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ABSTRACT

This research seeks to obtain sufficient conditions for the zero solution of a sys-
tem of non-linear Volterra difference equations with variable delay to be stable.
The Lyapunov’s direct method is employed in the research to establish the suf-
ficient conditions. In the process a suitable Lyapunov function is constructed
which is then used to obtain inequalities that relate the solution of the system of
difference equations.

The obtained inequalities were then utilized to obtain results for which the sys-
tem of non-linear Volterra difference equations has a stable zero solution.

To illustrate the power of the obtained sufficient conditions, an example was

constructed.
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CHAPTER ONE

INTRODUCTION

1.1 Overview

In this chapter, the background of the study, some identified areas of ap-
plication of the difference equations, stability, the problem statement and the

objective of the research will be briefly looked at.

1.2 Background to the Study

Almost everything happening in this physical world can be modelled in
mathematical relationship (equation), and Thomas Malthus in 1798 happened
to be one of those who made earliest attempts to model the human population

growth by mathematical means.

It is most often so fascinating studying the behaviour of most of the real-
life system or phenomenon, be it sociological, physical, or economics in expres-
sions of mathematical terms, that are referred to as mathematical models. The
formulated model is usually made up of time-difference of one or more of the
variables, and so the mathematical expression (model) contains differences with
time making the entire model a difference equation or a system of difference

equations, and mathematicians challenge themselves to solving them.

Sultana (2015), explained that quite a number of parameters are permitted
to assume any suitable amount on given intervals of real line in an attempt to
representing real-life problems by using mathematical concepts. The parame-
ters are referred to as continuous parameters/variables. Difficult computations
are encounted because the parameters sometimes turn out to be discontinuous
for some real-world problems, and an example is an investment with compound
interest. In this case, it is necessary and appropriate to choose discrete variables.

The parameters are then evaluated at discrete times. The values would be the

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

same over each period of time and then switch to another period as time pro-
gresses, that is, the time interval becomes +-1 to the next. In this case, each of the
parameters under consideration is measured at one time only, at each interval of
time, and a finite result is attained for the measurements that are in-between any
two consecutive periods of time. The result being that, either their own initial
values or other values can represent these parameters and the outcome relation
of this operation is termed a recurrence formula, now called a difference equa-

tion.

Difference equations are said to have numerous uses in all facets of field
of study except for few areas. The applicable areas are in electrical networks,
stochastic time series, genetics, probabilities, economics, number theory, soci-

ology, psychology, and combinatorics (see Sultana (2015)).

According to Elaydi (2005), difference equations describe populations or
objects that develop discretely in which time (or independent variable) is a sub-

set of the set of integers.

The studies on difference equations have received significant improve-
ment and development particularly in recent times due to the advancements in
computerization, and this is due to the fact that approximated difference equa-
tions are used to develop the needed formulation in computer-assisted programs

to solve problems (see Sultana (2015)).

There are times that, it becomes very difficult when solving certain types
of differential equations. Under these circumstaces, a numerical scheme be-
comes necessary to be used in approximating the solution of the differential
equation. An attempt to use numerical approach leads to the construction of a
related difference equation that is more compliant with computations. There-

fore, difference equations as described by scholars is the discrete analogue rep-
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resentation for differential equations.

Solving mathmatical problems usually involves equations that lead to com-
puting the value of a function repeatedly using a set of values given, and re-
sulting equations are said to be difference equations. The equations frequently
occur in distinct structures in all aspects of mathematics in theory and uses in dy-
namical systems, electrical circuit analysis, computing, statistics, biology, eco-

nomics, and other related fields.

The study of dynamical systems (systems that vary with time flow, or set
of time-dependent variables) is so fashionable in modern day mathematics and
a lot has been done by scholars to show that indeed mathematics has real-world
uses. Dynamical systems are classified into discrete-time or continuous-time
systems. For the purposes of this thesis we will be concerned with only the
discrete-time dynamical systems. That is, systems in which all the variables are
defined over discrete range of values of time. Some systems have one or more
of their parameters inherently discrete and appropriate difference equations are
used to model such parameters due to their discrete character. De Moivre and
his associates Euler, Lagrange, Laplace, and others in the eighteenth century

developed the fundamental concept of linear difference equations.

One of the famous Italian mathematicians who also doubled as the great
physicist known as Vito Volterra made tremendous contributions to the devel-
opment of difference equations which cannot be overemphasized particularly in

the discovery and development of mathematical biology.

According to Raffoul (2018), Volterra difference equations give a more

pragmatic and practical model for comprehensive scope of occurrences in engi-

neering and natural sciences.
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1.3 Some Areas of Application of Difference Equations

In this section, the discussions will be on how difference equations have
been employed to solve problems in other areas of study including sciences,

economics, business, logistics, engineering and many more.

For instance, according to Elaydi (2005) difference equations were used
to model how a drug is administered to a patient once every five hours at a health
facility; let G (i) represent the quantity of drug in the patient’s blood system of a
patient at the ¢t/ interval of time. Certain amount d of the drug is eliminated by
the body over each interval of time. It is assumed that GGy represents the amount
administered, and the quantity of drug that is contained in patient’s blood system
at time (¢ + 1) is equal to the amount at time ¢ minus the fraction d that has been

eliminated from the body, plus the new dosage G, then

G@i+1)=(1-d)G(i)+ Gy.

The term Amortization refers to the sequential repayment of a loan over a period
of time. Each instalment constitutes part payment of interest and part payment
of the outstanding principal; If z(7) represents the outstanding principal after
the ith payment h(7). Let us assume that interest is charged compoundedly at
the rate n per payment period. The model formulated here is based on the fact
that the outstanding principal ¢(i + 1) after the (i + 1)st payment is equal to the
outstanding principal x(7) after the ith payment plus the interest nx (i) incurred

during the (i + 1)st period minus the ith payment (7). Hence

q(i +1) = 2(i) + nz(i) — h(i)

represents the modelled difference equation (see Elaydi (2005)).
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Electronic transmission of information in signal system can be modelled
with difference equations; Let z; and 2z, be two signals that require exactly 7,
and 7, units of time respectively, for transmission. Let 7'(7) be the number of
possible message sequences of duration 7), a signal of duration time 7 either
ends with an z; signal or with an 25 signal. If the message ends with z;, the
last signal must start at  — n; (since z; takes 7); units of time). Hence there
are M (n — ;) possible messages to which the last z; may be appended. Hence
there are T'(n — 1;) messages of duration 7 that end with z;. In the same vein,
one may conclude that there are 7'(n — 72) messages of duration 7 that end with
zo. Eventually, the total number of messages z(7) of duration 7 may be given

by

T(n)=Tmn—m)+T(m—mn).

If 71 > 1, then the above equation may be written in the familiar form of an

mth-order equation

T(n+ m)T(n+ mn2) —T(n) =0.

On the other hand, if n; < 7, then we obtain the 7,th-order equation given by

Tn+mn2) =Tm+n—m)T(n) =0

1s obtained.

In inventory analysis, define S(7) to be the number of units of consumer
goods produced for sale in period 7, and R(n) be the number of units of con-
sumer goods produced for inventories in period 7. Assume that there is a con-
stant noninduced net investment By in each period. Then the total income A(n)

produced in time 7 is given by

A(n) = R(n) + S(n) + Bo.
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A system or an experiment is said to stable if its behaviour is such that a
little variation in the initial information leads to a little variation for future time.
In other words, if 1 being a solution for a difference equation turns out to be
stable, then it means that all other solutions which have initial information near

to ¢ will continue to stay close to ¢ in the fullness of time.

