also be expressed as

§R2 - VZBhAthAmO‘mah '
O 2, (fm + o) (ptn + ) (s + 6 + p)

(3.34)

Endemic Equilibrium (F'F,) when A = 0

In this section, we determine the endemic equilibrium point by solving
the system in Equation (3.25) simulteneously for all the state variables. The en-
demic equilibrium points are the steady-state solutions where the malaria cannot
be eliminated but remains in the total population. At the endemic equilibrium,

the following equations are satisfied:

39

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

Ah — VﬁhS]t[:n — ILLhS; =0
vBRSELE, — (o + o) Ef =0
ankly — (pn + 0+ p) 1, =0
(3.35)
Ny = vBSETE — 1S, =0

VBmSi i — (tm + ) Ef, =0

Ol Lo I =0

7

Making S}, the subject of the fourth equation in Equation (3.35), we have

Am

i A o T
" UBRIE +

(3.36)

Substituting Equation (3.36) into the fifth equation in Equation (3.35), we have

VBmAm I,

— (tm + am)ES, = 0. 3.37
VBT + fim (Hm + am) (3.37)

Making £’ the the subject of Equation (3.37) , we have

VBm Ay,
" = 3 ) (3.38)
(:um + Oém)(’/ﬁm]h - Mm)

Also, substituting £ into the sixth equation in Equation (3.35), we have

VﬂmAmam];

(Mm 2 am)(”ﬁm]; + ,um)

— p I = 0. (3.39)

Making I, the subject of Equation (3.39), give us

]* = VﬁmAmOQnI}iL‘<

. 3.40
= ol & ) (BT T 7o) (3:40)

Again, making F; the subject of equation three in Equation (3.35), we have

1
[+ 0+ p)I7] (3.41)

*
Eh:_
ap,

40

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

Also, adding the first and the second equations in Equation (3.35) together, give
us

Ap = Sy, — (pn + an) Ej, = 0. (3.42)

Substituting Equation (3.41) into Equation (3.42) give us

(kn + om)(pn + 6 + p) Iy

Ah - ,uhS;; - 0. (343)
Oh
Making S; the subject of Equation (3.43), we have
* 1 *
Sp = lanAn — (pn =+ o) (pn + 6 + p)14] - (3.44)
Qp fip,

Similarly, substituting Equation (3.40) and Equation (3.41) into the second equa-

tion in Equation (3.25), give us

V2 BnBmAmem Sy Iy (pn+ om)(pn + 0+ p) 1

: 0. (3.45)
/Lm(,um + am)(yﬁm]h ar :Um) Qp

Making S; the subject of Equation (3.45), we have

o (tom + ) (ptn 4 @) (o + 0 + p) (VB + pim)
V2 BpBm AmOtm i

Si = . (3.46)

From Equation (3.44) and Equation (3.46), we have

ap\, — i1}, = Q1 fan (Mo =+ 0 ) (VB Iy - o)
Hh l/2ﬁhﬁmAmam ’

(3.47)

where ¢; = (up + o) (o + 90 + p).

Simplifying and rearranging Equation (3.47) , we obtain

VB MIF — K = 0. (3.48)

Replacing the value of ¢; with (up + ay)(pn + 0 + p) in Equation (3.48), we
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have

VB (ptn + ) (pn + 8 + p)MI; — K = 0. (3.49)

Making I; the subject of Equation (3.49), we have

K
= { 3.50
" VB + an) (i + 0+ p) M 320
where
K = VBpAnBmAmaman — pnpim(ftm + o) (ttn 4 an) (s + 0 + p B1)
M = vBpAntim + ppfim(fim -+ 0
Substituting Equation (3.50) into the Equation (3.36), we have
A
S T (3.52)
vBm (pnton)(pn+0+pM
Simplifying Equation (3.52), we obtain
o Amlpn+an)(pn +0+p)M
" K+ (e + o) (i + 0+ p) M
Similarly, substituting Equation (3.50) into Equation (3.41), we obtain
0 K

~ UBman(pn + o) (un + 0+ p) M-

Simplifying Equation (3.53), we have

R s
4 VBman(pn + ) M-

The rest of the points are obtained in a similar fashion. The endemic equilibrium

point )* is given by
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Q*: (S}t?E;?[;?S;L?E* I*)7

m)-m

where
\
G — Hm(mtam) Kt pm (pnton) (n+6+p) M]
h o VQBthAmOémOéhM
* _ K
By = VBm o (pin+an) M
I = o
m (h + To+p)M
Vﬁ (luh O‘h)(“h p) > (3.54)
§* = _Ampnton)(patdtp)M
iz K+pim (pn+anp)(pn+o+p) M
E* — Ay, NE
Z (tm+om ) [K+pm (pn+an) (pn +0+p) M]
T* — B Bk /G
m o (R A0 ) [KA-pim (n o) (un +-0+p) M]

We can express the endemic equilibium points (()*) in terms of the basic

reproduction number (). From Equation (3.51),

K = VB3 A BN, — funpt, (fom 4 ) (i 4 o) (g + 8 + p). (3.55)

Factorizing Equation (3.55), we have

284 A B At
K = 2 (Hm+au, +a +0+ =M =1
[ i (1 ) (ko) (pn p) (112 (o + Q) (it + 6 + p)

(3.56)

Substituting Equation (3.34) into Equation (3.56), we obtained

K = pppid, (pom + ) (i, + ) (pn + an) (i + 6 + p)[Re — 1. (3.57)

Substituting Equation (3.57) into the third equation in Equation (3.54) and sim-

plifying further, we have

pn b (pom + O‘m)[%g —1] .

I =
h VB M

Silimilarly, substititing Equation (3.57) into the second equation in Equation
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(3.54) and further simplification give us

v — Fnttm (i + Q) (i + 6 + p)[RE — 1]
h Vo M )

We obtain the rest of the points in a similar fashion. The endemic equililibrium

state in terms of ¥, are provided in Equation (3.58)

fia (o + Q) (i + ) (1 + 6 + p)[tnfim (o + Q) RG + VB A0

Sy =

)

V26hﬁmAmama/hM
e — Mt (o + @) (i + 6 + p)[Rg — 1]
g VﬁmahM 7
I — Nhﬂgn(um + am)[%g 4 1]
h VB M ’
A M
S*

. P o ftm (fm + O‘m)%g + VB A ]’
B — Asft pom (o =+ CVM)PR(Q) — 1]
- Nhﬂm<ﬂm + O‘m)%g S VﬁhAmam] 7
I — Amo‘mﬂh[%g - 1} .
= ,uh/Lm(,um o O‘Vn)%g -+ VﬁhAmam]

(3.58)

Local Stability Analysis at the Disease Free Equilibrium Point (DFE), Q°

Now, we investigate the local stability of the disease-free equilibrium
point (DFE) when we assume that there are no immigrants that come into the

human population, that is A = 0 using the theorem below.

