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ABSTRACT

This thesis is concerned with the qualitative properties of solutions of neu-
tral functional differential equations, neutral functional difference equations and dy-
namic equations on time scale. Some of the equations are of the first and second
order whereas some are systems of equations. All these equations are delay equa-
tions with constant or variable delays.

Fixed point theory is used extensively in this thesis to investigate the qualita-
tive properties of solutions of neutral delay equations. In particular, the Krasnosel-
skii’s fixed point theorem, the Krasnoselskii-Burton fixed point theorem and the
Banach’s fixed point theorem are used in the thesis. We invert the equations and the
results of the inversions are used to define suitable mappings which are then used to
discuss the qualitative properties of solutions to certain classes of neutral functional
equations considered.

Sufficient conditions are established to discuss the qualitative properties such

as periodicity, positivity, and stability of the classes of neutral equations of our focus.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the Study

The attempt to solve physical problems led gradually to mathematical models

involving an equation in which a function and its derivatives play important roles.
However, the theoretical development of this new branch of mathematics - Ordinary
Differential Equations - has its origins rooted in a small number of mathematical
problems. These problems and their solutions led to an independent discipline with
the solution of such equations an end in itself.
According to Kline (1972), the history of Ordinary Differential Equations (ODEs)
goes all the way back to the XVII century when two great scientists Isaac Newton
and Gottfried Leibniz introduced calculus which came to place from the concept of
functions.

Delay differential equations, differential integral equations and functional dif-
ferential equations have been studied for at least 200 years (see Schmitt (1911) ).
Some of the early work originated from problems in geometry and number theory.

Volterra (1909), (1928) discussed the integrodifferential equations that model
viscoelasticity. In (1931), he wrote a fundamental book on the role of hereditary ef-
fects on models for the interaction of species. The subject gained much momentum
(especially in the Soviet Union) after 1940 due to the consideration of meaningful
models of engineering systems and control. It is probably true that most engineers
were well aware of the fact that hereditary effects occur in physical systems, but

this effect was often ignored because there was insufficient theory to discuss such



models in detail.

During the last 50 years, the theory of functional differential equations has
been developed extensively and has become part of the vocabulary of researchers
dealing with specific applications such as viscoelasticity, mechanics, nuclear reac-
tors, distributed networks, heat flow, neural networks, combustion, interaction of
species, microbiology, learning models, epidemiology, physiology, as well as many
others (see Kolmanovski and Myshkis (1999)).

Differential equations are essential tools in scientific modeling of physical
problems which found their relevance in almost every sphere of human endeavour
from Agricultural Sciences, Engineering, Medical Science, Physical Sciences to So-
cial Sciences. Among the earlier work on differential equations, the works of Euler
and Lagrange stand out. They first worked on the theory of small oscillations and
consequently also, the theory of linear system of ordinary differential equations.

In the construction of mathematical models of physical systems it is usually
assumed that all of the independent variables, such as time and space are continuous.
This assumption normally leads to a realistic and justified approximation of the real
variables of the systems. However, we regularly encounter systems for which this
continuous variable assumption cannot be made.

Systems in which one or more variables are inherently discrete are in areas
such as population growth (Smith (1971)), digital communication networks (Mc-
Clamroch (1980)) and delayed feedback oscillation as in laser emission pulsation
(Rabinovich (1980)). Due to their discrete character, these systems must be mod-
elled by the use of difference equations. This lead to the development of the basic
theory of linear difference equations in the eighteenth century by de Moivre, Euler,
Lagrange, Laplace, and others.

Delayed differential or difference equations sometimes are also called differ-
ential or difference equations with deviating arguments. However nowadays, this
later title is seldom used; instead, the terminology of functional differential or dif-

ference equations is mostly utilized. Functional differential or difference equations



are classified as retarded, neutral, or advance type. Such a classification, first intro-
duced by Myshkis (1951) in his monograph, lay the foundation for a general theory
of linear delayed systems.

The concept of time scale analysis is a fairly new idea. It was introduced in
1988 by the German mathematician Stefan Hilger. Many results concerning dif-
ferential equations carry over quite easily to corresponding results for difference
equations, while other results seem to be completely different in nature from their
continuous counterparts. The study of dynamic equations on time scale reveals such
discrepancies, and helps avoid proving results twice, once for differential equations
and once for difference equations. The general idea is to prove a result for a dynamic
equation where the domain of the unknown function is a so-called time scale, which
is an arbitrary nonempty closed subset of the reals. By choosing the time scale to
be the set of real numbers, the general result yields a result concerning an ordinary
differential equation. On the other hand, by choosing the time scale to be the set of
integers, the same general result yields a result for difference equations. However,
since there are many other time scales than just the set of real numbers or the set of
integers, one has a much more general result.

In the study of the theory of differential and difference equations, we most
often encounter equations in which the conventional methods, such as the Laplace
transform method and the power series solutions, can be used to solve the differen-
tial or difference equations analytically, that is, the solutions can be written out using
formulas.

However, in most applications in biology, chemistry, and physics modelled by
differential or difference equations where analytical solutions may be unavailable,
people are interested in the questions related to the so-called qualitative properties,

such as:

(1) Will the system have at least one solution ?

(2) Will the system have at most one solution?



(3) Can certain behaviour of the system be controlled or stabilized?

(4) Will the system exhibit some periodicity?

and

(5) Will the system have positive solutions?

If these questions can be answered without solving the differential or difference
equations, especially when analytical solutions are unavailable, we can still get a
very good understanding of the system.

The first person to carry out a major investigation in the line of the qualitative
theory and hence the development of the qualitative theory of differential and dif-
ference equations was Henry Poincare (see Boyer (1968)). This qualitative theory
is now the most actively developing area of the theory of differential and difference
equations, with most important applications in diverse areas such as Engineering,
Economics, Physical and Biological sciences. It is well known that mathematical
formulations of many physical problems often result in differential or difference
equations that are non-linear. Much has been done on the theory and method of deal-
ing with the linear differential and difference equations in Mathematics but just little
of general nature is known about non-linear differential and difference equations. By
non-linear differential or difference equations, we are referring to equations where
the terms involving the unknown function are not linear in the unknown function. In
general, the study of non-linear differential and difference equations are restricted to
a variety of special cases and the method of solution usually involves one or more
of a limited number of different methods. There are several important differences
between linear differential equations and non-linear differential equations as well as
linear difference equations and non-linear difference equations. For instance, for the
linear ordinary differential and difference equations, it is possible to derive a closed-
form expressions for the solutions of the equations whereas this is not possible in
general for the non-linear differential and difference equations. As a consequence, it

is desirable to be able to make predictions about the behaviour (qualitative analysis)



of non-linear ordinary differential and difference equations even in the absence of
the closed-form expressions for the solution of the equations.

The analysis of non-linear ordinary differential and difference equations makes
use of a wide variety of approaches and mathematical tools than does the analysis of
linear differential and difference equations. The main reason for this variety is that
no tool or methodology in non-linear differential and difference equations analysis
is universally applicable to handle them in a fruitful manner. Close to half a century
now, great efforts have been devoted to the study of qualitative theory of non-linear
differential and difference equations, to be precise non-linear neutral functional dif-
ferential and difference equations. During these periods, new methods and outstand-
ing results have appeared. These were extensively summarized in the monograph of
Reisig, Sansone and Conti (1974). The major directions which must be emphasized
in this context, consist in the investigation of solutions of non-linear differential and
difference equations involving boundedness, stability, periodicity and positivity of
solutions.