1.4 Statement of the Problem

Records show that a good number of research work have been done on
the qualitative belaviour of nonlinear Volterra difference equations or systems
without variable delay. Elaydi et al. (1999), Medina (2001) and Eid et al. (2015)
obtained stability results for discrete Volterra systems with finite delay. The
results obtained however by Elaydi et al. (1999), Medina (2001) and Eid et al.
(2015) do not hold for the discrete Volterra system of equations with variable

delay

=1l

w(i+1) = Mz(i)+ Y F(i,j)g(z(j))- (1.1)

J=i—(1)
where M is a 7 X T constant matrix, F'(¢,7) is a 7 x 7 matrix of functions, g :
R™ — R7, and v : Z — R™. Equation (1.1) is referred to as a non-linear system
of Volterra difference equation with variable delay. Against this background,
there is the need to study the non-linear system of Volterra difference equation

with variable delay.

1.5 Research Objectives

The objectives of this thesis are:
1) to construct a suitable Lyapunov function for determining the stability of the
zero solution of (1.1); and
ii) to obtain sufficient conditions that will ensure that the zero solution of equa-

tion (1.1) is stable.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

Difference equations and Lyapunov functions in general will be discussed
in this Chapter. Some of the earlier works on difference equations, Lyapunov
functions, Volterra equations, stability, and non-linear equations will also be
looked at in this chapter. A review of some relevant literature on difference

equations will be considered.

2.2 Difference Equations

Elaydi (2005), explained that difference equations customarily outline the
growth of definite occurrences as time goes by. He sited that, choosing a definite
population that has discrete generations, and as a result, = at (i + 1)st, the
generation is z(7 + 1). Moreover, the population size defines a function of the
generation xz(7) at ith. Consequently, this relation can simply be expressed in

the difference equation as given by

(i + 1) = 7(2()).

Agarwal (1992), stated that the importance of difference equations has recently
been enhanced by the discretization methods applied to differential equations
when seeking their numerical solution. The theory of non-linear and linear
Volterra difference equations provides significant mathematical models for such
field of study as science, business, sociology, economics and also engineering
for several world-life phenomena. By this, it is very necessary for researchers to
provide insightful analysis on the qualitative behaviour of both non-linear and
linear Volterra difference equations without necessarily figuring out for their so-

lutions.

2.2.1 Linear Difference Equations The following linear difference equa-
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tion is of first order

x(i+ 1) —m(i)x(i) = v(3). (2.1)

This is because it contains the values of x at 7 and ¢ 4 1 only, just as it is in the

first order difference operator
Az(i) =z(i+ 1) — z(3).

If m(i) = 1 for all 7, then equation (2.1) above is as simple as

and the corresponding solution is

(i) = ) (i) + F(i),

where AF (i) = 0. For convenience, let us assume that a discrete set,
i = k,k+ 1,k + 2,, defines the domain and also a function m(i) with

m(i) # 0V i exists. So the following relation
6(i +1) =m(i)0(i) (2.2)

defines the linear homogeneous first-order difference equation (See Kelley &
Peterson (2001))

Thus, the following relation is obtained

0k +2) =m(k+1)0k+1)

= m(k + D)m(k)0(k),

0k +14) =0(k) H;’;g M(k + j).

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

In a more convenient form the solution is represented as

i—1

0(i) = 0(k) [ [ MG), (i =k, k+1,..)

j=k

where H;jc = 1 and, for ¢ > k + 1, for which the product is defined over
kk+1,..,0—1.

Now, the difference equation
2(i +1) = m(1)z(i) = 7(9), (2.3)

which is linear and nonhomogeneous is considered.

Applying a technique similar to the variation of parameters (reduction of
order ) used in differential equations, equation (2.3) can then be solved. Let
z(i) = v(i)p(), and that v(7) be the solution of the nonhomogeneous difference
equation (2.3), that is, any form of nontrivial solution of (2.3) and p(7) is found

as
0(i + Dp(i +1) = m(0)0()p(i) = ~(9)- (2.4)
Using equation (2.2) in equation (2.4) gives

m(i)0(i)p(i + 1) — m(0)0(2)p(i) = (7).

which gives

Thus,
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This implies that

0(i + 1)Ap(i) = (i)

It follows that

and so

where (2 is any arbitrary constant.

Thus,

2.2.2 The Difference Operator According to Kelley & Peterson (2001), the
difference operator is one of the very basic properties which are very crucial
with regard to the study of difference equations. It is the same as the differential
operator which acts as a pivot to the study of the differential calculus.

Definition 2.1 Let us assume that x(¢) is a sequence consisting of real numbers

or complex. The difference operator A as described above is defined by

Ax(i) = x(i + 1) — x(2),

where i € Ny, and Ny = {0,1,2,...}.
It is clearly noticed that higher order differences can be obtained via the usual
iterations of the fundamental difference operator.

Thus, the next order difference (i. e. the 2nd order) can be iteratively obtained
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as follows:

Ax(i) = A(Ax(7))
= A(x(i+1) = x(4))
= (x(i+2) = x(i+1)) = (x(i + 1) = x(9))
= (x(i+2) = 2x(i + 1) + x(¢)

Definition 2.2 For any ¢+ € N,

BCR(7) = ) (=1) : h(y+i—x)

x=0 X

The shift and the identity operators which are also useful in difference calculus
are defined as follows:

Definition 2.3 The Shift operator E is defined by
Ex(i)=h(i+1).

Definition 2.4 The Identity operator [ is defined by

It is noted that the composition of [ and E' is the same as multiplication
of numbers. Clearly, A = FE — [, therefore, the Definition 2.2 is verified as the

binomial theorem:

A'z(i) = (E—ID"z(1)

k=0 \ k
n n

= > (-1 z(i+n—k).
k=0 k
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It follows that,

3

By =S| avta(i).
k=0 \ k
The fundamental properties of A are clearly stated in the following theorem.
Theorem 2.1
Forany 0,p € Nandany: € R :
(@) A(APx(i)) = APx(i).
(b) A(x(i) + x(7)) = Ax(i) + Ax(i).
©  Alx(i) = iAx ().
(@) Ax(i)x (i) = z(0)Ax (i) + Ex(i) Az(i).
z(

D) _ xAs()a(i)Ax()
© A( <)> S Ex (D)

Proof. The definitions 2.1 - 2.4 can be used to prove parts (a), (b) and (c) of

Theorem 2.1. The following calculation verifies part (d) of Theorem 2.1. Thus,

Az()x(@) = =@+ 1)x( + Da(0)x(i)
= z(i+ x4+ Dz(i)x(@+ 1)+ 2(@)x(@ + 1)z (i) x(i)
= x( + D@ + (@) + 2(8)(x(@ + 1)x (7))

= z(i)Ax(@) + Ex(i)Az ().

In a similar marner, part (e) of Theorem 2.1 can also be proven.

2.2.3 Summation: Kelley & Peterson (2001) further explained that it is impor-
tant to introduce an antidifference operator which is termed as the right inverse
operator, here, it is sometimes called the “indefinite sum” in order to make ef-
fective application of the difference operator.

Definition 2.5 The Indefinite Sum which is also known as Antidifference of

x (i), represented by > x (), is defined as any given function such that

A(Zx(@')) =

for all 2 in the domain of y.

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

As it is in integration of differential calculus, summation in difference calculus
demands what we call a summation constant, though might not be constant all
the time.

Theorem 2.2

Let u(7) be an indefinite sum of y(7), then every indefinite sum of y (i) can be

expressed as

7 (i) = uld) + G,

believing that G(7), x and AG(7) = 0 have same domain.