Theorem 3.5

The disease-free equilibrium point (Q°) which is locally asymptotically

stable if R2 < 1 and unstable if R3 > 1.

Proof 3.2

The Jacobian matrix of system Equation (3.14) is given by
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—by—pup O

by by

S 0 ay,
0 0

0 0

0 0

0 0 0 —Vﬂhsh-

0 0 0 VB Sh

by 0 0 0
—UBnSm —bs— tim 0 0o |
VB Sm by —(tbm + Q) 0

0 0 O —Hm

where by = v, 1, by = —(up + ap), b3 = —(up + 6 + p) and by = v, 1.

Evaluating the above matrix at DFE gives J(Q°) as

[ _ vty |
i 0O 0 0 0 -
0 b 0 0 0 vhuhn
Hh
0 ap, bg 0 0 0
J(Q") =
. el T 0 0
OPUREE B0 EEEPC..) J O
From columns 1 and 4, we get two of the eigenvlaues \; = —pu; and
A2 = —u,,, which are all negatives. we have the remaining matrix as
_ N
—(pn + o) 0 0 v 4
Q@ —(pn + 96+ 0 0
ot h (1n p) (3.59)
VBmAm
0 Bu—m _(,um + am) 0
0 0 7% —Hm

We perform an elementary row-transformation for Equation (3.59) to en-

able us get the main diagonal as the eigenvalues. We obtain the following matrix
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ap
—— Ry + Ry — Ry,
(n + o) 1 2 2
—(pn + ) 0 0 T
0 —(pn + 6 + p) 0 BnAnon
pn(nton) | (360)
0 0 (07%% —HMm
Also,
7s) . .
R2 == R3 — Rg,
fon (ftn =+ 6 + p)
—(un + o) 0 0 -
0 —(un+9+p) 0 _VBnAnon_
K P pn (n+on)
A V2 B B A A
0 0 (” m T am) Mmlﬁh(ﬂh‘f‘}:’hg(ﬂh‘f‘%'f‘m
0 0 (8799 —Hm
(3.61)
Similarly,
Y R+ R, — R
i 4 4,
(Nm + am)
—(pun + o) 0 0 ot
0 —(pp +9+p) 0 _vBnAnan
Hh P pr(pnan)
£ V2B Bn Ay At ’
0 0 (/“L m T am) /’«mﬂh(ﬂthhahg(MhJF%JFP)
0 0 0 D
(3.62)
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where

VQﬁmﬂhAhAmOéhoém

P bt (fhm, + Q) (b + o) (i + 6+ p)

D= —pu,+

The eigen values of Equation (3.62) are

A3 = —(un +ap) <0, M= —(n+0+p) <0,
—(ptm + ) < 0and g = D
For stability, A\g < 0. Since A1, Ao, A3, Ay and A5 .

Using the value of D, we have

.y i VQBmBhAhAmaham <0
il (fer, 410 ([, .00 ) (R

We can expressed Equation (3.63) as

V2 B Bn M Ayt 0,
< -
fmfth (Bom + 0an) (B + @) (th + 6 + p)
Dividing Equation (3.64) by f,,,, we have
Z AR A
V2 BB Amanam o

bz, (tm + am) (i + o) (pn + 0 + p)

A5 =

(3.63)

(3.64)

(3.65)

The right hand side of Equation (3.65) is the same as )2 in Equation (3.34) so

expressing Equation (3.65) in terms of the basic reproduction number, $y, we

have

R2<1,

= Ry < 1.

This shows that the disease-free equilibrium point is locally asymptotically sta-

ble if Ky < 1.

Local Stability Analysis at the Endemic Equilibrium Point (£ E), Q*

Again, we investigate the local stability of the endemic equilibrium point

with A = 0 using the theorem below.
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Theorem 3.6

The endemic equilibrium (Q*) with A = 0 is locally asymptotically stable
if RZ > 1 and unstable if R3 < 1.

We will investigate the local stability of the E'E; by writing the infected
compartments for the EF; in terms of :2. The infected compartments of Q* in

terms of %2 in Equation (3.58) is given by

)

Er = Hnsm(pmtam)(untd+p)[RG-1]

h e vBmay, M
i R Mh#gn(/imJFO‘m)[éR(Q)*l]

ho vBmM

(3.66)

E* b 4 Am#hﬂm(#m+aﬂI)[§R%*H

e Nhﬂm(ﬂm'f‘am)%g'f'VﬁhAmam}
I* — Amamﬂh[%gfl}

m Mhﬂm(ﬂm+am)%g+l’/5h/\mam} /

Since human and female-mosquito populations cannot assume a negative
value, it is crystal clear that E}, I/, B, and I7, are positive whenever R2 > 1.
In other words, the only way the endemic equilibrium E'E in system Equation

(3.66) can exist is when R2 > 1.

Global Stability Analysis of the Disease Free Equilibrium (DFE), Q°

In this section, we will examine the global stability of the DFE in the
feasible region 2. When the DFE is globally asymptotically stable, no matter
the size of the initial population , the disease will not persist in the population.

We will use Lyapunov method to study the global stabilty of the DFE.
Theorem 3.7

If R2 > 1, then the disease free equilibrium (DFE) is globally asymptoti-

cally stable in the feasible region (2.

Proof 3.3
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Let us consider the Lyapunov function below

V(t) = En(t) + idn(t) + @uBu A B (t) + q3ln(t), (3.67)

where ¢; >0, ¢, > 0and ¢; > 0.
The derivative of Equation (3.67) along system Equation (3.14) gives the

expression

V'(t) = E,(t) + 1, (t) + v Bu AL Ey, (8) + g3l (), (3.68)

which ’ denotes the derivate with respect to time t. Substituting system Equation

(3.28) into Equation (3.68) with A = 0, we have

V() = vBuSply, — (un + an) By + ailanEy — (un + 0 + p) 1)
+ @V BrAnan [V B S Iy — (ttm + ) Eny]

oy Q3[amE21 — MmIrOnL

(3.69)
= vBSHIy, — (pn + an) Ep + qran By — 1 (pn + 6 + p) I
+ @21 B BuAnanSp Iy — qov Brl ok (pam + ) Ep,
+ @3 By, — @attm Ly
Choosing ¢, ¢ and g3 respectively as
(pn+an) « vBr A
hah s ahﬂm(#ﬁn"’/"m) and #h’;Lnf ;
and substituting it into Equation (3.69) and simplifying further, we have
) Iy
V,(t):VBhS}?],gl_ (Mh+ah)<uh+ +p) h
) o (3.70)
4 OV B B An iy . VB ARL,
M fbm (:um + am) Hh
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Note that

A A
S0 = g0 — T

m

Hh, Hm

Substituting Equation (3.71) into Equation (3.70), we have

vBMARL,  (pn 4 o) (g + 6 + p) I,

V'(t) = —
( ) Hh Qlp,
OV BB Ap e, VB ARLY,
fh 2, (Hm + Qi) Lyd”

Simplifying Equation (3.72), we have

V25mﬁhAhAmO‘m[}? (:Uh % O‘h)(#h +0 + ,O)I;?