Some of the techniques used in the investigation of these qualitative properties
of solutions include the Lyapunov’s Direct Method which involves the construction
of a suitable positive definite function whose derivative is negative definite. The
frequency domain method is another method employed in the investigation. This
method involves the study of location of the characteristic polynomial roots in the
complex plane. We can also mention the topological degree method which demand
the verification of continuity properties of a certain operator and the proof of exis-
tence of a particular a-priori bound. Moreover, fixed point theorems are also used to
establish qualitative properties. Each of the first three methods has its limitations, for
instance, the limitation of the Lyapunov’s Second Method is on the non-unique way
of constructing a suitable Lyapunov function; the frequency domain method though
overcomes the problem of constructing Lyapunov’s functions, it is narrower in scope
than the Lyapunov’s Second Method (see Rouche, Habets, and Laloy, (1977)). The

Topological Degree Methods on the other hand are mainly used in proving existence



of periodic solutions.

This thesis is concerned with the following qualitative properties of solutions:
e positivity,
e periodicity,
e stability;

for neutral functional differential and difference equations.

A neutral functional differential equation is one in which the derivatives of
the past history are involved, as well as those of the present state of the system.
Similarly, a neutral functional difference equation is one in which the difference of
the past history are involved, as well as those of the present state of the system.

The following classes of equations are considered;

2

En(0) 4 (1) x(0) + q00x(6) = & et,x(e—T(e))) + Fle,h(x(0)), gx(t (1)),
(1.1)
¥ (1) = —a(t)h(x(t)) + (0¥ (t — g(1)) +q(t,x(t),x(t — g(r)), (12)
K(t) = —a(t)P (1) +c)X (g(0)g (1) +q(t, 4 (2(1))), (1.3)
x(n+1)=A(n)x(n) +C(n)Ax(n—t(n)) + g(n,x(n —t(n))), (1.4)

N
Ax(n) :—Zlaj(n)x(n—’cj(n)), (1.5)

-
A(x(n) — h(x(n—L1)) ) = g(x(n)) — g(x(n — L2)), n € Z, (1.6)

A1) = —a(t)h(x(c(t)) + (Ot x(t),x(t — g(1)))))*

+ G(1,x(t),x(t — g(r))),t € T, (1.7)



and
XAt) = —a()x° (1) +c(t)xA(t —g()+ tt (l)k(t,s)h(x(s)) As,t€T. (1.8)
Equations of the form (1.1)-(1.8) are not only of theoretical importance but
also of practical importance. For example, equation (1.1) has applications in prob-
lems dealing with the study of two or more simple oscillatory systems with some
interconnections between them (see Cooke and Krumme (1968)), and in modelling
physical problems such as vibration of masses attached to an elastic bar (see Hale
(1977)). Also, neutral equations such as Equations (1.2) and (1.3) arise in blood
cell models (see for instance Beretta, Solimano, and Takeuchi (1996), Wazewska-
Czyzewska and Lasota (1976), and Xu and Li (1998)) and food-limited population
models (see for instance Chen (2005), Chen and Shi (2005), Fan and Wang (2000)).

Definition 1.1.1. Let
X (t) = ft,x(t),x(t — (), X' (t —(t))), t > to (1.9)
with an assumed initial function x(¢) = y(t),t € [my,, %], with y € C([my,,10],R),
Mgy to] ={u<ty : u=t—1(t),t >1}.

The solution x() of (1.9) is said to be periodic if x(r +T) = x(¢) for T > 0, and for
all € [my,, o). T is called the period of x.

Definition 1.1.2. The solution ¢(¢) of (1.9) is said to be stable if for any 7y > 0
and any € > 0, there exists a & = 8(¢,7)) > 0, such that |y — ¢(79)| < & implies
|x(¢,20, W) — 0(1)| < efort > 1.

Definition 1.1.3. The solution ¢(¢) of (1.9) is said to be asymptotically stable if it is
stable and in addition , for any 7y > 0, there exists an r(fp) > 0 such that |y — ¢(tg)| <
r(tp) implies lim;_,e |x(2, 70, y) — O(¢)| = 0.

Definition 1.1.4. The solution ¢(z) of (1.9) is said to be positive if ¢(z) > 0 for all
t € [myy,o0).

Definition 1.1.5. Let

x(n+1) = f(n,x(n),x(n—1(n)),Ax(n—1(n))), n > ng (1.10)
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with an assumed initial function x(n) = y(n),n € [mp,, no| NZ, with ¢ € D([my,,, no] N
Z,R),

[Mpy,nol NZ={u<ng : u=n—1(n),n>ng},

where D is the set of bounded sequences on the interval [m,,,no] N Z.

The solution x(n) of (1.10) is said to be periodic if x(n+ N) = x(n) for some positive
integer N, and for all n € [my,,,o) NZ. N is called the period of x.

Definition 1.1.6. The solution ¢(n) of (1.10) is said to be stable if for any ny > 0
and any € > 0, there exists a & = 8(g,n9) > 0, such that |y — ¢(ng)| < & implies
|x(n,no,y) —d(n)| < e forn > ny.

Definition 1.1.7. The solution ¢(n) of (1.10) is said to be asymptotically stable
if it is stable and in addition , for any ny > 0, there exists an r(ng) > 0 such that
[w—(ng)| < r(ng) implies lim,_c0 |x(1, 19, W) — ¢(n)| = 0.

Definition 1.1.8. The solution ¢(n) of (1.10) is said to be positive if ¢(n) > 0 for all
n € [my,,o0) NZ.

We now examine what we mean by a statement that a solution of a differential
or difference equation is stable. Note that a differential or difference equation is
typically used to model the movement of a certain physical system or experiment. In
running a system or experiment, one needs to deal with some initial measurements,
such as putting one gallon of water initially for some experiment, which inevitably
involves some errors in measurements or approximations. If the behaviour of a
system or experiment is stable, then a small change in initial data will result in a
small change in the behaviour for future time. Thus, by a statement that a solution
¢ of a differential equation is stable we mean that other solutions with initial data
close to the solution ¢ will remain close to ¢ for future time. For example, for a
stable system, if ¢ is the solution corresponding to one gallon of water initially, and
x is a solution with its initial value close to one gallon of water, say for example,
1.005 gallons of water, then ¢ and x should be close for the future time, or |x — @]
should be small for future time.

Fixed point theory will be our approach to the study of qualitative properties



in this thesis. Over the years vast outflow of research and publications has resulted
from the use of fixed point methods to the study of qualitative properties. This work
is mainly motivated by Burton and Furumochi (2001a), which has been appreciated
by most researchers in qualitative theory of functional differential and difference

equations. Generally, to solve a problem with fixed point theory is to find:
(a) aset S consisting of points which would be acceptable solutions;
(b) a mapping P : § — S with the property that a fixed point solves the problem;
(c) a fixed point theorem stating that this mapping on this set will have a fixed
point.

If the functions in a differential or difference equation of interest all satisfy a local
Lipschitz condition, then contraction mappings will usually be our first choice in
our qualitative properties investigations. However, if the functions are not Lipschitz

then we will turn to fixed point theorems of Krasnoselskii type.

1.2 Research Aims and Objectives

The following are the proposed objectives of this thesis:

e To establish sufficient criteria for the existence of positive periodic solutions

of the neutral functional second order differential equation

2
%x(t) —}—p(t)%x(t) +q(t)x(?)

_ %C(I,x(t—*c(t)))+ (), gt — ().

e To obtain sufficient conditions for the existence of periodic solutions of the

neutral functional differential equation

X (1) = —a(t)h(x(1)) +c(t)x (1 — g(1)) +q (1, x(r), x(r — g(r)),
and of the system of differential equations

—x(t) =A(t)x(t — 7).



To prove that the zero solution of the neutral functional differential equation

X (t) = —a(t)h(x(t)) +c(t)x' (t — g(1)) +q(t,x(t),x(r — g(1)),
is asymptotically stable.

To prove the existence and positivity of periodic solutions of the neutral func-

tional differential equation
A1) = —a(t) () +c(t)x' (g(1))g' (1) + (1,2 (8(r))).
To prove that the zero solution of the neutral delay difference equation

N
Ax(n) ==} aj(n)x(n—7;(n)),
j=1
is asymptotically stable.