Let x have the real numbers set domain, then
AG(i) =0,

which clearly indicates that
G@i+1)=G(>),

and that means G is a one-periodic function.
Definition 2.6 Let y (i) have its domain set to be the form {5, 5+1,8+2,....},
and [ is any real number, and also u(7) being an indefinite sum of x(7), then

every indefinite sum of y (i) will have the form

> x(@) =u(i) + K,

where K is an arbitrary constant.

For the sake of convenience, the following convention is applied

J
> x(0)=0 (2.5)
0=i
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whenever ¢ > j. Note that if m is fixed and n > m,

A (D x(®) = x(o). 2.6)

and also if r is fixed and g > p,

8 3 x0)) = 00 @)
6=p
Some of the general properties of the indefinite sum can be obtained from The-
orem 2.1.
Theorem 2.3
Given an arbitrary constant ¢
@ > o(x(i) + x(2) = 2o 2(i) + 30 x(9).
(b) Ye(i) = X ().
© Y(a(i)Ax() = 2(i)x(i) — X Ex(i)Aa(i).
@ > (Ex()Ax(d) = =(i)x(i) — 22 x(1)Az(i).
Remark 2.1. Parts (c) and (d) of Theorem 2.3 are referred to as “summation by
parts” relations.
Proof. Clearly, inductions from Theorem 2.1 lead directly to parts (a) and (b).

From part (d) of Theorem 2.1, it follows that
Al (i)x (1)) = x(@)Ax (i) + Ex(i)Ax(i).
Also from Theorem 2.2, it follows that
Az () Ax(@) + Ex(0)Az(i)) = z(@)x () + F(7).

and so (c) follows from manupulations of (a) and (c) is also manupulated to

yield (d). The proof is complete.

The summation by parts relations in difference calculus could also be uti-

lized to calculate some types of indefinite sums and this appears to same as the
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formula for integration by parts which is used to calculate integrals in differ-
ential calculus. Also, these formulas appear to be essential fundamental tools
for difference equations analysis. Now, given r < ¢, from Definition (2.3) the

following can be deduced

q—1
D= 4+ K 2.8)

for certain constant /& and, alternatively, for g < p,

p
dy==> v-+K (2.9)
T=q

for some constant K. Indefinite sums can now be related to definite sums from

the above two equations.

The theorem below carries a practical formula for calculating definite
sums, which is analogous to the fundamental theorem of differential calculus.
Theorem 2.4 (The Fundamental Theorem of difference Calculus)

Let j(k) be an indefinite sum of 1)(k), then for z < k

k

iin(v) = [J’(v)} = ji(k) = j(2).

z

The next theorem provides a version of the summation by parts formula
for definite sums.

Theorem 2.5 If r < k, then

o=l

S0t =[] = 3 (80

T=r

Proof. Let x;, = a; and hy = by, then by part (c) of Theorem 2.3, it follows that

Z akAbk = akbk — Z(Aak)bk—I—l'
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By Theorem 2.4,
i1 !
Y a.Ab, = [aTbT] -3 (ACLT)z)T+1 VK.

Substituting £ = r + 1 in the above equation, we have

Z arAbr = ar-‘rlb?"-i-l - (Aar)br-i-l + K.

implying that X' = —a,b,, and that completes the proof.

Remark 2.2 An equivalent form of Theorem 2.5 is Abel’s summation formula

=1l ) i—1 oy

ZaTbT = bkiaT —Z (Zaq)AbT,(l@ > 2)

=% =z =z

and the alternative form is

n n n n
Sab =big > a+3) (Zaq>AbT_1, (n > k).
=k T=1 =k T

q:
2.3 Stability

It is prudent to study the behaviour of a transition of say, the discrete gen-
eration of a certain population at initial time iy and (49 + 1). This brings about
the study of stability theory for difference equations.

Definition 2.7 (Stability)

A solution (i) of a difference equation is stable if for « > 0 3 5 > 0,
B = B(a,ip) such that |xg — 1 (ip)| < S implies that |z(, 49, z0) — ¥(i)] < «
for i € [ig,00) N Z.

Definition 2.8 (Uniformly Stability)

1 is said to be uniformly stable provided for « > 0 3 § > 0, B(«) such that
|zo — ¥ (ip)| < B implies that |z(i, ig, zo) — ¥ (7)| < a, for i > iy

Definition 2.9 (Asymptotically Stability)

1) 1s said to be asymptotically stable provided it is stable and in addition to that

3 7(i) > 0 such that |xg — ¥ (ig)| < (i) implies that
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limy o0 |2(2, 40, 20) — ¥ (i)| = 0
Definition 2.10 (Uniformly Asymptotically Stability)
1 is said to uniformly asymptotically stable provided it is uniformly stable and

in addition to that 37 > 0 such that |zo—¢(ig)| < ~y implies that lim;_,, |z(4, o, o) —

¢(1)] =0

2.4 Fredholm and Volterra Difference Equations

Any equation which is of the form

o(i+1) = 3 (@),

J=e

where a and b are constants, is called a Fredholm difference equation. Fredholm
difference equations are characterized by fixed/constant limits of summation.

On the other hand, any equation which is represented by the form

2(i+1)= 3 r(z(j))

where a and ¢ are the limits of the summation is called a Volterra difference
equation.
The following are some types of delay Volterra difference equations:

(a) A linear Volterra difference equation with finite delay -y is given by

(b) A linear Volterra difference equation with variable delay () is given by

x(i+1) = Mzx(i) + F(i,j)x(j).

i—1
Jj=i—(i)
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(c) A nonlinear Volterra difference equation with finite delay + is given by

i—1

p(i+1) = Ma(i)+ Y F(i,j)g(x(j)).

J=i—y
(d) A nonlinear Volterra difference equation with variable delay ~y(7) is given as

i—1

p(i+1) = Ma(i)+ Y F(i,5)g(z(5)),

J=i—(3)

where g(z(7)) is a non-linear function of (4) such as ¢*(x), cos(g(x)) and 9.

2.5 Review of Related Literature

Recently, a lot of attention has been devoted to the investigation of dif-
ference equations. For instance, Burton and Mahfoud in (1983) investigated an

integro-differential system of equations of the form

¢ = Gk)x + /D F(i,7)z(j)ds

where GG and F' are k x k matrices. A few varieties of stability were identi-
fied and defined, and the results were established indicating when one type of
stability is equivalent to another type. Different kinds of Lyapunov functions
were constructed and as a result conditions which are sufficiently enough and
necessary for the above system to be stable were obtained. Finally, many other

results regarding the qualitative behaviour of solutions of the system were found.
Kolmanovskii et al. (1998), investigated stability problem of some Volterra
difference equations and established stability conditions formulated in terms of

the characteristics of equations.

Elaydi et al. (1999), utilized the idea of total stability to establish results

on the asymptotic behaviour of the solutions of discrete Volterra systems. The
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asymptotic equivalence of bounded solutions of the following Volterra differ-

ence systems which has an infinite delay was the target:

)

pli+1)= > M(i— )W), ip>0

j=—o0
and

0(i+1)= > M(i—j) +D(@i7)0(j); io>0.

j=—o00

Medina (2001), obtained results for boundednees and stability properties
of some classes of discrete Volterra equations. In the work, the main tool was the
use of a representation formula which allowed the solution of discrete Volterra
equations to be expressed in terms of the resolvent matrix of the corresponding

system of Volterra difference equations.

Medina (2001), Gydri and Horvath (2008), Migda and Morchalo (2013),
studied the asymptotic properties of discrete Volterra systems, and also Volterra

difference equations.