V'(t) = —
®) pnft2, (o + o) Qp

Epressing Equation (3.73) in terms of ¥, we have

V/(t) ¥ (:uh + ah)(:“h R dacts p) [3%(2) . 1]]](3
Oh
Hence,
V'(t)=0 if Reg=1 or I}=0
V'(t) <0 if 12 < 1.

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

Therefore, the disease-free equilibrium is globally asymptotically stable

in the feasible region 2 whenever %% < 1.

Global Stability of Endemic Equilibrium Point (F F,), Q*

In this section, we will examine the global stability of endemic equilib-

rium Q*.

Theorem 3.8

If A= 0and R, > 1, the endemic equilibrium Q* of system Equation

(3.14) is globally asymptotically stable in the feasible region (2 .

Proof 3.4
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Let us consider the Lyapunov function below

Lg(t) = al(Sh - S;: In Sh) + CLQ(Eh - E;; In Eh)+
as(I, — Iy InIp) 4+ ag(Sy — S, In S )+ (3.76)
as(Ep, — EX 0 Ey,) +ag(Ly, — 1, In 1),

Differentiating Equation (3.76) along system Equation (3.14) gives the expres-

sion below

!/ ! S* / h
Ly(t) = a1S,(1 - S_:) + ax B, (1 — E:)+
[* S*
03T — 1) e, S (L (3.77)
I Son
/ i / 4
a5Em(1 . IS ) I a6]m(1 — ]—)

Substituting system Equation (3.14) into Equation (3.77) gives us

LIQ( ) = (Ah—FA—l/ﬂhSh[ |: *:l

E*
+ ag (VBpIm — (n + o) En) { }

+ a3 (anBp — (un + 0 + p) 1) {1—I—h]
4 (3.78)

+ ay (A + VB SmIn — tmSm) [

y

= Qs (VBhSth — (/Lm o am>Em) |:]- - S :|

[*
+ ag (mEm — ptindm) [1 v I—m} )

Equation (3.78) can be expressed as
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/ * T * S
LQ(t) = ay (VBhShIm + IU/hSh - I/BhShIm - ,uhSh) |i S::|

E;
+ asg (Vﬁhsh]m> |:1 — h:|
E;

o (3.79)
+ ay (VBSHIE + Sy, — VBmSmIn — tmSm) [1 — Sm]
Vﬁms* I E*
S A — P mh o 1-—
e |
o, B s
gy e i, 1— -,
o (anBn = 21 ) [1- 22
/ _ * S;;Z * * Tk
Ly(t) = ay | Sy, — 1 S, — Sy + punSy, + vBSLL,
S*QI* ImE*
_ VoS DI — 5y Sl + VBSi I | 02 | VBr ST - ”ﬁ"E—hh
SHI*E EL I
i 2 4 vBuSH I, |+as | anBh — et
E; I
apEnl
— hl*h L apEp | +ag |\ vBnSi I + mSs,
h
G TR S .
s S ) g — Vﬁmsmlh + Vﬁm‘sm]h
Sy
S+ S | 43 VB Sl — oI
My
— VﬁE+h + VB Si Iy | +ag | am Em—
o EmI* a B L
Y mo_ m-—m+m mE*
7 I OmEm
(3.80)
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*2

/ * S X Tk
Ly(t) = a4 [2ﬂh5h — [pSh — [ 55; +vBySpI,

S*QI* ImE*
- m — VBRShlm + VRS, Iy | +ag | VR SH L — M
Sh By,
Syt E B, I Al
_vh g*m h UBSETE | | ann — OéhIh — ¢I*h
h h h
ap bl * * Tk
- h[;h "t B 4a | 20m S 4 vBm St T
ol nS* .
_ S - S = VﬁmSm[h + Vﬁmsm[h
e St o
— :umSm +a5 Vﬁmsmlh - u
B
o L'E,,
- VﬂE+h + VB Si Iy | +ag | Em—
mEmlI* o D
_Ol Imm_apzn ‘|‘OémE:1

(3.81)

/ Sh SZ) ( S;; Im Shlm)
Lyt)=ay |mnSi(2— 22— 22 ) 4B, Si (1 - 224 22 —
2( ) 1 [luh h ( S;‘; Sh, Bh h*h Sh ];:l S;;I;:.L

+ay | vBSIIE, (1

 SulwB; | Sulm  Bn
Sz I* ARy«

By E.Jd; I,
Br{1-2k -
+as | an h( E;+E;1m I;;)]

[ S g S I,
+ ag | S, < S Sm> + yafoh 4 ( S + I

Sty - STE - AR SE T, _ E,,
Sy Iy SyIrE, Sil; Ef
+ ag

+as

VB Sy I (1

(BT, 1
S\ OB T EnL, In) |
(3.82)

We choose the constants a; , as , as , a4 , as and ag respectively as
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1.1 BrnSply  BrSplm  BrSiln and vBRrSy I,
> BmSH A 0 BumSi I 0 BmSE I amE;

Sustituting a, , as , as , a4 , as and ag into Equation (3.82) gives

Lit) = =
2(?) Sr S Sy’ T- A

_ SulwB; | Suln By
S:I*E,  Sin  E:
BuS:I, By, By Iy >]

i (2= 5 - 2) vt (1- 8 + 2 - 252 ) ]

_'_

Bz Iy | ( E " Ed, I7

BnSz I S S S
Ih Sth 6;15;;]* SthE**
o S;n:)] syl |\ 5 IR,
Smln L, vBRSLITY: E, Eplf I,
— — 2 " la, B (11— T — .
S I E%) aomE; |“mm\' T B "B, T
(3.83)
Simplifying Equation (3.83) further gives us
T S Sy
B —0 oW 42 - S |6 — 2k
5(t) = pn h[ St S +vBnSp i, S,
St Eplr o SR EFL, SnE’I
e, ek Ak mh (3.84)

Swm Eil, S:E Y, St Enl;

o Em]:n Mmﬁhs;;]:n 9 _ S:n y Sm
Ex I, [ by S AN

From Equation (3.84), it is clear that

- N
2-5 -5 =0

6 — Sy Sy Enlp ShE} I Sm Ef T En I}, <0,

Sh Sim E;l,  S;BEnpl;,  StEmI* EfIm

22 B <

E, Ej
2— - <0,
2—gn —gm <0
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Hence,
L’z(t) < 0for Ry > 1.

All the parameters in Equation (3.84) are nonnegative, so L5(t) = 0 if S, =
Sy Ey=Ep Iy =1;,5,=S,E,=FE and I, =1 .

Therefore, the endemic equilibrium Q* = (S}, £y, I, Sy, E,, 1)) are globally
asymptotically stable whenever iy > 1. What Theorem (3.8) means epidemio-
logically is that malaria will persist whenever iy, > 1, regardless of the number

of infected individuals at the initial stage of the population.