To obtain sufficient conditions for the existence of positive periodic solutions

for the system of neutral functional difference equations
x(n+1) = A(n)x(n) + C(n)Ax(n —1(n)) + g(n, x(n — t(n))),

where A(n) = diagla;(n),as(n),...,ax(n)], and C(n) = diagla;(n),az(n),

o ag(n)].

To establish sufficient conditions for the existence of periodic solutions of the

neutral nonlinear dynamic equation

A1) = —alt)h(x(o(1)) + (Q(t,x(r), x(t — g(1)))))"

+ G(1,x(t),x(t — g(r))),t € T,

on time scale T and to also prove that the zero solution of the neutral dynamic
equation
- t
A1) = —a()x® (1) +c(t)x(t — g(1)) + ( )k(t,S)h(X(S)) As, €T,
t—r(t

is asymptotically stable on the time scale T.

10



1.3 Outline of the Thesis

In the following Chapter, we review some relevant literature for our study and
also give a brief review of the relevant mathematical concepts as well as provide
an overview of the tools used in the discussion of the qualitative properties of solu-
tions considered in this thesis. Relevant literature for our investigation is reviewed
in the first section of this Chapter. In the second section of the Chapter, some basic
results on delay differential equations are given. In the third section of the same
Chapter, we state some fixed point theorems as well as provide some details on how
fixed point theorems are used to study qualitative properties. In the fourth section of
the same Chapter, we give an overview of some basic concepts in difference calcu-
lus and in the fifth section of the Chapter we give some basic concepts in measure
theory. Sections six and seven contain some basic results on time scale calculus and
some definitions related to qualitative studies of differential and difference equations
respectively.

Sufficient conditions for the existence of periodic solutions for totally nonlin-
ear neutral functional differential equations of the first order are established in the
third Chapter.

In Chapter four, criteria for the zero solution of totally nonlinear neutral dif-
ferential equations of the first order to be asymptotically stable are obtained.

Conditions for the existence and positivity of periodic solutions of nonlinear
neutral functional differential equations are established in the fifth Chapter.

In Chapter six, we establish sufficient criteria for the existence of positive pe-
riodic solutions for neutral functional second order differential equations.

The existence of periodic solutions for a system of differential equations with
constant delay is proved in Chapter seven.

In Chapter eight of this thesis, we obtain sufficient conditions for the existence
of positive solutions for a system of periodic neutral delay difference equations. We
also consider neutral functional difference equations with asymptotically constant

or Periodic Solutions.

11



We establish sufficient conditions for the zero solution for a certain class of
neutral delay difference equations with variable delays to be asymptotically stable
in Chapter nine. Moreover, criteria for solutions of totally nonlinear neutral differ-
ence equations to be periodic are also established.

In Chapter ten, we prove the existence of periodic solutions of totally nonlin-
ear neutral dynamic equations on time scale. Furthermore, sufficient criteria for the
asymptotic stability of the zero solution of neutral Volterra dynamic equations are
established.

The last Chapter of this thesis contains the conclusion and suggestions for

further studies.
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CHAPTER TWO

LITERATURE REVIEW AND MATHEMATICAL

BACKGROUND

2.1 Literature Review

The study of qualitative behaviour of solutions of differential equations started
in the latter part of the nineteenth century and became a subject of intense research
since 1940 whiles the qualitative theory of delay difference equations has attracted
many researchers since 1988. The first direct reference as far as we know toward
this approach is the work of Poincare (1899). Ever since this work appeared, there
has been an intensified interest among researchers to explore its richness. There
is a substantial amount of literature dealing with numerous qualitative behaviour
of solutions of differential and difference equations. These have been summarized
in the monographs by Coddington, and Levinson (1955), Hahn (1963), Halanay
(1966), Krasovskii (1963), Rouche and Mawhin (1980), Burton (2006) and Agar-
wal, Bohner, Grace, and O’Regan (2005).

Lyapunov (1892) proposed a fundamental method for studying the problem of
stability, boundedness and the existence of periodic solution of functional differen-
tial and difference equations by constructing functions known as Lyapunov functions
in the modern parlance. This function is often represented as V (¢,x) defined in some
region or the whole state phase that contains the unperturbed solution x = 0 for all
¢ > 0 and which together with its derivative V'(¢,x) satisfy some sign definiteness.
This method is by far the most general method for dealing with stability, bounded-

ness, and the existence of periodic solution of functional differential and difference

13



equations. Yet, numerous difficulties with the theory and application to specific
problems persist and it does seem that new methods are needed to address those
difficulties. There is, of course, the problem of constructing appropriate Lyapunov
functional and also problems with the types of conditions which are typically im-
posed on the functions in the differential or difference equations. These conditions
are virtually always precise pointwise requirements. Real-world problems with all
their uncertainties call for conditions which are averages.

Burton and Furumochi (2001a) discovered that a number of the difficulties
with the use of Lyapunov’s direct method vanish if fixed point theory is used in-
stead. They pointed out that, not only do the fixed point conditions emerge as av-
erages, but in one step the existence, uniqueness, and boundedness of solutions of
problems which have challenged investigators for decades are proved. They con-
tinued this work in Burton and Furumochi (2001b), where delay equations which
may be unstable when the delay is zero were considered. In particular, asymptotic
stability results were proved by Schauder’s and Banach’s fixed point theorems and
Schaefer’s fixed point theorem was also used to prove that there is a periodic solu-
tion when a periodic forcing function is added to that equation.

Neutral equations have been studied for a long time, and with good reason. On
the intuitive level, every parent, every gardener, and every stock broker has observed
growth spurts; present growth rate is closely tied to recent growth rate. And this is
the very essence of neutral equations. Gopalsamy (1992), Gopalsamy and Zhang
(1988), Kuang (1993a) and Kuang (1993b) devote much space to population prob-
lems heuristically modeled as neutral equations. On the other hand, starting from
first principles of physics, Driver (1984), studies a two-body problem in terms of
neutral equations.

The study of periodicity of solutions of second order differential equations
have gained the attention of many researchers in recent times. For instance, Zeng

(1997) studied the existence of almost periodic solutions of the equation

¥ (1) = x(t) +3(1) = £(), @.1)
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where f is an almost periodic function. Also, Li and Shen (1997), obtained sufficient

conditions for the existence of periodic solutions of the equation
X (t)+Cx'(t) +g(t,x(t)) = e(t). (2.2)
Moreover, Wang (1999) investigated the same problem for the following equation
() —x(t) £X" (1 —r) = f(2), (2.3)

by Schauder’s fixed point theorem.

The first major work on existence of positive periodic solutions of delay dif-
ferential equations of the second order was carried out by Liu and Ge (2003). In that
work, Liu and Ge obtained sufficient conditions for the existence of positive periodic

solutions of the equation

X'() + p()x (1) +q(6)x(t) = Mf (t,x(t = 2())) + (1), (2.4)

by employing a fixed point theorem in cones. The existence of positive periodic
solutions for second order neutral delay differential equations of the form of (1.1)
has not been investigated till now.

Equations of form similar to Equation (1.2) have gained the attention of many
researchers recently. For instance, Burton and Furumochi (2001a) proved that the

zero solution of

X (t) = —a(t)x(t) +b(t)x(r — (1)), (2.5)

is asymptotically stable. Raffoul (2003) proved that the neutral differential equation

X (1) = —a(t)x(t) +c(0)x' (t — g (1)) +q(t,x(t),.x(r — g(1)). (2.6)

has periodic solutions. Raffoul (2004b) also obtained sufficient conditions for the
zero solution of (2.6) to be asymptotically stable. Moreover, Djoudi and Khemis

(2006) proved that the zero solution of the neutral differential equation

X (1) = —a(t)x(t) +c()x(t — g(1)x' (r — g(1)) + b(0)x* (t — g(1)), 2.7)
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is asymptotically stable. Each of the equations (2.5)- (2.7) contains the term —a(#)x(?)
which is linear in x(¢). When this term is replaced with the highly nonlinear term
—a(t)h(x(t)) we obtain (1.2). There are no corresponding results on stability and
periodicity for (1.2) since the existing results for the equations (2.5)- (2.7) do not
hold for (1.2).