Song et al. (2004), used fixed point theory to investigate nonlinear Volterra
difference equations that are perturbed versions of linear equations. Under per-
turbation, sufficient conditions were obtained to ensure that the stability prop-
erties of linear Volterra difference equations were preserved. The existence of
asymptotically periodic solutions of perturbed Volterra difference equations was

also proved.
Also, Song & Baker (2004), utilized the fundamental and resolvent ma-

trices, and under appropriate assumptions, to odtain stability results from the

linear case.
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(K(n,j,2(n)) = B(n, j)z(j))

extracted from the discrete Volterra equation
z(n) = f(n) + ) (K(n,j,z(n)), (n20)
j=0

Several necessary and sufficient conditions for stability were obtained for solu-
tions of the linear equation by considering the equations in various choices of

Banach space.

Raffoul (2006), studied the stability of the zero solution of delay differ-
ence equations and the existence of unique periodic solution by utilizing fixed
point theory. The interest was mainly in the qualitative analysis of the com-

pletely delay difference equation
Ax(i) = —a(i)z(i — 7).

Gyori & Horvath (2008), analysed the asymptotic behaviour of solutions
of linear Volterra difference equations. Some sufficient conditions were pre-
sented under which the solutions to a general linear equation converged to limits,
which were given by a limit formula. This result was then utilized to establish
the exact asymptotic representation of the solutions of a class of convolution

scalar difference equations, which have real characteristic roots.

Yankson (2009), utilized fixed point theory to analyse the stability of the
zero solution of difference equations with variable delays. In particular the au-

thor considered the scalar delay equation

Az(n) = —a(n)x(n — 7(n))

2
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and its generalization

Ax(n) == a;(n)z(n —75(n)).

j=1

Adivar et al. (2013), invetigated the existence of periodic and asymptot-
ically periodic solutions of a system of nonlinear Volterra difference equations
with infinite delay. Fixed point theory was utilized to establish conditions that

guarantee the existence of such periodic solutions given by

(

1=—00

Ay =pan+ D buig(x:)

\ 1=—00

where f and g are real valued and continuous functions, and a,, ;, b, ;, hs,,

and p,, are real sequences.

Sultana (2015), studied various types of discrete Volterra equations with
distinct orders. The convergence rate of solutions of scalar linear Volterra sum-
difference equations with delay were addressed. The existence of bounded
solutions on an unbounded domain of more general nonlinear Volterra sum-
difference equations using the Schaefer fixed point theorem and the Lyapunov’s

direct method were also discussed ( See Sultana (2015)).

21
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Eid et al. (2015), utilized Lyapunov functions and obtained sufficient con-
ditions necessary for the zero solution of the discrete Volterra system of the

form

to be stable.

2.6 Chapter Summary

In this chapter, the general structure and concept of difference equations
were identified. Fredholm equations were stated and related them to Volterra
discrete equations. Some relevant theorems and lemmas regarding Lyapunov
method of solving stability of difference equations were proved. Some relevant

literature on various areas of this research were also looked at in this chapter.
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CHAPTER THREE

METHODOLOGY

3.1 Introduction

In this chapter, the development and the application of Lyapunov function
will be discussed. The stability property of difference equations will also be

considered in relation to use of Lyapunov function.

3.2 Lyapunov Function

Lyapunov (1892), delth with stability by two distinct methods; these are
the first and second (direct) methods. The first method pre-supposes an explicit
solution known and this is applicble to some restricted but important cases. As
against this, the second method, which is also called the direct method, is of
great generality and power and, above all does not require the knowledge of the

solutions themselves.

Lyapunov proposed a fundamental method for studying the problem of
stability by constructing functions known as Lyapunov functions. This function
is often represented as V' (i, x) defined in some region or the whole state phase
that contains the unperturbed solution x = 0 for all © > 0 and which together

with its difference AV (i, x) satisfy some sign definiteness.

In this thesis, the stability properties of non-linear difference equations
shall be investigated by stating the conditions for stability. constructing Lya-
punov functions. The constructed suitable Lyapunov function shall be used to
discuss stability properties of the solution of the non-linear system of difference

equations.

Throughout this thesis, the goal is to costruct suitable Lyapunov function

and use it to obtain the results that guarantee the stability of the non-linear dis-

2
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crete Volterra system considered in (1.1)

The application of the Lyapunov method lies in constructing a scalar func-
tion (say V') and its differences such that they possess certain properties. When
these properties of V' and AV are shown, the stability behaviour of the system
is established.

Definition 3.1 (For Difference Equations)

A function W defines a Lyapuvov function on a subset I' €R* provided that
i) W(0) =0, and W (x) > 0, for z # 0 and
ii) AW (x) < 0, whenever z and f(x) belong to the set I'.

The function W is said to be a strict Lyapuvov function on a subset I' of R* if

AW(x) < 0.

The considered Lyapunov function must satisfy the following conditions;
e V(i,z) = 0atz = 0, meaning VV must be zero at = = 0;
e V(i,x) > 0except x = 0, meaning 1/ must be positive definite;
o AV(z) <0.

It is noteworthy that our constructed Lyapunov function V' will need the
existence of a positive definite matrix that will depend on the coefficient matrix
M.

In this thesis, the stability properties of non-linear difference equations
shall be looked into by constructing Lyapunov functions. The constructed suit-
able Lyapunov function shall be used to discuss stability properties of the solu-

tion of the non-linear system of difference equations.

In this thesis, the ultimate goal is to establish stability results for the zero

solution of the non-linear system of Volterra difference equations with variable
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Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

delay. A Lyapunov function is utilized to obtain sufficient conditions that can
be used to achieve stability for the system of Volterra difference equations under
consideration. Consider the following system of non-linear Volterra difference

equations

x(i+1)=Mazx(i) + i F(i,5)g(x(j), 3.1

J=i—(3)
where 7 is a function of time, ¢, M is a k x k constant matrix and F(i, j) is an

k x k matrix of functions that are defined on —w < i < j < oo, where v(i) < w,

and i, j € [~w, 0.

A Lyapunov function denoted by V' (i, x) = V(i) is constructed and used
to show that along the solutions of equation (3.1), AV (i) < 0. In the process,
equation (3.1) is rewritten in order to obtain a suitable Lyapunov function so

that AV can easily be calculated along the solutions of (3.1).

Let ; be a function mapping an interval [—w, 0] N Z into R*. Therefore,
x(i) = x(i,140,%) is a solution of (3.1) , provided x(7) satisfies (3.1) for i < i
and z;, = (0 + j) = ¥(j), j € [-w,0] N Z.
All through this thesis it is to be understood that the argument of a function is ¢

unless otherwise it is stated.

3.3 Chapter Summary

This chapter discusses the methodology used in this thesis. The form
and concepts of the Lyapunov function were discussed. The conditions that
justisfy a function to be Lyapunov as well as the conditions for stability were

also dicussed in this chapter.

2
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Introduction

In this chapter, the main results of the thesis are obtained. The Lyapunov’s
direct method is used to obtain inequalities that guarantee the stability of the

zero solution of the Volterra difference equations with variable delay.

4.2 Preliminary Results

Let

5

B(i,j) == Y F(r+17,j), (4.1)

T=1—j]

where 0 <y < r(i—1),foralli € Z+.
Also, let z € R¥ and W = (w);; be a k x k matrix and define the norms | z | to

be the Euclidean norm so that

k

| W |=11§1]€2§€Z; | wij | -
Z:

The norm of a sequence function ¢ : [—w, 00) N Z — R* is also denoted by

[¢l= sup [¥()].

—w<j<oo

It is assumed that there exists a positive definite symmetric and constant

k x k matrix G such that for positive constants iy,
MTGN + NTG = -y I (4.2)
Also assumed that for some positive constant /o,

27 (MTGB(i +1,4) + GBli + 1, i))g(x) < | Pifzr £0, (4.3)

2
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and for some positive constant 7,

lga) | <= nlz]. (4.4)

Conditions (4.3) and (4.4) implies that g(0) = 0 and that = = 0 is a solution for

system (3.1).