Model Steady State for the Second Case: (A > 0and 0 < w < 1,
O<y <l

In this section, we determine the endmic equilibrium point, (& £5) when
there are proportions of exposed and infected immigrants (0 < w < 1 and
0 < ¥ < 1). At the equilibrium points, state variables are static with respect
to time. To compute the equilibrium points, we equate the right-hand side of
system Equation (3.14) to zero and solve the resulting system simulteneously.

Equating the right hand side of system Equation (3.14) to zero, we have,

AN+ (1 —w—=P)A—vBpS Ly — upSy* =0
WA+ vBRSEF L — (un + ap) EF* =41
YA+ anEy = (pn + 0+ p) ;" A
(3.85)
Ay — VB S IE — S — 0
UBRSE L — (i + ) B — 0
an B — i I =0

Making S};* the subject from the fourth equation in Equation (3.85), we

have
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Am
S** _

= 3.86
™ VBl fim (-89

Substituting Equation (3.86) into the fifth equation in Equation (3.85), we have

VBmAm Iy

VBmIy" + tm (kn + 0 .

Making E’* the the subject of Equation (3.87) , we have

T A i . (3.88)
(:um i am)(yﬂmjh 3 :um)

Also, substituting Equation (3.88) into the sixth equation in Equation (3.85), we

have
VBm A I}
(o + ) VB I}* + fim)

— pm I = 0. (3.89)
Making I'* the subject of Equation (3.89), give us

VBmAmamI]i:*

Nm(/im + am)(yﬁmlz* + Nm) .

T
I, =

(3.90)

Again, making E;* the subject of the third equation in Equation (3.85), we have

1
[(un + 6 + p) " — YA]. (3.91)

**x
Eh —_— -
ap

Also, adding the first and the second equation in Equation (3.85) together, give
us

Ap+ (1 =)A= upSy™ — (un + an) B, = 0. (3.92)
Substituting Equation (3.91) into Equation (3.92) give us
Ap+ (1 =)A= ppSy — (pn + an) [ (3.93)
where, ¢ = pp+ 0+ p.
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Making S;* the subject in Equation (3.93), we have

1

Qplbp

wok
Syt =

[Ozh(Ah + A) + ,LLh”LﬂA — (,Uh + Oéh>q21;2*] . (394)
Similarly, substituting Equation (3.90) and Equation (3.91) into the second equa-

tion in Equation (3.85), give us

VQﬁhﬁmAmamS}t*Iz*
L+ am)(”ﬂmlz* + fm

Q2]f{* —gl
ap,

wA -+

(it on) ( > = 0. (3.95)

Making S;* the subject in Equation (3.95), we have

Q3(QQI;* _ ¢A)(Vﬁm[;* - Mm) B WAOéh,U/m(/vLm - Oém)(V/Bm[;;* + /vbm)

S** —
" V2ﬂh6mAmamahIZ* ’
(3.96)
where, g3 = fim (bm + Q) (n + ).
From Equations (3.94) and (3.96), we have
an(An + A) + pnp A — (pn + an) @Iy M (3.97)
Kn V2ﬂh5mAm04m[Z*’ .
where,

N1 = gs(q2dp — VA) (VB Iy + tm) — WA iy (frm + ) (VB I + fim)-

Substituting the values of ¢, and g3 into Equation (3.47) and simplifying further,

we have

XMEP—[K + Zy(WM + oY (¢ + )] IF = [Z2Y (ppn + an(w +1))] =0,
(3.98)

where
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K = V2 BulnfBrnAmoman, — pntiy, (Bm + 0o ) (e + ) (1 + 0 + p)
M = VﬂhAmOém + Mhum(ﬂm + a/m)
X =vBm(pn + an)(pn + 6+ p)
%(3.99)

Y = (i + )
Zy = Vﬁm,uhA
Zy = finfimA )
Equation (3.98) has two roots. One negative , which is given by

K+ Z,(yM Y - B

2XM ’

(which is meaningless epidemiologically) and one positive. The positive root is

given by
(K + Zy(M + ap Y[+ w])] 4+ B
2XM ’

I = (3.101)

where

B =K+ Z, (M + ap X (¥ + w))]2 + 4M XY Zo[hpp + ap(w + ¥)].

The unique endemic equilibrium point (Q** are determined from the Equations

(3.86), (3.88), (3.90), (3.91) and (3.94) with the coordinates

p/ m? m?m
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where
G _ onlhnrA) b A= (unton) +S+0) 1 )
h o appp
Erx = Wntdtp)liT—yA
h o Qap,
I;(;* — [K+Z1 (’LZJM‘FO&}LY[’LZJ‘FUJ})]‘FB
2 (3.102)
Kk o A
Sm o Mm‘i‘VBmI;*
Hok VBmAm ;"
Em o (Mm+am)(ﬂm+l/ﬁml;§*)
I o VBmAmamI;*
m . Hm(ﬂm+am)(ﬂm+l’6m12*) )
From Equation (3.101), we notice that as (w, 1)) — 0, we obtain
K+ VK? K+ |K
lm o BEVEE KK (3.103)
(w,))—0 2XM 2XM

We can express K in terms of &y which is given by

K = ppp2, (fon + am) (i + ) (pn + an) (s + 0 + p)[Rg — 1], (3.104)

From Equation (3.103), if iy < 1, K < 0, so in view of that, Equation (3.103)

becomes

lim I =0. 3.105
(@ $)=0 " ( )

Equation (3.105) implies that there will be no malaria in the population if X' < 0
and as (w,¥) — 0.
Meanwhile, from Equation (3.103), if ®y > 1, K > 0, then Equation (3.103)
becomes

K

Hm [ = —— 3.106
worso " T XM (3.106)

Equation (3.106) means that malaria will be endemic in the population if ¢, > 1

and as (w, 1) — 0.
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However, if we take w and ¢ to be sufficiently small, Equation (3.101)

becomes

K K2 +4Z,YMX

We can rewrite Equation (3.107) as

2Mxmﬂ:K+uﬂ(L+MQMXYWQQ*“W+w»>; (3.108)
Let us consider the binomial approximation in Equation (3.109)
(1+2)" =1+ nx. (3.109)
Using the Equation (3.109) to expand Equation (3.108), we have
ymmf:K+UQG+Z%MXYWQJ“““+WO. (3.110)
Exapnding and simplifying Equation (3.110), we have
= K + K| = ZoY (Ypun + an(w + ¥)) G.111)

2MX K

From Equation (3.111), it is apparent that if ®y < 1, then K < 0, we have

| K|

(3.112)

On the other hand, from Equation (3.111) if R, > 1, then K > 0, we obtain

v K Y (W + ap(w +9))
lim et = . (3.113)
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Also, if we add the second and the third eqations in Equation (3.14) together

and set I/, = I;, = 0, we have

(dEh dly,

by, _) — Alw+ ), (3.114)
dt dt By =1, =0

Where, O<w+y <l

From Equtions (3.112) and (3.113), it can be seen that there is no thresh-
old effect if the values of w and ¢/ are sufficiently small. That is the coventional
way of determining the extinction and the spread of diseases when the 3ty < 1
and Ry > 1 respectively is irrelevant when there are exposed and infected im-
migrants. Similarly, from Equation (3.114), we observed that when there is no
disease in the population, the entering of the exposed and infected immigrants
into the population will lead to the persistence of malaria in the population. Our
model system Equation (3.14) does not have a disease free if 0 < w < 1 and
0 < % < 1 and subsequently, no basic reproduction number (). Nevertheless,
we noticed from Equations (3.105) and (3.106) that there is a threshold effect as

w and 1) goes to zero.