Burton (2002) proved that the zero solution of the equation
K (t) = —a(t)x* (t) + b(t)x>(r — (1)), (2.8)

which is a special form of (1.3) is asymptotically stable. Deham and Djoudi (2008)

also proved that the solutions of the equation
X (1) = —a(t)x (1) + G(1,x° (1 — (1)), (2.9)

are periodic. Deham and Djoudi (2010) also proved that the solutions of the neutral

equation
X (1) = —a()x> (1) +c(t)x (t —1(1)) + G(t,x* (t — (1)), (2.10)

are periodic. Results on the positive periodic solutions of equations of the form of
(1.3) are not available.

Without question, the study of periodic systems in general and Floquet theory
in particular have been central to the differential equations theorist for some time.
Chicone (1999), Freedman (1971), Johnson (1980), Pandiyan and Sinha (1994), and
Papanicolaou and Kravvavitis (1998) have extensively explored these topics for or-
dinary differential equations. Floquet theory is a branch of the theory of ordinary
differential equations relating to the class of solutions to linear differential equations
of the form x(z) = A(r)x(t), with A(¢) a piecewise continuous periodic function with
period 7. Not surprisingly, Floquet theory has wide ranging effects, including exten-
sions from time varying linear systems to time varying nonlinear systems of differen-
tial equations of the form x’(z) = f(z,x(t)), where f(¢,x) is smooth and ®— periodic
in ¢. The paper by Shi (1993) ensures the global existence of solutions and proves

that this system is topologically equivalent to an autonomous system y'(z) = g(y(t))
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via an @—periodic transformation of variables. The theory has also been extended
by Weikard (2000) to nonautonomous linear systems of the form z’ = A(x)z, where
A: C— C™"is an ®— periodic function in the complex variable x, whose solutions
are meromorphic.

Recently, Raffoul and Yankson (2010) obtained sufficient conditions under
which the scalar version of (1.4) has positive periodic solutions.

Raffoul (2006) also considered the equation
Ax(n) = a(n)x(n—1). (2.11)

In particular, sufficient conditions for the zero solution to be asymptotically stable
were obtained. Periodicity of solutions was also proved. The delay T in (2.11) is
constant thus Equation (1.5) is a generalized form of (2.11) with variable delays.

Differential and difference equations which have the property that every con-
stant function is a solution and and every solution approaches a constant was first
introduced by Cooke and Yorke (1973). In that paper they presented three models
that described the growth of a population. They used Lyapunov functionals to ar-
rive at their results. Recently, Raffoul (2011) showed that the nonlinear difference
equations of the form Ax(¢) = g(x(¢)) — g(x(r — L)) converges to a pre-determined
constant.

In the past 10 years, there has been interest in obtaining results for equations
on time scales in which the general ”delta” derivative x* appears. For instance, Adi-
var and Raffoul (2009) obtained by means of fixed point theory sufficient conditions

for the existence of periodic solutions of the totally nonlinear dynamic equation
A1) = —a(t)h(x(t)) + G(1,x(8(1))), t €T, (2.12)

Equation (1.7) is a generalized neutral version of (2.12). Several monographs and
survey papers contain detailed treatment of these types of equations, however, they
do not discuss, in detail, the equally (or more) important case of equations that fea-
ture the delta integral, rather than the delta derivative. This is possibly due to the

basic theory of integral equations on time scales lagging behind that of delta deriva-
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tive equations on time scales. It is difficult to find any recent papers on the subject,
except Wong and Soh (2005), Wong and Boey (2004) and Kulik and Tisdell (2008)
where the theory of Fredholm-type and Volterra-type equations on time scales are
discussed. None of the above mentioned papers discusses neutral Volterra equations

on Time scales of the form of (1.8).
2.2 Delay Differential Equations
2.2.1 Introduction

When modeling a system using a differential equation where the fundamental
assumption is that the time rate at time 7, given as x'(¢), depends only on the current

status at time 7, given as f(¢,x(t)) results in the differential equation
X (t) = f(t,x(t)), x(to) = xo, t > 19, x(¢t) € R". (2.13)

Moreover, the initial condition is given in the form x(fy) = xo. In applications, this
assumption and the initial condition should be improved so we can model the situa-
tions more accurately and therefore derive better results.

One improvement of (2.13) is to assume that the time rate depends not only
on the current status, but also on the status in the past; that is, the past history will
contribute to the future development, or, there is a time-delay effect. For example,
for a university, its current population will affect its population growth, however, its
population in the past may also affect its population growth. In fact, in his study of

predator-prey models, Volterra (1928) had investigated the equation

R+,

X0 = xla—byio) - [

0
V() = yt)—a+ex(t)+ | Fas)x(t+s)ds], (2.14)

—r
where x and y are the number of preys and predators, respectively, and all constants
and functions are nonnegative and r is a positive constant. In fi)r Fi(s)y(t + s)ds,

the variable s varies in the interval [—r,0], thus y(7 +s) is a function defined on the

interval [t — r,¢]. This says that for equation (2.14), the time rate at ¢, [x'(¢),y'(¢)]”,
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depends not only on the status of x(¢) and y(¢) at 7, but also on the past status of
x(t+s) and y(¢ + s) defined on the interval [t — r,z]. That is , the history on the inter-
val [t — r,t] will affect the growth rates of the preys and predators at time ¢.

Other physical procedures that possess such time-delay properties include blood
moving through arteries, relaxation of materials with memory from bending and sig-
nals traveling through mediums. Differential equations incorporating delay effect,
or using information from the past, are called delay differential equations. They in-
clude finite delay differential equations and infinite delay differential equations.

Consider the delay differential equation below with x € R",
X (t) = f(t,x(t),x(t 1)), T> 0, (2.15)
with
x(t) = do(t), to—T <t <to. (2.16)

Here ¢p : R — R" is a known function, usually taken to be continuous. ¢¢(z) is called
the initial function for (2.15), o the initial instant and [fy — T, 7| the initial set.
Definition 2.2.1.1 A function x : [fp — 7,79 + T] — R", where T > 0 is a constant,
is said to be a solution of (2.15) and (2.16) on [tg — 19 + T] if x(t9) = o, x(¢) is
differentiable on [ty, %o + T'|, and satisfies (2.15) for ¢ € [tg, 0+ T|.

Definition 2.2.1.2 A function f(¢,x) on a domain D C R x R” is said to satisfy a
local Lipschitz condition with respect to x on D if for any (¢1,x1) € D, there exists a
domain D such that (t;,x1) € D; C D and that f(¢,x) satisfies a Lipschitz condition

with respect to x on D;. That is, there exists a positive constant k; such that

| f(t,0) = f(t,y) |< ki [x—y] for (¢,x), (,y) € D1.

Theorem 2.2.1.3[Driver (1977)] If f(z,x,y) is continuous with respect to ¢ and y and
locally Lipschitz with respect to x in some neighbourhood of (9, do(zp)) and ¢p is
continuous with respect to ¢ in some neighbourhood of #(, then there exists a unique

solution to (2.15) — (2.16) in a neighbourhood of (fy, 0o (tp))-
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2.2.2 Systems with Bounded Delays - General Framework

In section 2.2.1 we considered the existence and uniqueness of solutions for
some delay differential equations of specific forms. To consider arbitrary delay dif-
ferential equations, we need a more general mathematical framework in which to
work. This is the subject of the current section.

For © > 0, let C = C(|—7,0],R") be the space of continuous functions map-
ping [—7,0] into R". Let ¢ € C. We will take the norm on this space to be || ¢ ||;=
sup_r<g<q || 9(8) ||, where || . || is the usual Euclidean norm on R". With this norm,
C is a Banach space. Further, for D C R”" let (p = C([—7,0],D) be the set of con-
tinuous functions mapping [—7,0] into D.