In order to construct a suitable Lyapunov function, equation (3.1) is rewrit-
ten in an equivalent form as given in Lemma 4.1.
Lemma 4.1 If B(i, j) is defined by (4.1), then equation (3.1) is equivalent to the

equation

Az(i) = Nx(i) + B(i+1,i)g(x(7))

i—1

- A ) BGjelai)), (4.5)

j=i—r(i=1)—1
where /N is a matrix given by N = M — I, and [ is the identity & x k matrix.
Proof. Computing the difference of the summation term in equation (4.5) gives,

i—1

A, B(i, j)g(x(j)) = Y Bli+1d)g(x(5))

j=i—r(i—1)—1 j=i—r(i
(2

It follows from equations (4.1) and (2.5) that

v

B(i,i—r(i—1)—1)= Y Flii—r(i—1)—1)=0.

m=r(i—1)+1

27
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Thus, equation (4.6) becomes,

A; B(i,4)g(x(j)) = B(i +1,4)g((x(i))

i—1

j=i—r(i—1)—1

- _Z_l(l)B(iH’i)g(ﬂf(J))
- i(.)B@,J)Q(CU(J))
— B0+ 1i)g((x() + z() (B0 + 1) - BG.)]o(e)
Thus,
A ':411(_211)13(1,])9(3:(‘7)) = B(i+1,i)g(z(2))
+ '_Zi(') AB(i,5)g(x(j)) 4.7)
Now, from equation (4.1),
AB(i,j) = A :i:.F(erj,j)
= :iHF(ﬂJrj,j)— i.F(HJ,j)
= Y Faid)- Y Flati)=F)
- Tr.
Thus,
AB(,j) = —F(, j). (4.8)

2
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Substituting (4.8) into (4.7) gives,
i—1

A Y B j)gx() = B(i+1,i)g(x(i))

j=i—r(i—-1)—1

— Y F@5)g(=(). (4.9)

j=ir(i)

Using equation (4.9) in equation (4.5) gives

x(i+1)—x(i) =Mxz(i) — z(z) + B(i + 1,4)g(x(2))

& [B(@—l— 1,i)g S F(i )]
Thus,
z(i+1) = Maz(@)+ z_: F(i,5)g(x(4))- (4.10)

j=i—r(i)

This completes the proof.

At this point, there is the need to construct a Lyapunov function. In
Lemma 4.2, a Lyapunov function is prosposed.

Lemm 4.2 Let 3 be a constant such that 5 > 0. Then the function defined by

i—1

Vi) - (o) + B(i.j)a(x(i))) G
j=i—r(i—1)—1
< (e)+ Y Bliggal)
j=i—r(i—1)—1
s 0 Y IBGA e P @

is a Lyapunov function.

Proof. To verify that equation (4.11) is a Lyapunov function, first, let z = 0,

2
? Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

then
i—1 T
V(i,0) = (0 + > B(i,j)g(O)) G
j=i—r(i—-1)—1

i—1

x (o+ 3 B(z’,j)g(O))
j=i—r(i—1)—1

+ B) D> |B(i,2) |l g(0)

Jj=—w z=1+j

=0

Thus V (4,0) = 0 for z = 0.
From equation (4.11), V (i,z) > 0 for all x except for z = 0. Thus, V (i, z) is
positive definite.
Finally, under appropriate inequalities it is established in Theorem 4.1 that
AV < — | x |? for ¢ > 0 implying that AV < 0. Therefore, equation (4.11)

is a Lyapunov function. This completes the proof.

It must be noted that, if G is a positive definite symmetric matrix, then

there is a positive constant {2 such that
Q| z *’< 27 Gz, for all z. (4.12)
Lemma 4.3 Let GG(7) and z(i) to be two sequences, then
AG(i)x(i) = G(i + 1)Ax(i)) + AG(i)x (7).
Proof. If G(i) and z(7) are two sequences, then
A[G(@)az(1)] = G + Da(i + 1) — G(§)z(3), (4.13)
But

AG(1) =G(i+1) — G(3),
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and so

G() =G+ 1) — AG(7).
Also,

Azx(i) =x(i + 1) — x(3)
implies that

z(i+ 1) = Az(i) + z(%)
Thus equation

A[G@H)z(i)] = Gli+ D[Az®3) + z(4)] — [G(i + 1) — A7]z(4)
= G@E+1)Az(@)+ GG+ 1)z(@) — G(i + 1)z(¢)

+AG(i)x(i)
implying that,

A[G(@)z(1)] = G + 1)Az(4)) + AG()x(i)

4.3 Main Results

In the next Theorem it is shown that AV < 0.
Theorem 4.1 Let (4.2)- (4.4) hold, and suppose there are constants
B > 0and v > 0 such that

—p — pz + BunB(i + 1,i) + (%\BT(HLZ’) |+\NTG|)

1—1
x> | B(,j)|
j=i—r(i)
< =1, (4.14)

1
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—B+2n| BT +1,i)G |+ | N'G <0, 4.15)
|GN | +n | GB(i +1,i) |[<0 (4.16)
and
A|B(i,2) |£0 (4.17)
then,
AV(i) < = | (z(@) |-
Proof.

Let V(i) = V (i, ) be the Lyapunov function defined by

Vi) =(e6) + Y Bl.ia()) G
j=i—r(i—1)—1
< (s)+ Y Bl.ggaG))
j:i—r(i—l)—l

+BZZ|BW|I9 (z(2)) I* . (4.18)

sS=—w z=1+]

Thus, taking the difference along the solutions of equation (3.1) gives

AV(@) = A (=()+ 5 Bli. g(e(7) @
j=i—r(i—-1)—1
x (ali) + S B(i, )g(x()))
j=i—r(i—1)—1

£ B0 Y 1B gl ] @19)

Z=—w z=1+J
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Applying Lemma 4.3, the following is obtained

t

AV@):(xu+1)-+ > B@%ﬂLDﬂxUD)TG

j=i—r(i)

< A+ Y BdGG))
j=i—r(i—1)—1

v AGO+ Y Bliean)) ¢
j=i—r(i—1)—1

i—1

x (s)+ S Blide()
j=i—r(i—1)—1

i

- 52[ > 1B(+1,2) |l g(@(2) I

j=—w z=i+j+1

S 1B I (e ) 2]. (4.20)

z=1+J

But

52[2 BG+1,2) [l @) = Y | B2 Il 5= |

—w z=i+j+1 z=i+j
—ﬁz[wmz)ug b BEHEL) I g
j=—w z=i+7+1
B g P = S 1B I of z(2)) ||
z=1+j+1

il

=6§:[IB@+LDH9@@NP—IB@¢+ﬁH9@@+ﬂ)F

j=—w

i—1

+ Y AB(,2) || g(x(z) [P |. (4.21)

Z=itj+1
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In view of condition (4.17),

i-1
Y A[B(,2) [ glz(2) P<0
z=i+j+1
Thus, (4.21) becomes

@}f[ S 1BG+LA s P - 3 1Bl olo () 1|

Jj=—w z=i+j+1 z=i+j

<8 Y [1BG+1,0) I ow(@) P~ | Bl,i+5) Il o(ati+5) ]

j=—w

—BZ\BHU)HQ( BZ!BHH)IIQ( (i+4)) I
= B((-1) = (=w)+1) | BG+1,9) || g(e(@)) [
B 1Bl +3) el + ) P
—fw| B + 1,9) |l g(a() I
— 8Y | BGi+d) 1ozl +7) P (422)

j=—w

4
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Substituting (4.20) into (4.19) gives

+ Bw| B(i+1,9) || g(=(2)) I

- b i | B(iyi+ ) || g(x(i+ 7)) |” . (4.23)