Local Stability Analysis at the Unique Endemic Equilibrium Point (£ E;),
Q**

Also, we investigaate the local stability of the unique endemic equilibrium
(EEy) when there are constant inflow of exposed and infected immigrants into

the population, thatis 0 < w < 1 and 0 < ¢ < 1 using the theorem below.
Theorem 3.9

The unique endemic equilibrium point (Q**) which is locally asymptoti-

cally stable if 0 < w < 1 and 0 < % < 1 and unstable otherwise.

Proof 3.5
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Linearization of the system Equuation (3.14) about a unique endemic

equilibrium Q** gives the Jacobian matrix:

—d; 0 0 0 —dy

0
dy —ds O 0 0 dy
0
(3.115)
0

=l © o
o
|
ISH
ot
|
IS
(=]

Where

di = vBp Ly + pn,  do = VBRI,  dz = pp+an, dy = pn + 0+ p,
ds = vBnSy, ds = vBnIy* + pm, dr = vBLI;*, ds = pm, + o, and
dg = vBpS;".

To determine the local stability of the unique endemic equilibrium Q**,
we perform an elementary row-transformation for the matrix Equation (3.115)
to enable us get the main diagonal as the eigenvalues. We obtain the following

matrix:

d
_2R1 + RQ — R27
dy
—d; 0 0 0 0 —dy
0 —d; 0 0 0 &=
0 Qayp, —d4 0 0 0
Jo = (3.116)
0 0 —ds —dg O 0
0 0 ds d7 —dg 0
0 0 0 0 O, —

From column 1 in Equation (3.116), we have one of the eigen value to be \; =

—d; < 0, the remaining matrix becomes
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0 0 0 ]

di
—dy 0 0 0
—ds —ds 0 0 . (3.117)

ds dy —dg 0

0 0 O —Hm

we have

2% Ry + Ry — Ry,
ds

~dy 0 0 0 (l=d)
0 —dy 0 0 oebd-d)
= . 0 : (3.118)
0 ds d7e s 0
i 0 0 0 O, —Hm
From column 1 in Equation (3.118), the eigenvalue is Ay = —d3 < 0. the
remaining matrix is given in Equation (3.119):
—d; 0 0 cedid)
—ds —dg O 0
Js = (3.119)
ds dy —dg 0
I 0 0 fo'n —Hm |

Also, from Equation (3.119), we have

d
"Ry + Ry — Rs,
dg
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| —d, 0 0 _%dgdgdjg—dz)'
—ds —dg 0 0
Jg = s (3.120)
dollo—dr) (g 0
0 0 O, — b,

Again, from column 2 in Equation (3.120), we have an eigenvalue of A3 =

—dg < 0. The remaining matrix is given in Equation (3.121):

—d4 0 Oéhdgd(ldd137d2)
J; — |dsliezan) =g, 0 : (3.121)
0 O —Hm

Simlilarly, from Equation (3.121) we have

a—mR2 + R3 — Ra,

ds
r d4 0 ahdil(lddle}_dQ)
y — d5(d§;d7) _dy 0 : (3.122)
otmds (dg—dr)
= < F-

Also, from column 2 in Equation (3.122), we have the eigenvalue to be \y =

—dg < 0. The remaining matrix is given in Equation (3.123):

—d apdy(di—d2)
Iy — i s | (3.123)
Oé'md{) (d() _d7)
dods —Hm

Also, from Equation (3.123), we have

o ds (dG - d?)

Ry + Ry — R»,
e - 1+ o 2
—d, apdy(di—d2)
Jio = ‘jllf(d o | (3.124)
0 —Han + — 5d19d36}40h3ils —
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From Equation (3.124), the eigenvalues are A\s = —d, < 0 and

= a77zahd5d9(d1—d2)(d6—d7)
)\6 - Hm + di1dsdadgds ?

X < 0, if and only if

Mmd1d3d4d6dg — OémOéhd5dg<d1 = d2)<d6 = d7) > 0. (3.125)

Using the values of dy, ds, dg and d, we can rewrite Equation (3.125) as

pmdidsdydeds — pimptnmandsdg > 0. (3.126)

Factoring out y,,, and divide through by u,,,, Equation (3.126) becomes

didsdydgds — /l,hOémOéhd5d9 > 0. (3.127)

From Equaation (3.127), it is legit to say that: dydsd,dgds > ppou,andsdg
Hence,

)\6<0.

Since all the eigenvalues have negative real part, we therefore conclude that the

unique endemic equilibrium (Q**) is locally asymptotically stable.

Global Stability of Endemic Equilibrium Point ()**

We have already shown that our model has no disease-free equilibrium
point when there are exposed and infected immigrants. This implies that irre-
spective of the value of R, malaria will persist at the endemic equilibrium level
if there are exposed and infected immigrants in the population . In this section,
we will examine the global stability of our endemic equilibrium point )**, using

Lyapunov Indirect Method.

Theorem 3.10
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If0 <w < 1land 0 < v < 1, then the unique endemic equilibrium Q** of

system Equation (3.14) is globally asymptotically stable in the feasible region
Q.

Proof 3.6

Let us consider the Lyapunov function below

Lg(t) = Cbl(Sh e S}*L* In Sh) + CLQ(Eh — E;Z* In Eh)—f—
ag(]h = I;* lnIh) + (M(Sm - S:;;k In Sm)—l— (3128)
as(Ep, — EXInEy) + ag(l, — I In Iy,).

Differentiating Equation (3.128) along system Equation (3.14) gives Equation
(3.129)

S** E**
BAEP= o, 5), (1 — TNERGESE™— —— )+
S, E,
J I " oo
]h Sm
E** ]**
asBy(1 = 5%) + asl (1= 7).

Substituting system Equation (3.14) into Equation (3.129) gives us

Lyt) =as (Ap+ (1 —w — ) A — vBrShIm — pin) {1 _ SZ*]

E**
+ as (WA + vB Ly — (un + ap)Ep) [1 — —h }

[**
—}—CLg(Q/JA—FOéhEh— ([Lh+5+p)]h) |:1— & :|
5 (3.130)
5 Sm}
By
+as (Vﬁhsm[h B (,um = &m)Em) |:1 - 1

+ ay (Am + Vﬁmsm[h - ,umSm) |:1

I**
+ ag (mEm — timIm) [1 — [m } .