Definition 2.2.2.1 If x is a function defined at least on [r —T,¢] — R” then we define

a new function x; : [—1,0] — R" by
%(0) =x(t+6), —1<0<0. 2.17)

Clearly, if x is continuous on [t — T,¢], then x; is continuous on [—T, 0]. In the follow-
ing, unless otherwise stated, we will take J/ C R and D C R” to be open sets.

Definition 2.2.2.2 If F : J x Cp — R" is a given functional, we call the relation
X (t) =F(t,x;) (2.18)

a delay differential equation on J x (Cp.

It must be noted that equation (2.18) includes the following.
(a) Ordinary differential equations (if T=0): X'(t) = F (¢, x(1)).
(b) Differential equations with constant delays:
X(t) = flt,x(t—71),.,x(t —Tp))

= ft,x(=T1), ., % (—Tm))

= F(t,x).

Here t; > 0 is constant and T = max<j<, T;.
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(c) Differential equations with bounded, variable delays:

X)) = flt,x(t—11(t)),....x(t —T,(2)))
= ft,x(=11(2)),....x(=Tw(1)))
= F(t,x).
Here 0 <t; <7, j=1,..mzteJ.

(d) Differential equations with a distribution of delays:

X(t) = /Of(t,&x(H—G))de

—T

_ /O (2,8,x,(8))d6

—T

= F(t,x).

We now give a more precise definition of a solution of a delay differential equation.
Definition 2.2.2.3 Let F : J x (p — R". A function x(¢) is said to be a solution of

(2.18) on [ty — T, P) if there are zp € R and B > 7y such that
(i) x€C([—1,B),D)
(i) [t0,B) CJ
(iii) x(t) satisfies (2.18) for r € [to, ).

For a given 1y € R and ¢¢ € (p, the initial value problem associated with the delay

differential equation (2.18) is

(2.19)
xto = (I)O
or
X(t)=F(t,x;), t > 19
(2.20)
Xy = 00(t —10), to—7T <1t <ty.
The following lemmas will be useful when discussing the properties of solu-
tions.
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Lemma 2.2.2.4 If x is continuous on [fp — T,y + 7| then x; is a continuous function
of t for t € [ty,10+7].

Proof. Since x is continuous on [fo — T,fp + V] it is uniformly continuous. Thus
for any € > 0 there is a 8 > 0 such that ||x(r) — x(s)|| < € if s,¢ € [to — T,70 + 7]
and |t — 5| < 8. Consequently, for s,z € [fo — 7,70 + 7] with |t —s| < §, we have

|x(t+8) —x(s+0)| < € forall 6 € [—7,0].

Lemma 2.2.2.5[Driver (1977)] Let F : J x Cp — R" be continuous and let #y € J
and ¢p € Cp be given. Then x is a solution of the initial value problem (2.20) on
[to —,B) if and only if [tp, ) C J,x € C([to —7,B),D) and x satisfies

Xty = 00
t (2.21)

x(1) = 00(0) + [ F(s,x5)ds, 1o <1 < B.
Definition 2.2.2.6 Let F : J x Cp — R" and let U C J x Cp. We say that F is Lipschitz

on U if there exists K > 0 such that

1F(t,0) = F(, w)]| < Kllo —wls,

whenever (¢,9) and (¢,y) € U.
Lemma 2.2.2.7(Generalized Gronwall’s inequality) Let ¢ and k be given nonnega-
tive continuous functions on an interval J = [fo, 3) and let ¢ be differentiable on J.
Then if v : J — [0, 00) is continuous and
t
v(t) <c(t)+ [ k(s)v(s)ds
fo
then
1 1 ot
v(t) < c(to)effo ks)ds ()l Kmdugy
fo
Proof. Let R(t) = [; k(s)v(s)ds. Then
t

R(1) = k(t)v(t) < k(t)c(t) + k(r) / k(s)v(s)ds.

fo
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Thus R'(t) —k(¢)R(t) < k(t)c(t). Multiplying through by the integrating factor e~ g K(s)ds
yields

/

<k(t)c(t)e fy Ks)ds

e f,i) k(s)dsR(t)}

Integrating from 7 to ¢ gives

t

e o k(s)dsR(t) —R(19) < / k(s)c(s)e” Jig K)o

fo
Noting that R(#p) = 0 and integrating by parts on the right hand side gives
t t t s
e o k(s)dsR(t) <c(tg) —c(t)e Skt c'(s)eiffo kuydu g,
fo
Thus
1 1 ot
R(t) < —c(t) +c(to)ef’0k(s)ds + [ (s)els Kwdugyg,
fo
Using v(#) < c(t) + R(t), we obtain the result.
Lemma 2.2.2.8[Reid’s Lemma, Driver (1977)] Let C be a given constant and k a

given nonnegative continuous function on an interval J. Let#g € J. Thenifv:J —

[0,00) is continuous and

W(t) < C+ /t tk(s)v(s)ds‘ (2.22)

0

for all + € J, it follows that

V(1) < Cel Ji k(s)ds]

forall t € J.
Proof. Suppose t >ty and ¢ € J. Then (2.22) becomes
t
v(t) <C+ . k(s)v(s)ds,
or
t

k(t)v(t) —k(t)[C+ [ k(s)v(s)ds] <O0.

Iy
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Let OQ(r) =C+ f,f) k(s)v(s)ds, then Q'(¢t) —k(¢)Q(t) < 0. Multiplying through by the

[} ks)d

integrating factor e * we obtain

4
dt

Q(r)e*f’i) k(s)ds] <0.
Integrating from #( to ¢ and noting that Q(fy) = C, yields
Q(t)e_ ‘/;2) k(S)dS o C S 0

or

Substituting this into (2.22) yields

v(t) <0(r) < Celo k)45,

The proof for t < t( is similar.

Theorem 2.2.2.9(Uniqueness) Let F : [fo,a) X Cp — R” be continuous and locally
Lipschitz on its domain. Then, given any ¢¢ € Cp and B € (19,0, there is at most
one solution of the initial value problem (2.20) on [ty — T, ).

Proof. Suppose (for contradiction ) that for some B € (#p, o there are two solutions
x(t) and y(r) mapping [fo — T, ) into D with x # y. Let r; = inf{z € (t,B) : x(¢) #
y(t)}. Thenty <ty < PBandx(t) = y(r) fortg —t <t <t;. Since (t1,x1) € [to,B) X Cp
and F is locally Lipschitz, there exist numbers @ > 0 and b > 0 such that the set
U=tht1+a x{ye C:|y—x,|<b} is contained in [fo,) X Cp and F is
Lipschitz on U (with Lipschitz constant K). By Lemma 2.2.2.4 there exists 8 € (0, d]

such that (¢,x;) € U and (¢,y;) € U fort; <t <t + 9. Thus fort; <t <t;+39,

t:[m,xs) _ F(s,y,)]ds

=yl = |
t

< [ Kl —lds.
1

Now since the right hand side is an increasing function of ¢ and since ||x(¢) — y(t)|| =

Oforyy —t<rt<t,

t
=il < [ Kb =l
I
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for 11 <t < t; + 0. From this and the Generalized Gronwall’s Lemma it follows that
x(t) =y(t) on [t;,t; + ) contradicting the definition of 7;.

Theorem 2.2.2.10(Local Existence) Let F : [fp,a) x Cp — R” be continuous and
locally Liptschitz. Then, for each ¢g € Cp, the initial value problem (2.20) has a
unique solution on [ty — T,fp + A) for some A > 0.

Proof. Choose any a > 0 and b > 0 sufficiently small so that

U=to,to+a] x{yeC:|yv—0oo|l: <b}

is a subset of [fy, ) X Cp and F is Lipschitz on U, with Lipschitz constant K. Define

a continuous function ¥ on [tp — T,79 +a] — R" by

Go(t—10),t0—1<t <19
00(0),t0 <t <tp+a.