I—w
But, reference to Lemma 4.1 indicates that

Asli) = Na(@) + BG + 1,09@@) =0 S BG,el)
j=i—r(i—1)—1

=(M—-1Dz(i) + B(i+1‘,i)g(:v(z'))
- A > Bl 5)g(x().

j=i—r(i—1)—1

Thus,

z(i+1) —x(i) = Mz(i) — x(z) + B(i+1,4)g(x(7))

7

— Y B(i+1Li)g())

j=i—r(i)
1—1

+ ) B(i,j)g(=()

j=i—r(i—1)—1
This implies that

x(i+1)=Mz(i) + B(i+1,i)g(z(i)) — Z B(i+1,i)g(z(j))
j=i—r(6)
Y Ble)

j=i—r(i—-1)—1
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Thus,
r(i+1) + AZE:(A) B(i+1,4)g(x(j)) = Mz (i) + B(i + 1,1)g(x(7))
+ :_Z:I)_IB(Z,J')g(:vO))
= Mz(i)+ B + 1,i)g(x(q)) + :’Zl(')B(i,j)

xg(x(j)) + B(i,i—r(i—1)—1)

Since v < r(i — 1),

B(i,i—r(i—1)—1) = Y  Fli,i—r(i—1)—1)

This gives

%

wi+1)+ Y B + 1,9)g(=(j)

j=i—r(i)
= Mx(i) + B(i+1,9)g(x(0))
+ ) B(i,f)g(=()). (4.24)
j=i—r(i)

Again, from Lemma 4.1, the following can be obtained

Ax(i) + A i B(i,j)g(x(7)) = Na(i) + B(i +1,4)g(x(1))
j=i—r(i-1)—-1
and so
NCUEED Bli.j)a(())))
j=ier(i-1)—1
= Nz(i)+ B(i + 1,4)g(z(7)). (4.25)
36
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Substituting (4.24) and (4.23) into (4.21) gives

AV() = (M) + Bli+Liglal) + Y Blijax() ¢
joimr(i)

= 2T MTGNz(i)

X

+

X

r(
(Nali) + BG +1,0)g(x())
)g(w(i)))

(Nx(i) + B(i+1,i e
(x(i) + i B(i,j)g(l‘(j)))
j=i—r(i—1)—1

Bw | B(i+1,9) || g(=(3)) |”

83 | Blit i) |l aleli+ ) P

j=—w

9" (@(0)B" G+ 1,5) + ( S B(i. )g((x(7))) |
j=i—r(i)

i
GNa:( )+ GB(i+1,i)g(x(7) }

)
| 2TNT 4 g7 (2() BT (i + 1,@)]

Go@)+G S Bli,g())]

j=i—r(i—1)—1

Bw | B(i+1,9) || g(=(3)) |*

83 | Bit ) |l g(eti+ ) P

j=—w

" MTGB(i + 1,1)g(x(i))

g (x(3))BY (i + 1,7)GNx(3)
( ( ))BT(Z +1Li)GB(i+1,1)g(x(i))

g
( 9(z(j )) GNz(5)
(

g(z(j )) GB(i +1,i)g(z(i))

2T NTGz (i) + 2T NTG i B(i, j)g(x(j))
j=i—r(i—-1)—1
g' (@) B (i + 1,1)Ga (i)

9" (x(i)) BT (i + 1,1)G B(i, j)g(x(5))

j=i—r(i—1)—1

7
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It then follows that

AV (i) = 2" (i)

It is observed that

+ Bw | B(i+1,9) || g(x(i)

B B gl ) P

j=—w

(MTGN + NTG>33(Z') + 2T MTGB(i + 1,9)

9(x() + ¢" (@(@)) B (i + 1,1)C(i)

g (x(i))BY (i + 1,1)G N (3)

gT(x'(i))BT(i +1,0)GB(i+ 1,1)g(x(7))

(X Blge)) GNa)

TNTG S Bl g())
j=i—r(i—1)—1

(X Blg()) 6B+ 1)

9(x(0) + ¢" (2(0) BT (i +1,1)@

> Bli,/)g(x())

j=i—r(i—1)—1
B | B(i+1,4) || g(a(d) |
B IBGi+g) g+ @26

[0 (2(0)) BT i+ 1, 0)GMa (i) L TMTGB( 4 1,i)g(2(s)).

Now, considering the sum of the second and third terms on the right

hand side of (4.26) gives

2 MT

G

B(i+1,4)g(z(i)) + g" (x(i)) BT (i + 1,1)Gx(i)
"M GB(i + 1,4i)g(x(i)) + [:pTGB(i 4, i)g(x(i))]T

2T (MTGB(Z' +1,4) + GBli + 1, i))g(x(i)). 4.27)
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Also, considering the sum of the fourth and fifth terms on the right

hand side of equation (4.26) gives

1,))GNz(i) + g7 (x(i)) BT (i + 1,9)GB(i + 1,4)g(z(i))
1,i)GN || z(3) |

| 9" (@()B (i + L,i)GB(i + 1,1) || g(=(1)) |

n
n
n

<|g"(@()B"(i + LGN ||=(i) |
+ g (@(@)B"(i+ 1,4 DB(i + 1,i) || (z() |
+

<| T@@)BT( + 1,5)GN | <1GN | 49| GB(i +1,4) |) | (z(i) |(4.28)

Summing the sixth and seventh terms on the right hand side of equation (4.26)

gives
( .:2‘) B(, j)g(a:(j)))TGNx(i) +2"NTG ‘:'_iz(_‘l;l)_l B(i. j)g(x(5))
= |'N'G Z() Bli, ()] +a"N"G '_i(.)Bu,j)g@(j))
= 22"N'G i()B(i,j)g(xu))
< 27| VTG ;il)lB(z‘,jH\g(x(j))I- (4.29)

Using the inequality 2ab < a? + b?, equation (4.28) becomes

NG| | Bl |l ae() |
j=ir(i)
<IN Y 186 | ((©F 1 aE0) ). 30)
jmimr(i)
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Furthermore, a sum of the eighth and nineth terms on the right

hand side of equation (4.26) gives

(S Bldee()) 6B+ L i) + o @)
j=i—r(i)
B4 LGS Bl ))
j=i—r(i—1)—1
_ [ @B G+ LIG Y. BGDse)]

j=i—r(3)

%ﬂWﬂDﬂﬂ@+LﬂG"§: B(i, j)g(x(5))

=2g" (2(i))B" (i + 1,9)G .2) B(i, j)g((j))
<2|g"(x(@)) |l B"(i +1,)G | ':Zl(') | B(i,5) || 9(x(5)) |

<on| (x(2) || BT(i +1,9)G | '_i') | B(i,7) [| 9(z(4)) |
<2y | BT(i+1,i)G | ‘Zi(‘) | B(i,J) |

(| @@) [P+ 9(z() 1) (431)

Finally, the last term of equation (4.26) is simplified by letting 7 = 7 + j.