Equation (3.130) can be expressed as
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/ Kk TRk *kk S**
L3(t) = (l/ﬁhsh [m + uhSh — Vﬁhsh[m — ﬂhSh) [1 — Zh :|

Sh
By £,
+ as (wA +aply — Mh) [1 - IL}
L= I,

Sx*

i as (VﬁmSth r ME’ITL) |:1 = m:|

B S
Gl Toe
(o 2385 ]
(3.131)
3(t) = a1 | tnSy, MhSh PSSk + Sy + PRSIy,
v S**2I**
— %}Lm o yﬁhShIm -+ VﬁhS;*[m +as |W
wAE* 17619 % D
— Sply, — ———— —wA
Z, + vBLSh z, w
_ YPuSi I B - b VB | +as [ A
h
Al EL I Al
- gy el —w**h'ﬂbz‘l
a2 2 L (3.132)
apEyl '
— SRk an By || vBnSii T + oS
h
Vﬂms::2];* ,umS**2 A\,
- g - g —Vﬂmsm]h+yﬁmsmjh
N D
- ,umSm + /J/mS:y;k +a5 I/ﬁmsm[h ™ VBEJ#
- Vﬁg—**h + VB S I | +ag | am B —
amEmil™ o, B,
_ m _ m mE** .
I, Ly OmEm
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*%2

kok S ok kck
Lg(t) = ay 2uhSh — ,UhSh — Up h + I/Bhsh [m

Sh
S**2I**
— Vﬁh‘g# — VﬁhShIm -+ Vﬂhs;;*[m +as 2wA
h
wAE* VB L Er
- SyI,, — “homTh
E, + vBrSh ,
_ VPuSi L B hom 7R | B, ST | +ag |20 A
Eh
¢AI;* ahEhIZ* wAIh
- e -
. I I
(3.133)
E, T
o a/hl*f: h = OéhE;;* +aq 2,U/mS:n* A VﬁmS:n*I;:*
h
- - — VPmPOm VPm m
Sm Sm h h
S dn
e H’mSm +as VﬂmSth - u
B
- Vﬁg—**h + VB Sir I | +a6 | B —
o EmIl* o, B,
_ m _ m El** .
T e + m S
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S Sy
S5,

- Sp* N I, B splm
Sp o Iy SprIx
 SulmBf N Shlm  En

SprIxEy,  SprIx  Err

[ I, E,  EJI* I,
A 2 . h . E** 1 o h .
tas v (2- ot ) +onm ( T I:*)]

Li(t) = a4 [uhS;:* (2 ) + vBuSy

) D Eh
Al2—- =2
“ < Ey, EZ*)

+as

+ vBuSy, Ly (1

SRl | LS, < S Sm) + V3o < S

Ih Sth Sm]hE** Smfh
E E En 1
Em) o S ( By ' Byl I::)

(3.134)

We choose the constants a; , as , as , a4 , as and ag respectively as

| 1 BuSiL  BSihy  BaSiLy g vBuSyLi
P BmSEIIET 0 BmSHIIEY C B ST am B}

Sustituting a, , as , as , a4 , as and ag into Equation (3.134) gives
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S Sp*
Ly(t) = Sy (2 — o +vBSY L
S** Sh
S Im ShIm E;:* Eh
_ Al9— _
( S Iy S;;*I::) T ( B) E;;*)
ShImE;;* ShIm Eh
S**I** _
R ( SlnEn | Sply By
Al2- +op B 11—
5ms;;;f;;* i Iy I** " Er*
(3.135)
[ I 5mS**I el
Gx* Ih Sth ﬁhS**I**
Y PmSm < S I S;;;‘I;:*) B ST
Sl E*F Smdn En
s ( Sl En Sul Em>
a7 11— o y
amE** m Ex ExI., I
Simplifying Equation (3.135) further gives us
L/ 1) = S** 9 _ . S**I** h
5(t) = unSy [ Sr Sh +v B, ~ 3,
S By SnEy Iy, B ey ),
L 1, S;‘;*Ehl** el Y b
3.136
Enlx e T YABLSE LY ( )
Y Dl 85 E;, E;:* B I
I, Iy Bml** Sm S;;;“ '
From Equation (3.136), it is clear that
S S**
Spr o §m Byl SWE*Im S EXFI En I
6— S_}; T Sm E:}}h - s:b? Ii* ~ Si*Em I;;h* T Eprlm <0
E** E
2 — - E*’; <0,
I** 1
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2 i Sm <,

Sm Sty =

Hence,
Li(t) <0,for (0 <w<1,0<9 <1).

All the parameters in Equation (3.136) are nonnegative, so L,(t) = 0if S, =
Sy Bp= Bt Iy = 55, = 5 By — B and By = 12

Therefore, the endemic equilibrium Q™ = (S;*, E;*, I}*, S, E* 1) are
globally asymptotically stable whenever 0 < w < 1 and 0 < ¥ < 1. What
Theorem (3.10) means epidemiologically is that malaria will persist whenever

0 <w < land 0 < ¥ < 1 regardless of the number of infective immigrants at

the initial stage of the population.

Chapter Summary

In this chapter we formulated a deterministic mathematical SEIR — SET
model for malaria transmission with the inclusion of exposed and infective im-
migrants in the human population. The state variables and the parameters used
in the model were displayed explicitly. Since we are dealing with human and
animal populations, we have established that the model is well-posed mathemat-
ically and epidemiologically correct by showing that all the state variables are
positive and bounded. The model system Equation (3.14) has three equilibria
namely; disease-free (Q°), unique endmic (E'FE;), (Q*) and unique endemic
(EEY), (Q*) equilibrium points. We also computed the basic reproduction
number R, and use it to investigate the local stabilities of the equilibrium points.
We end the chapter using Lyapunov method to determine the global stabilities

of the equilibrium points.
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CHAPTER FOUR

RESULTS AND DISCCUSION

Introduction

In this chapter, we performed numerical simulations of our model when
there are no immigrants (A = 0) and when there are immigrants (A > 0 such
that 0 < w < 1,0 < ¥ < 1) to know the full extent of the effect of ex-
posed and infected immigrants on malaria transmission and discuss the results
obtained. Some of the parameter values were obtained from literature and some
were obtained base on assumption. Numerical simulations were carried out us-
ing Matlab. The prime aim is to confirm numerically the analytical results we
obtained in chapter three. This in our view would enable us to figure out the
future trends of malaria transmssion dynamics .

We also performed sensitivity analysis on the basic reproduction number,
Ry for the following parameters: (51), (Bm), (An), (M), (un), (), (), (ap),
(am), (0) and (p) to know the parameters that influence the transmission dynam-

ics of malaria.