Then F(t,%,) depends continuously on #, and hence ||F (¢,%;)|| < B on [ty, 7 + a] for
some constant B;. Define B = Kb+ B;. Choose a; € (0,a] such that ||§; — ¢ol|x =
{%: — Hollx < b for g <t <typ+aj. Choose A > 0 such that A < min{a;,b/B}. Let
S be the set of all continuous functions ¥ : [fo — 7,70 +A] — R” such that y(z) =
Oo(t —19) fortg —t <t <ty and ||y(z) — 0o(0)|| < b forzy <t <tp+ A. Note that if

x € Sandt € [ty,10+ A], then || — %:||x < b so that

[F@x)ll < IF X)) = F@X) |+ 1F @ %) |
< K% =%+ B

< B.
For each y € S define a function Ty on [ty —T,%o + A] by

do(t—19),00—T <1 <19
(Tx)(t) =
00(0) + fyo F(s,%s)ds,t0 <t <to+A.

Then T is continuous and, since ||F(s,%s)|| < B, [(Ty)(t) — $o(0)| < BA < b for

to <t <ty+A. Thus Ty € S, thatis, T : § — S. Choose X() € S and construct
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the successive approximations x(1) = 7'x(g),X2) = TX(1),.... Note that for each /,
x(1y(t) = Go(t — o) on [ty — T,%]. We will now prove that the sequence x;(¢) con-
verges. Foreach [ =0,1,2,... whent) <t <t +A

t
x+2) (8) =Xy (DI = /[F(sax(l—f—l)s)_F(Sax(l)s)]dsn

To

t
< [ Kl —xalds.
0

Note that HX(I)(Z‘) —X(O)(t>|| < 2b on [ty —T,tp + A]. Thus Hx(l), _X(O)ZHT <2b on

[to, 10+ A] and

[x@2) () =xyOI < [ Kllx)s —x)sllds

on [to,?o + A, which further implies that [x(), —x(1) ||« < 26K (t —10) on [to, 0 + A].

This leads to

t
) (1) =2y ()| < / Kx(2ys — (13| ds

K2(t —19)?
o

IN

2b

Using induction it can be shown that

K!(t—19)!

x40y (8) = x|l < 2b
I!

on [to,to + A]. This together with x(;11)(¢) = x(;) () on [to —T,1o] gives

K'Al
x40y (1) = x| < 2bl—!

on [fo — T,% + A]. Now the series

o)

x0) (1) + Y x(pr1y () —x() (2)]

p=0
converges uniformly on [ty — 7,7 + A] by the Weierstrass M —Test, but
-1

x(q) (1) = x0)(2) + Zo[x(p-i-l) (t) = x(p) ()],
=
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and so the sequence {x(;(t)} converges uniformly on [to — 7,70 +A]. Let x(t) =
limy oo x(7) (#) for tg — T <t < tpA. Clearly, x(¢) is continuous on [t — 7,7 + A] and

Xz, = Q. Further

() —x ()] <26 Y KBS
p=t P

for to — T <t < tpA and ||x; —x(l)tHT < 2bZ°p°:l (KPA!)I) for typ <t < tyA. Thus, for

10 <t < 1A,

[1x() =00 O)[| < [1x(#) —xqiy (1) | + [}y (£) = Do (0)

(KA
< ZbZ—)+b
p!
< b,
and x;, € Cp. Finally for ¢ € [tg, 10+ A]
()= 00(0) = [ Flsawdsl] < o) =0+ [ 1FGsoxon) = Flsx) s
= (KA
< ZbZ——I—KAZb Y ( ).
! !
p=l p: p=Il—1 p:

Taking the limit as / — oo of this inequality then gives

||lx(2) / F(s,x5)ds|| =

that is, x(¢) satisfies (2.21). Uniqueness follows from Theorem 2.2.2.1.

Theorem 2.2.2.11(Continuous Dependence on Initial Conditions) Let F : [fg, at] X
Cp — R be continuous and globally Lipschitz constant K. Let ¢g € Cp and ¢ €
Cp be given and let x and X be unique solutions of (2.18) with x;; = ¢p and Xy,,

respectively. If x and X are both valid on [ty — T, ), then

e(e) =x{(0)]] < 100 — o le* )

forry <t <.
Proof. Since x and X are solutions of the given initial value problems, x satisfies

(2.21) and X satisfies
-xt() - (T)O
(1) = 00(0) + [i F(s,%)ds, 10 <t <P.
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Thus for to < t < B
() =500 = 190(0) ~80(0) + | [F(s.5) = Fls.5)]ds]
< 160(0) =800)] + [ I1P(s.) = Fls. )]s
< 000l | Kllts—50)eds. forsg <1 < B

Since ||x(¢) — ()| < ||0o — o||z on [to — T, 1], it follows that

- t
[l =% < ||¢0—<I>o||«:+/ K |jxs — Xs) |[<ds for 1o <t < B.
Iy

Applying the generalized Gronwall’s Lemma with C = || — §ol|c and k(s) = K
yields

lx(t) =x(@)| <l — %l

< %o —(T)OH'ceK(t_to), forzg <r <.

Theorem 2.2.2.12(Continuous Dependence on F) Let F,F : [ty,a) x Cp — R" be
continuous, and let F be globally Lipschitz with Lipschitz constant K. Given ¢g, §g €

Cp, let x(¢) and %(¢) be the unique solutions of (2.20) and

Ft)=F(t,%),t>1
(2.23)

F(t) = ot —19),t0 —T < t < 1o,
respectively. If x and & are both valid on [tg — T,B) and ||[F (¢, ) — F(¢,y)|| < u for
allt € [tp,a), y € Cp then

() =20} | < |00 — Bollee ) + L [F) 1] fortg <1 <.

Proof. x(¢) and %(¢) must satisfy the integral equations (2.21) and
)Zl‘() = (T)O
%(t) = §o(0) + ftgF(s,is)ds,to <t <B.
Thus on [ty — T, 1]
Ix(t) =% = ldo(t —10) = do(t —10)
< H¢0 - (T)O Hr
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on [1o, )

() =501 < 600) ~do(0)] + | IF (s.0) — F(s.5) s
< 1160 ol + /totuF(s,xs)—F(s,fsnus

t
+ [ ||F(s,%) — F(s,%)]|ds

Iy

- 1 t
< [l60 — ollc + / K|ty — % leds + / uds.
fo o

Since the right hand side of this last inequality is an increasing function of z, it

follows that

5 t
[x—%[c < !I¢o—¢o\lr+u(t—to)+/ K|lxs — %s||ds, fortg <1 <.
fo

Applying the generalized Gronwall’s Lemma with c(t) = ||0g — §ol| +u(t —to) and
k(t) = K yields the result.

For y € C"~!([~7,0],R) we may define the function y, on [—1,0] as follows

y(8) = Y(t+6)
— im y(t+0+h)—y(+0)

h—0+ h
y1(0+h) —y:(6)

= lim —1<06<0.
h—0t
We may define the functions y/,y}", ...,y,(n_l) on [—7,0] in a similar manner. Then

for J C R and G : J x [C([—7,0],R]" we can consider the scalar nth order delay

differential equation

n—1
YO @) = Gty y 3 ) (2.24)
with initial conditions

Yo = (I)O

Vi = 01
(2.25)

\)’t(:_l) = Qn—1
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where 79 € J and ¢; € C([—7,0],R). Solutions of (2.24) will be (n — 1) times differ-
entiable functions. The initial value problem (2.24)-(2.25) can be reduced to a delay

differential equation on J X C in the usual way, that is, by defining x € R"

x= [y, y O

The theorems in the previous section may then be applied to this initial value prob-

lem.
2.3 Fixed Point Theorems

This section contains an elementary set of definitions and theorems relevant to
our study. Every qualitative property we discuss is formulated in a complete metric
space. Let it be noted that in this thesis there is usually a Banach space (B, ||.||)
in the background. A subset S of B is selected and (S, ||.||) is the complete metric
space in which we work, where the metric on S is defined by the norm inherited from

the Banach space. Thus the notation almost always suggests a norm ||.|| instead of

1] is

a metric p. Even if the zero function, say 0, is not in S, then for ¢ € S,
interpreted as p(9,0) = ||0 — 0]|.
Definition 2.3.1 A pair (S,p) is a metric space if S is asetand p: S xS — [0,00)

such that when y, z, and u are in S then
@ p(y,2) 20, p(y,y) = 0and p(y,z) = 0 implies y =z,
(b) p(y,2) =p(z,y), and

© p(y2) <p(u)+p(u,z).