Thus, the upper limit of the summation becomes ™ = ¢ — w. Hence,

85 1BGi + )l glali+ ) P

j=—w

= 8% | Blia) || gla(m) P

j*i w

> 8 Z B(i, ) || g(x(x)) |* . (4.32)

T=1— 'I‘

Replacing 7 with j in the R.H.S of equation (4.32) gives

BZ B(i,m) || g(x ﬁz B(i,j) I g(=(5)) I* -

7TZT‘Z ]’LT"L

4
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Thus,

B3 | Blitd) lalai+ i) P28 3 | Bl |l glz()) P @33)

j=—w j=i—r(i)

Substituting equations (4.27) - (4.32) into equation (4.26) gives

AV(i) < |2 (i) |

X

(PTGN n NTG> | z(3) |
+ o7 <MTGB(@' +1,4) + GBli + 1, i))
X g(x(i)+ | 9" (x(i)) BT (i + 1,7)GN |

X <|GN|+n|GB(i+1,i)|>

x |6 +IN7G| S B |
j=i—r(i)

< () P+ glG) P)

+ 2n| BTG +1,9)G | i | B(i,7) |
j=i—r(i)

x (1) P+ 1 g=G) )
+ fw| Bli+10) || gle()) P

=8 Y Bl | glli)) (4.34)
)

j=i—r(
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In view of equations (4.9), (4.10), (4.13), (4.15) and (4.16), inequality

(4.32) becomes

AVE < | = ] [a@) P +] — 2| 2() P |

IN

+

_|_

+

g™ (@(@)B (i + 1L,)GN | [0] | (a(i) |

1 87¢ '§(V)|B<i,j>|] | 2() P
}NTG\':f(.)w@,j)r]rg(x(j)) ;

20| B7(i+1,0)G Z() | BG,d) || |26)

20| BT +1.0G| Zi() | BGg) | | 1 g(ei)) I
fw | Bli+1,9) || 9(a(@) | 8 Z B(i.j) || 9(x(j) I
i = i) | 26) |2 + |NTG\.:§(.)\B<i,j>r|x<z'> [
20 | BY(i +1,i)G | Z | B, g) || (i) |

Bun? | Bli+1, il P

| NG| Z() | B(.j) Il 9(a(3))

2 | BT +1,0)G | Z() | B(i.9) || 9(a(3))

g Z() | B(ig) 1] 9 (i) I
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Thus,

AV(i) < | = = po+ Bwn® | B(i+1,4) |
—1
+ 29| B"(i+ LG | Y | B(i.j) ]|

j=i=r()
i—1

+ NG| Y IBGA) ] 126) P

j=i—r(i)
i—1

4 [Qn]BT(z'—i—l,z')G\ > | B@,j) |

j=i—r(3)
i—1

+ INTG| X 1BG.A) || | g@6) P

j=i—r(i)

~ 8 Y | BGS) | 9@li) P
)

j=i—r(i

,u1—,u2+ﬁw772 | B(i—i-l,i)[

IN
|

+ (2n|BT(i+1,@')G|+|NTG])
i—1

x 3 1BGAI]1a6) P

j=i—r(i)
+ [—B+2| BTG +1,0G |+ N'G|]

=1l

x> 1B gz() P

j=i—r(i)
i—1

<— ¢ |z() |2+[0] > IB(i,4)].

j=i—r(%)
Therefore,

AV (i) < =y | z(i) | (4.35)

This completes the proof.
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Theorem 4.2 Suppose the hypotheses of Lemmas 4.1 and 4.2 hold and
L—n Y |B(i,j) >0, (4.36)

then the zero solution of equation (4.30) is stable.

Proof.

Let

i—1

s<%(-n Y IBGDI)

j=i—r(i—1)—1
and define

i0—1 9

=G| (149 > |Bloj)|)
Jj=io—r(io)

i0—1

+ n%?j{j > I Blio,j)|. (437

j=—w z=1t0+j

By (4.18),

V@) = (ati) + Bli. )o(())) G
j=i—r(i—1)—1
x(ai) + B(i, )g(x(7)))
j:ifr(ifl)fl

o Z|Bzz I g(a(=)) ]

W+ Y 1 BaDeE) )
j=i—r(i—1)—1

+ B Y 1B6A) I gle(:)) P

W+ Y 1BGH) i)
j=i—r(i—1)—1

+ B >, IBi.2) |l gla(2)

J=—w z=i+jJ

A
Q
=

IA
Q
—
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Therefore,

io—1

Vo) <IGl (166) | + 0 > 1 Blod) el ] )
j=io—r(ip—1)—1

1
+ 7?8 Y | Blioj) I 9(6(h)) I
j=—w z=ip+]
In view of inequality (4.33), the function V' is decreasing, and that,
AV (i) <0. (4.38)
implying that

V(i+1) < V(). (4.39)

and that for iy > 0 it follows that V (i, z) < V' (io, ¢). Thus,

2
Vi) <l olio) P [1 G | (140 > | Blod)|)
j=io—7(i0)
-1 ]z'fl
+ ?8Y > | Bl ]
Jj=—w z=io+j
i0—1 9
<e[16l (1 +n Y |Bld)l)
j=io—r(i0)
! =1 —1
+ 8y Y Bl ]
Jj=—w z=tio+j
Thus,
V(i,r) < 6* L% (4.40)
It follows from (4.17) that
Vi2) > (a(i) + B(i, j)g(x(j))) G
j=i—r(i—1)—1
i—1
x () + B(i, )g(x(7)))

j=i—r(i—1)—1

4
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Thus, using the fact that 7Gx > K | z |? for all z, and (m + n)? > (m — n)?,

Vi) > Ko@)+ Y Bl

j=i—r(i—1)—1

and also
i—1 9
Vo) 2 K2(126)| = Y |BG)IIg@@)]). @4
j=i—r(i—1)—1

Combining the two inequalities (4.38) and (4.39) gives

i—1

Ptz K20~ Y 186 lle66) )
j=i—r(i—1)—1

oL > K(1a) |~ Y 1B e
j=i—r(i—1)—1

1—1

> |z@) [~ > [BG) gz() |

j=i—r(i—1)—1

i—1
=@t D 186 AE@IE
j=i—r(i—1)—1
Thus,
JL -
Z2e@ | (1-n Y 1BGII)
j=i—r(i-1)—1
Therefore,
|z(@) | <e
This completes the proof.
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4.4 Example

In this section, the results obtained in the previous section are applied to a

constructed example, and the details are as follows:

Let
1 1
-0 -0
M=1]95 1 and F(i,j)= |4 1
0 - 0 -
) 4
such that
1
- 1
xo(n + 1) 0 " xo(n)
— 1 1615 (4.42)
i— Z 0 — T
i 4 Sy
=\, 1 1615
j=i—r(i) 1 B i1 2
It follows from equation (4.1),
2
B(i,j) = Y F(r+j.j),
TR, ]
= [y =G-N+1|FG.j)
1
=0
= ly-i+i+1] |4
=
4
1 S
—(y—i+j+1) 0
= |4 ] : (4.43)
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and so

B(i+1,i) = B (i + 1,4)
1
Z(y—i—l—i—i—l—l) 0

1
0 L i)

1
-0
:51_10
0 - 0 1
5
=
_ |75
-
5

The following condition also holds to evaluate G

MTGN 4+ NTG = — iy I.