Numerical Analysis

In this section, we carry out numerical simulations of our model when
there are no immigrants (A = 0) and when there are immigrants (A > 0 such
that ) < w < 1,0 < ¢ < 1) to understand effect of exposed and infected immi-
grants on malaria transmission dynamics. We vary the parameters displayed in
Table 3 which resulted in the 3y < 1 and Ry > 1. The initial conditions of the
state variables used in this section are given by S;, = 2500, E;, = 700, I, = 300,
Sm = 5000, E,, = 2500 and [,,, = 4000 and the rest of the parameters with its

corresponding values are stated in Table 3 below.
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Table 3: Parameters and their Values

Parameter Value/day Source

B 0.002 Assumed

Bm 0.005 (Tilahun, 2017)

Ay, 25 (Wedajo et al., 2018)

N 125 (Wedajo et al., 2018)

I 0.01146 (Mojeeb et al., 2017)

L 0.1 (Mojeeb, Ebenezer, Hassan & Yang, 2019)
v 0.12 (Olaniyi & Obabiyi, 2013)
w [0,0.4] Assumed

Y [0,0.3] Assumed

ap, 0.1 (Mojeeb et al., 2017)

m 0.083 (Shah & Gupta, 2013)

) 0.068 (Mojeeb et al., 2017)

P % (Tumwiine et al., 2005)

A 100 Assumed

Source: Wedajo et al. (2018)

Numerical Results when there are no Immigrants (A = 0)
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Figure 2: Plot of Human Populations Against Time for 3y < 1

Figure 2 display time response of the state variables Sy, Ej, and [, against
time. When we vary the values of these two parameters (5, and f3,,) with other
paramters used as presented in Table 3, we notice that the population settles
at disease free with &y = 0.2681 < 1. At the disease free, all the infected
human population (exposed humans and infecteds) move to zero. Also it can be
seen that the susceptible population decreases a bit and then increases steadily
which is attributed to the recruitment of new individuals into the susceptible
compartment by birth. Local and global stabilty of the malaria transmission
model at the disease free equilibrium point has also been verified numerically by
Figure 2. The epidemiological interpretation of Figure 2 is that in 60 days time,
malaria will extinct in the population. The corresponding mosquito population

is displayed in Figure 2.
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Figure 3: Plot of Mosquito Populations Against Time for i, < 1

Similarly, in the mosquito population, we have observed from Figure 3
that the exposed and the infected mosquitoes compartments tend to zero, while
the susceptible mosquitoes compartment decreases to non-zero number at i) =

0.2681 < 1.

3000

m— Susceplible humans
Exposed humans
Infected humans

2500

[*]
=1
=]
=]

1500

Human Population

1000

SDD"

0 10 20 30 40 50 B0 70 80 90 100
Time (days)

Figure 4: Plot of Human Populations Against Time for &, > 1. The
Parameters are as Stated in Table 3.

Also from Figure 4, we note that when we used the all the paramters
as stated in Table 3, all the human compartments cotemporal in the population
which cornfirmed the endemicity of malaria with the basic reproduction number

of Ry = 2.6809 > 1. This confirm the presence of malaria in the population.
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Figure 5: Plot of Mosquito Populations Against Time for &, > 1

From

Figure 5, we have seen that all the distinct compartments of mosquito

population coexist. The iy = 2.6809 > 1 is calculated using the parameter val-

ues as presented in Table 3.

Effect of Exposed and Infected Immigrants on Disease Free Population

5500
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4500

4000

w
aQ
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= Exposad humans

Infected humans

o 10 20 30 40 50 60 70 80 90 100

Time (days)

Figure 6: Plot of Human Populations Against Time Showing the Effect of
Exposed and Infected Immigrants on Malaria Free Population for
Br = 0.0002, 3, = 0.0005, w = 0.1, ¢» = 0.01 and A = 100 with
§R0 <1

Figure 6 is the time response of human population against time showing
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the effect of exposed and infected immigrants on malaria free population. We
noticed that the value of iy = 0.2681 < 1 but the population fails to settle at the
disease free. We have all the three distinct compartments of humans coexisting
in the population albeit the basic reproduction number is less than unity and this
is attributed to the influx of exposed and infected entering the population. This

confirm the analytical result in Equation (3.112).

Effect of Exposed Immigrants on Exposed and Infected Human

Populations
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0 10 20 30 40 50 60 70 80 90 100
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Figure 7: Plot of Exposed Human Populations Against Time Showing the
Effect of Varying the Proportion of Exposed Immigrants(w = 0.1,
w = 0.4) with Total Number of Immigrants Say, A = 100. The Rest
of the Parameters are Maintained as Stated in Table 3
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Figure 8: Plot of Infected Human Populations Against Time Showing the
Effect of Varying the Proportion of Exposed Immigrants (w = 0.1,
w = 0.4) with Total Number of Immigrants say, A = 100. The Rest
of the Parameters are Maintained as Stated in Table 3

In Figure 7 and 8, we noticed that as we increase the proportion of exp-
sosed immigrants from w = 0.1 to w = 0.4 with a total number of immigrants
say, A = 100, there is a corresponding increase in both exposed and infected
human populations . This means that as the exposed immigrants come into the
population, they join the exposed human population and subsequently progress
to the infected human population. The simulation results in Figure 7 and 8
demonstrate the crucial role exposed immigrants play in the transmission and

spreading of malaria in the population.
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Figure 9: Plot of Infected Human Populations Against Time Showing the
Effect of Varying the Proportion of Infected Immigrants(y) = 0.01,
1 = 0.2) with Total Number of Immigrants Say, A = 100. The Rest
of the Parameters are Maintained as Stated in Table 3

It was observed in Figure 9 that as the proportion of infected immigrants,
1 increases from ¢ = 0.01 and ¢ = 0.2 with total number of immigrants say,
A = 100, there is a corresponding increase in infected human population . This
shows that that infected immigrants has impact on the spread of malaria since

those immigrants would be bitten by mosquitoes.
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Sensitivity Analysis on the Basic Reproduction Number

Sensitivity indices allow us to measure the relative change in the state
variables when a parameter changes. Also, since the basic reproduction number
R is a function of the parameters 5y, 5., An, Ay Vs ths fhms Qhy Qs 6, and p
, we can examine the relative sensitivity for all the parameters that i, depends
on. We will not consider i, in our analysis. The normalized forward sensitivity
index for Ry, which depends on a parameter, say m , denoted by <X is defined

by

e % - 3%, @.1)
where m is a paraterer of interest. In order to determine how to lessen morbidity
due to malaria, it is imperative we know the relative significance of distinct
parameters that change transmission dynamics of malaria. Subsequently, using

Equation (4.1) to evaluate the impact of each parameters on Ry, we obtained the

following derivatives:

6%0 . ﬁ_h 2 I/2AhﬁmAmo¢mah : & > O
9Bn Mo 2uppd, (tmtam)(prton)(prto+p)fo Ko =

My . Bm _ VAR Bp Amam o . Bm >
Bm  Ro 2unpid, (pm+am) (pntan) (g +o+p) R Ro = 7

Mo | Bm _ V2 Ay BpBmaman Am > 0
OANm  Ro 2pn 2, (pm+om ) (pr+an) (pr+d+p) R0 Ko — °

Mo o LA 208 Ap B Amamay . AU, O
ov Ro  2uppd,(pmtam)(pntan)(pptitp)Ro - Ro =

% . & — VQﬁ}LAhIBmAmOCm . Qp > 0
Oap  Ro — 2papg, (Bmtam)(prtar)?(upt+d+p)Ro  Ro =

% . Qm VQﬁhAh,BmAmah . Qm > O
dam  Ro 2un b, (bm+am)? (pn+an) (pn+o+p)Ro - Ro = 7

The sensitivity indices of I to the rest of the parameters can be computed
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for in a similar fashion. The results are summarized in Table 4 below.