The metric space is complete if every Cauchy sequence in (S,p) has a limit in that
space. A sequence {x,} C S is a Cauchy sequence if for each € > 0 there exists N
such that n,m > N imply p(x,,x,) < €.

If the functions in a differential or difference equation of interest all satisfy a
local Lipschitz condition, then contraction mappings will usually be our first choice

in our investigations. If the functions are not Lipschitz then we will turn to fixed
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point theorems of Krasnoselskii’s type. These require compactness instead of com-

pleteness and are formulated in complete normed spaces.

Definition 2.3.2 A set L in a metric space (S, p) is compact if each sequence {x,} C L

has a subsequence with limit in L.

Definition 2.3.3 Let U be an interval on R and let { f,} be a sequence of functions

with f,, : U — R?. Denote by |.| any norm on R,

(a) {f} is uniformly bounded on U if there exists M > 0 such that |f,(z)| <M

forallnandallr € U.

(b) {fn} is equicontinuous if for any € > 0 there exists 8 > 0 such that 7;,7, € U,

and |t} — | < &8 imply |f,,(t1) — fu(22)] < € for all n.

Definition 2.3.4 A subset A of X is said to be closed if for any convergent sequence
{x,}_; C A, the limit point is also in A.
Definition 2.3.5 A function f : X — Y from a metric space to a metric space is said
to be Lipschitz continuous if there exists L € R such that d(f(u), f(v)) < Ld(u,v)
for every u,v € X. We call L a Lipschitz constant, and write Lip(f) for the smallest
Lipschitz constant that works.
Definition 2.3.6 A contraction is a Lipschitz continuous function from a metric
space to itself that has Lipschitz constant less than one.
Definition 2.3.7 A fixed point of a function 7 : X — X is a point x € X such that
Tx=x.

Here is the standard result on how one verifies equicontinuity.
Theorem 2.3.1[Burton (2006)] Let S C C([a,b]), —o0c <a < b < eo.If each f € S'is
differentiable in (a,b) and there is K such that |f’(x)| < K holds for all f € S, and
all x € (a,b), then S is equicontinuous.

The proof of the next result can be found in any text on real variables or in

Burton (1985).
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Theorem 2.3.2 (Ascoli-Arzela) If {f,,(z)} is a uniformly bounded and equicontin-
uous sequence of real functions on an interval [a,b], then there is a subsequence
which converges uniformly on [a, )] to a continuous function.

If our ¢-intervals are infinite, then the following extension of Theorem 2.3.1 which
is stated below will be used to prove compactness. This theorem is stated in Burton
and Furumochi (2001b).

Theorem 2.3.3[Burton (2006)] Let R™ = [0,) and let ¢ : Rt — R™ be a contin-
uous function such that g(¢) — 0 as t — oo. If {0x(z)} is an equicontinuous se-
quence of R¢-valued functions on R* with |0x(z)| < g(t) for t € RT, then there is
a subsequence that converges uniformly on R™ to a continuous function ¢(7) with

|0(1)| < g(t) for t € RT, where |.| denotes the Euclidean norm on R?.

Definition 2.3.7 A vector space (V,+,.) is a normed space if for each x,y € V there

is a nonnegative real number ||x||, called the norm of x, such that
(a) ||x|| =0 if and only if x =0,
(b) ||ox|| = |o||x|| for each @ € R, and
©) [Pe+y[l < [l +lvll-

A normed space is a vector space and it is a metric space with p(x,y) = ||x—y||. But
a vector space with a metric is not always a normed space.
Definition 2.3.8 A banach space is a complete normed space.

We will now state some useful fixed point theorems. We begin by stating
the contraction mapping principle which generally goes under the name Banach-
Caccioppoli Theorem, or Banach’s (1932) Contraction Mapping Principle. A proof
can be found in many places such as Smart (1980) or Burton (1985). It gains more
respect every day. The real power of the result lies in its application with cleverly

chosen metrics.
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Theorem 2.3.4 (The Contraction Mapping Principle) Let (S, p) be a complete metric
space and let H : § — S. If there is a constant & < 1 such that for each pair ¢,¢02 € S

we have

P(HO1,HO2) < op(01,92),

then there is one and only one point ¢ € S with Hp = ¢.
Definition 2.3.9 Let (M, d) be a metric space and B: M — M. B is said to be a large
contraction if for each pair ¢,y € M with ¢ # y then d(B, By) < d(d,y) and if for

each € > 0 there exists & < 1 such that

[0,y € M,d(,y) > €] = d(Bo,By) < dd(0,V).

Theorem 2.3.5[Burton (2006)] Let (M,d) be a complete metric space and B a large
contraction. Suppose there is an x € M and an L > 0, such that d(x, B"x) < L for all
n > 1. Then B has a unique fixed point in M.

Krasnoselskii (1958) studied a paper of Schauder (1932) and obtained the fol-
lowing working hypothesis: The inversion of a perturbed differential operator yields
the sum of a contraction and compact map. Accordingly, he formulated the follow-
ing fixed point theorem which is a combination of the contraction mapping principle

and Schauder’s fixed point theorems.

Theorem 2.3.6[Burton (2006)] Let M be a closed convex non-empty subset of a

Banach space (S, ||.||). Suppose that A and B map M into S such that
(a) Ax+By e M forall x,y e M,
(b) A is continuous and AM is contained in a compact set,
(c) B is a contraction with constant o0 < 1.

Then there is a y € M with Ay+ By = y.
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Burton (1996) studied the theorem of Krasnoselskii and observed that Theo-
rem 2.3.6 can be more interesting in applications with certain changes and formu-
lated the following results.

Theorem 2.3.7[Burton (2006)] Let M be a bounded convex non-empty subset of a

Banach space (S, ||.||). Suppose that A and B map M into M such that
(a) Ax+By e M forall x,ye M,
(b) A is continuous and AM is contained in a compact subset of M,
(c) Bis alarge contraction.

Then there exists y € M with Ay+ By = y.
2.3.1. Formulation of Fixed Point Problems in Differential Equations

This section is an elementary introduction to the formulations of fixed point
problems in differential equations. In this thesis we will be primarily interested
in functional differential and difference equations, but we begin with an ordinary

differential equation

X (t) = g(t,x(t)), (2.26)

where g : [0,00) x R" — R” is continuous. Perhaps the most basic problem concern-
ing (2.26) is to find a solution through a given point (7y,xp) € [0,0) x R" defined on
some interval [fo, %o -+ ] and satisfying (2.26) on that interval.

For this problem, our first guess would be that the set S should consist of dif-
ferentiable functions ¢ : [fg,70 + 7] — R with ¢(f9) = xo. Next, the simplest way to
find a mapping is to formally integrate (2.26) and obtain

t
x(t)=xo0+ | g(s,x(s))ds,

Iy

so that the mapping P on S is defined by



A fixed point will certainly satisfy the equation. Since our mapping is given by an
integral, our second approximation to S is the set of continuous functions; differen-
tiability will be automatic. There is now a vast array of fixed point theorems which
will yield a fixed point of that mapping and satisfy our initial value problem. We
will use the Contraction Mapping Principle for this problem. For our illustration
here, it is easiest to complete the solution by asking that g satisfy a global Lipschitz

condition of the form

|g(t,x) —g(t,y)] < K|x—y|

fort > 1y, K > 0, and for all x,y € R", where |.| is any norm on R”. This will allow
us to give a contraction mapping argument. For any fixed interval [ty, %o -+ ], our set
S with the supremum metric is a complete metric space and P : § — S. Checking our

contraction requirement, we have

[(PO1) (1) = (Po2)(1)] < /tO[K|¢1(S)—¢z(S)IdS
< Kv[[01(2) = 02(0)]],

so that if o0 := K7y < 1 then P is a contraction with unique fixed point ¢, a solution of
our differential equation and it satisfies the initial condition.