Thus,
! 0 1 0 1 0 10
3 ) G ) 4|+ ) 4 G=—m
0 - 0 — R — 0 1
5 5 5
This implies that
4 4
—— 0 S _
0 ——= 0 —= 0 -
25 5 i
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which gives

24
24 -
0 —% 0 — M1
Thus,
0 = 0
a | " (%)‘2 25
= 25 no e
H1 o5
24
= || 0
:<%> 2| 25t X
25
0 i
25#1
24
- ()7
24 0 24
25#1
25
- 0
_ | 24M -
0 _
241

It is noted that the inequality

@) <nlzl.

can be used to estimate 7. That is,

1 1
16 16 = =
[( “Qx 2 ( o x2)2} 2 77[13 4 xg] 92

Sy By -
implying that
i 1
and so
16412
Sury
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It follows from equation (4.43) that,

. 1 S 10
Pﬂuﬁ’ < Z<7—1+J+1> ‘
0 1
1 - 1 0
< 1(7—1+J+1)‘
0 1
1 > .
< —<7—z+]+1)‘
4
< %, for je[i—%i—l].
Thus,
i—1
S Bl = %P—1—Q—ru—n—¢)—q
j=i—r(i—1)-1
< %(r(i—1)+1)
< 1(-+Q <r@—1)
= 47 o TS .
This implies that

which also implies that

1—n%w+1) S
Thus,
- 4
n
Sl
Therefore,
5pay (v +1)
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Now, using
Kl|z]? < 2'Gx,

an estimation of K is found. That is,

K[ (x%+x§>]2 < (x1 xg)

And it follows that,

K(x? + x%) <

IN

Thus,

25
- .8
24

To verify that

— (Uil —u2—|—ﬁwn2 | B(i—l-l,i) ’

consider

—p1 — p2 + Bwn® | B(i + 1,7) |

25

24
25
YS! [l’% + x%]

24

+

X

+

X

51

25
oVl 0 )
0 25
24M1 T2

%y + — s

24

(2n | BT(i+1,i)G | + | NTG | )
i—1

> IBGH| < =,

j=i—r(i)

(2n | BT(i +1,9)G | + | NTG |)

g=1

S 1B .

j=i—r(i)
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Substituting the estimates for B(i + 1,i), BT (i + 1,i), G, n and N7 gives

1
_fy O
— =g+ Pen? [ 4
O _
47
25
-y 0 —Hr 0
4 24
+ [2”‘ o L)l ® |
17 241
25
— i 0
24 i
*‘ ) , B HM(VH)
24M1
=0
—p1 — fo + 50”7‘4
0 1
2 10 10
+ 77’ —Ml ’
1’ |
| H—m Nl <0+1)
0 1
Note that
10
‘ ‘ _
0 1
and so
Bon™y (25777 5 ) i
Ly = i 1
H1 — po 1 + 13 +6M1 ><4(7+>
Buwn®y (25777+40) [11y
_ o S 1
e A3 X 4(’V+)
< —. (4.44)

To verify the condition
—B+2n| BT+ 1,9)G |+ | NG| < 0,
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In a similar manner, consider

0 25
= =M1
B+ Qn‘ 4 u
0 - 0 ﬂﬂl
4 25
— 0 = 0
+ ‘ ° 2" 25
0 —: 0 Sl
1 1 0 25 1 0
<+ 2|3 3w |
0 1 i1
i ‘ 4 1 0 H25 1 0 ‘
— < YL
510 1)"24 1o 1
Sp1y | 9
< —B+2 =
B+ 2n x 96 +6M1
25nuiy | 5
S P+—g tgm
< 0 (4.45)

Now, to verify

|GN | 4n | GB(i+1,i)| < 0.

consider

|GN | 40| GB+1,) .

By substtution,

25 4 25

1
ot 0 — 0 ‘|'77‘ ok 0 17 0
, ® N , ® ;1
24 5 Yl 17
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3 25mpy
< _
= 6,u1 + 06

0.

IA

Now inequalities (4.41) and (4.43) can be satisfied by the choice of appropriate

11, fto and w. Thus, it is shown that the zero solution of

‘ e 0 =g 0 —;6#2 1
z(i+1)=1]9 1|26+ Z 4 1 1/(‘;/33 ,
= j=i—r@) \ 0 — —

5 J (4) 4 By

is stable by invoking Theorem 4.1.

4.5 Chapter Summary

In this chapter the stability concept was discussed. A suitable Lyapunov
function which led to obtaining sufficient inequalities to achieve stability of the
zero solution of the considered system of variable delay difference equation was
constructed. Relevant lemmas, theorems to establish stability of the understud-
ied difference equation werer proved. Further, an example was constructed to

test the validity and power of the obtained results .

4
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CHAPTER FIVE

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

5.1 Overview

In this chapter, summaries of results, conclusions, and a few recommen-

dations were provided .

5.2 Summary

In this thesis, as stated in the objectives of the research, a suitable Lya-

punov function was contructed to investigate the qualitative behaviour of the
solution for a system of Volterra difference equations.
Along the line, the constructed Lyapunov function was used to prove that the
zero solution for the system of non-linear Volterra equations was stable and
sufficient conditions for the stability of the zero solution for the system of non-
linear Volterra difference equations with variable delay wre established.

An example was constructed to acertain the power of the obtained results.

5.3 Conclusions

It is concluded that a suitable Lyapunov function for establishing the sta-
bility of a system of non-linear Volterra difference equations with variable delay
has been constructed.

Also, sufficient conditions for the stability of the zero solution of a system of
non-linear Volterra difference equations with variable delay have been obtained.
Finally, the work has been furnished with a suitable example and the strength of

the obtained results has also been tested.

5.4 Recommendations

The Lyapunov function should be used to determine the stability of the

zero solution of a system of non-linear Volterra difference equations.

>3 Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

REFERENCES

Adivar, M., Koyuncuoglu, H. C., & Raffoul, Y. N. (2013). Periodic and
asymptotically periodic solutions of systems of nonlinear difference equations

with infinite delay. Journal of Difference Equations and Applications, 19(12) ,
1927-1939.

Agarwal, R.P. (1992). Difference equations and inequalities. New York: Marcel
Dekker.

Burton, T. A., & Mahfoud, W. E. (1983). Stability criteria for Volterra equa-

tions. Transactions of the American Mathematical Society, 279(1), 143—143.

Eid, G. M., Ghalayini, B., & Raffoul, Y. N. (2015). Lyapunov functions and

Stability in Nonlinear Finite Delay Volterra Discrete Systems10(1), 77-90.

Elaydi, S., Murakami, S., & Kamiyama, E. (1999). Asymptotic equivalence
for difference equations with infinite delay. Journal of Difference Equations

and Applications, 5(1), 1-23.

Elaydi, S. (2005). An Introduction to Difference Equations. 3rd Edition, Springer,

Berlin.

Gy6ri, L., & Horvith, L. (2008). Asymptotic Representation of the Solutions of
Linear Volterra Difference Equations. Advances in Difference Equations, 2008,

1-23.

Kelley, W. G. & Peterson, A. C. (2001). Difference equations: An introduc-

tion with applications. (2nd Ed). Harcourt/Academic Press, San Diego, CA.

>6 Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

Kolmanovskii, V. B., Castellanos-Velasco, E., & Torres-Muiioz, J. A. (2003).
A survey: stability and boundedness of Volterra difference equations. Nonlin-

ear Analysis: Theory, Methods & Applications, 53(7-8) , 861-928.

Kolmanovskii, V. B., & Myshkis, A. D. (1998). Stability in the first approxi-
mation of some Volterra difference equations. Journal of Difference Equations

and Applications, 3(5-6) , 401-410.

Medina, R. (2001). Asymptotic behavior of Volterra difference equations. Com-

puters & Mathematics with Applications, 41(5-6), 679-687.

Migda, M., & Morchato, J. (2013). Asymptotic properties of solutions of differ-
ence equations with several delays and Volterra summation equations. Applied

Mathematics and Computation, 220, 365-373.

Raffoul, Y. N. (2006). Stability and periodicity in discrete delay equations.

Journal of Mathematical Analysis and Applications, 324(2), 1356—-1362.

Raffoul, Y. N. (2018). Qualitative theory of Volterra difference equations (1st

ed.). Springer Cham.

Song, Y., & Baker, C. T. H. (2004). Linearized stability analysis of discrete

Volterra equations. Journal of Mathematical Analysis and Applications, 294(1),

310-333.

Sultana, N. (2015). Volterra difference equations. Doctoral Dissertations. 2396.

Yankson, E. (2009). Stability in discrete equations with variable delays. Elec-

tronic Journal of Qualitative Theory of Differential Equations, 8, 1-7.

7
> Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

58
Digitized by Sam Jonah Library