Table 4: Sensitivity Indices of R, to Parameters

Parameter Relationship

Bh +
B +
A, +

- -
Ap +
v +
Qp, +
O, ar
5 _
0 _
Source: Mojeeb et al. (2019)

Discussion

In this thesis, we developed a mathematical model of malaria with the in-
clusion of exposed and infected human immigrants that tracks the transmission
dynamics of malaria. The model is examined for the existence of disease-free
and endemic equilibrium points when there are no immigrants thus, A = 0. The
basic reproduction number ¥, was computed. Also, we computed the unique
endemic equilibrium when there are immigrants. We also performed numeri-
cal simulations using values obtained from published papers and others were
assumed. Rigorous analysis of our model system show that due to the entering
of exposed and infected immigrants, an equilibrium point with positive propor-
tion of exposed and infected immigrants always exist in the population. In this
way, our model can not have a disease-free state and has only unique endemic
equilibrium point for which the disease exist for long time in the population.

We notice that the basic reproduction number $; becomes irrelevant when there
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are exposed and infected immigrants and hence can not be used in determining
when malaria will fade out or become endemic in the population. However,
when the proportion of exposed and infected immigrants approahes zero, the
basic rereproduction number ¥, assumes its utility in malaria eradication and
control.

Numerical results from the model simulations depict that when there are
no immigrants and the basic reproduction number Ry = 0.2681 which is less
that unity, only the susceptible human and mosquito compartments exist while
the rest of the compartments go to zero which confirmed disease-free state.
Also, when Ry = 2.6809 which is greater than unity, our model simulations
show that all the distinct compartments coexist in the population which indi-
cated the endemicity of malaria. We see from our numerical simulations that the
entry of the expsosed and the infected immigrants increase both exposed and in-
fected human populations, therefore we need to check the influx of immigrants
to avoid malaria transmission. The inflow of exposed and infected immigrants
do not alter the value of iy and so ¥, has no application in the transmission
dynamics of malaria in the population.

We also performed sensitivity analysis on the parameters that the basic
reproduction number i, depends on except human natural death rate p;. Our
sensitivity analysis indicated that the most sensitive paramter is the mosquito
biting rate v while the less sensitive parameter is the human progression rate

from exposed to infected v,

Chapter Summary

In this chapter, numerical simulations of our model were performed with
the use of values from literature and some assumed parameters for the transmis-
sion dynamics of malaria with infective immigrants. The results obtained were

discussed in details. Matlab as a tool was used in the numerical simulations. It
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was shown that when there are some proportion of exposed and infected immi-
grants, the basic reproduction number R, lost its usefulness in the application
of malaria eradiction.

In addtion, sensitivity analysis of our model was perfomed which enable
us to know the relationship the parameters have with the basic reproduction
number ¥,. It was found out that the parameters: 5y, B, An, A, v, oy, and
ay, have a positive relationship with $y whiles parameters : f,,,  and p have a

negative relationship with K.
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CHAPTER FIVE

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

Overview

Application of mathematical modelling as tool was employed in this thesis
to analyze the transmission dynamics of malaria. Exposed and infected immi-
grants were incorporated into the human population to examine their impact on
the malaria disease transmission. We have discussed both the analytical and nu-
merical results of our model. We summarize the results obatined in CHAPTER

THREE and FOUR below.

Summary

In this thesis we developed an SEIR — SEI model of malaria trans-
mission with influx of exposed and infected immigrants. We esblished that
our model has a disease-free and endemic equilibrium points when there are
no immigrants.. We employed the use of the next generation matrix to derive
the basic reproduction number §y, a threshold value that determines whether
malaria will die out or become endemic in the population. We also showed that
both the disease-free and the endemic equilibrium points are locally and glob-
ally asymptotically stable whenever R is less than unity and greater than unity
respectively. Also, when there are immigrants of which proportion of them are
exposed and infected , unique endemic equilibrium point exist with the propor-
tion of exposed and infected immigrants. However, it has been established that
in the population where the are proportion of exposed and infected immigrants,
attaining a disease-free status is impossible even if J; is less than unity. Hence,
we can not rely on the value of R, to determine the transmission dynamics of
malaria. Our numerical simulations confirmed the analytical results. That is, we

can only have a disease free when the proportions of the exposed and infected
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immigrants approaches zero, otherewise there will be no disease-free irrespec-
tive of the values of the basic reproduction number, Ry. The results of our study
, conseqquently stipulate a framework that should be taken into account by the
healthcare providers, stakeholders and policymakers when preparing policies to

control and eradicate malaria transmission.

Conclusions

An SEIR — SFEI mathematical model of malaria with infective immi-
grants was developed. The model equations were obtained with the assistance
of a flowchart diagram in Figur 2. The state variables and the parameters used in
the model were displayed in Table 1 and 2 respectively. We prove that our model
is mathematically well-posed and epidemiologically meaningful because all the
model solutions were positive and bounded. In the analysis of our model, we
looked at two cases; in the first case, we assumed that there were no immigrants
(A = 0), we calculated the basic reproduction number, R, and used it to de-
termine local and global stabilities of the disease-free and endemic equilibrium
points. In the second case, where there was a constant inflow of immigrants of
which proportions are exposed and infected with mararia parasite (0 < w < 1
and 0 < ¥ < 1) entering the population, we found the unique endemic equilib-
rium point and its local and global stabilities were determined. We found out in
the course of our analysis of the model that the basic reproduction number, R
becomes irrelevant due to the influx of exposed and infected immigrants.

Moreover, we solved our model numerically using ode45 in Matlab and
the result from the numerical simulations show that exposed and infected im-
migrants make disease-free status unattainable even if the R is less than unity.
As a matter of fact, it should be noted that small migratory influx of exposed
and infected immigrants plays an eminent role in the transmission dynamics of

malaria.
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In addtion to that, sensitivity analysis was performed on the parameters
that the basic reproduction number, #; depends on and we observed that the
most sensitive are v, 5, O, and A, , these parameters need focus when em-

ploying measures to combat and eradicate malaria.

Recommendations

Sensitivity anslysis showed that the mosquito’s biting rate, v is the most
sensitive parameter so activities (insecticides-treated nets and residual spray)
that inhibit human-mosquito interaction should be intensified.

Human immigrants should be screen at our borders to be sure of malaria

free before they are allowed to the country.
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