So much more can be done. But everything begins with a suitable mapping;
that is the central problem. It can be relatively easy to state and prove theorems,
once we have a proper mapping, but the real problem is in constructing the mapping.
Seldom will we see a problem in which it is so easy to find a suitable mapping as

the one we just finished.
2.4 Difference Calculus

Many of the calculations involved in solving and analyzing difference equa-
tions can be simplified by use of the difference calculus, a collection of mathematical

tools quite similar to the differential equations.

35



2.4.1. The Difference Operator

Just as the differential operator plays the central role in the differential calcu-
lus, the difference operator is the basic component of calculations involving finite
differences.

Definition 2.4.1.1
Let y(n) be a function of a real or complex variable n. The difference operator A is

defined by

Ay(n) = y(n+1) = y(n).

For the most part, we will take the domain of y to be a set of consecutive
integers such as the natural numbers N = {1,2,3,...}.

Occasionally we will apply the difference operator to a function of two or
more variables. In this case, a subscript will be used to indicate which variable is
to be shifted by one unit. Higher order differences are defined by composing the

difference operator with itself. The second order difference is

Ay(n) = A(Ay(n))
= A(y(n+1)—y(n))
= (y(nr+2)—yn+1))—=(nr+1)-yn))

= y(n+2)—2y(n+1)+y(n).

An elementary operator that is often used in conjunction with the difference
operator is the shift operator.

Definition 2.4.1.2 The shift operator E is defined by

Ey(n) = y(n+1).

The fundamental properties of A are given in the following theorem.

Theorem 2.4.1.3
(a) A™(AFy(n)) = A™+*y(n) for all positive integers m and k.
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(b) A(y(n) +2z(n)) = Ay(n) +Az(n).
(c) A(Cy(n)) = CAy(n) if C is a constant.

(d) A(y(n)z(n)) = y(n)Az(n) + Ez(n)Ay(n).

z2(n) z2(n)Ez(n)

@ A (zgz)> _ AmAy(n)—y(n)Az(n)

2.4.2. Summation

To make effective use of the difference operator, we introduce in this section
its right inverse operator, which is sometimes called the “indefinite sum.”
Definition 2.4.2.1 An "indefinite sum” (or "antidifference”) of y(n), denoted Y y(n),

is any function so that

A(Xym) =)

for all n in the domain of y.
Theorem 2.4.2.2 If z(n) is an indefinite sum of y(n), then every indefinite sum of

y(n) is given by

Y y(n) =z(n) +C(n),

where C(n) has the same domain as y and AC(n) = 0.

In what follows it will be convenient to use the convention
whenever a > b. Observe that for m fixed and n > m,

(L 54) =500,

and for p fixed and p > n,
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The following theorem contains a useful formula for computing definite sums, which
is analogous to the fundamental theorem of calculus.

Theorem 2.4.2.3 If z(n) is an indefinite sum of y(n), then
n—1
Y y(k) = [z(k)]5, = z(n) —z(m).
k=m

2.4.3. Linear Difference Equations

Let p(n) and r(n) be given functions with p(n) # 0 for all n. The first order

linear difference equation is

y(n+1) = p(n)y(n) = r(n). (2.27)

Equation (2.27) is said to be of the first order because it involves the values of y at n
and only n+ 1 only, as in the first order difference operator Ay(n) = y(n+1) —y(n).
If p(n) = 1 for all n, then Eq. (2.27) is simply

so the solution is

y(n) =} r(n)+C(n),

where AC(n) = 0. For simplicity, we assume that the domain of interest is a discrete

sett =a,a+ 1,a+2,---. Consider first the equation
u(n+1) = pn)u(n), (2.28)
which is easily solved by iteration:
u(a+1) = plaju(a).
Thus,
u(a+2) = pla+1u(a+1)

= pla+1)p(a)u(a),

n—1

u(a) [ pla+k).

k=0

<
—~
Q
+
S
~—
|
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We can write the solution in the more convenient form

n—1

u(n) = u(a)[[p(s), (n=a,a+1,...),

S=a
where it is understood that [[~! p(s) = 1 and for n > a+ 1, the product is taken

overa,a+1,---,n—1.

2.5 Basic Measure Theory

In this section we provide some basic definitions and theorems in measure

theory.
2.5.1. c-algebra and Measure

Definition 2.5.1.1 Let X be a set. A collection 9t of subsets of X is a 6— algebra if
M has the following properties:

(a) X € M,

(b) AcM=X\A e,

(c) A1,A2,A3,...eM=;_ A € M.

The pair (X,90) is called a measurable space and elements of 91 are called measur-
able sets.

Definition 2.5.1.2 Let (X,90t) be a measurable space. A measure ( also called posi-
tive measure) is a function

p = [0, 0]

such that

(a) u(9)=0,

(b) uis countably additive, that is, if Aj,A3,A3,... € 9 are pairwise disjoint, then
ll( UA,-) =) ulA).
i=1 i=1
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The triple (X, 91, 1) is called a measure space.
If u(X) < oo, then u is called a finite measure.
The following theorem provides some elementary properties of measures.

Theorem 2.5.1.3 Let (X,9, u) be a measure space. Then

(a) If the sets Aj,A,...,A, € M are pairwise disjoint then u(A; U...UA,) =

H(A1) +u(A2) + ...+ p(An).
(b) IfA,B € M,A C Band u(B) < oo, then u(B\A) = u(B) —u(A).
(c) IfA,B € M,A C B, then u(A) < u(B).

(d) IfA1,Ay,As, ... €0, then

H(OAi> < iM(Ai)~

i=1 i=1

(€) IfA1,Az,A3,... € M u(A;) =0, for i = 1,2,3, ... then u(UZ | A;) = 0.

(f) IfA1,A2,A3,...€ M, A CAy C A3 C ... then

H( O&') = lim u(4;).
i=1

i—boo
(g) IfA1,A2,A3,... €M, A DAy DA3 D ...and u(A;) < oo, then

H( ﬁAi) = lim u(A;).

. I—>o0
i=1

2.5.2. Lebesgue Measure on the Real Line

The length of a bounded interval I (open, closed, half-open) with endpoints a
and b (a < b) is defined by ¢(I) :=b —a. If I is (a,e),(—o0,b), or (—oo,0), then
¢(I) = oo. Is it possible to extend this concept of length (or measure) to arbitrary
subsets of R ? When one attempts to do this, one is led rather naturally to what has
become known as Lebesgue measure.

Given a set E of real numbers, u(E) will denote its Lebesgue measure if it is
defined.

The following are the properties of the Lebesgue measure.
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(a) Extends length: For every interval I, u(I) = ¢(I).
(b) Monotone: If A C BC R, then 0 < u(A) < u(B) < oo,

(c) Translation invariant: For each subset A of R and for each point xg € R we

define A +x¢ := {x+xp:x € A}. Then u(A+xo) = u(A).

(d) Countably additive: If A and B are disjoint subsets of R, then u(AUB) =

u(A)+u(B). If {A;} is a sequence of disjoint sets, then u(U* |A;) = Y77 u(A;).

Let M = M(R) denote the largest family of subsets of R for which conditions (a) -
(d) hold with u: M — [0, o0]. Members of M = M(R) are called Lebesgue measurable
subsets of R.

Definition 2.5.2.1 For each subset £ of R we define its Lebesgue outer measure
u*(E) by

u*(E) := inf { Z L(I) : {I;;} a sequence of open intervals with E C U Ik}.
k=1 k=1

It is obvious that 0 < u*(E) < oo for every set E C R.
Theorem 2.5.2.1 The Lebesgue outer measure y*(E) is zero if E is countable; ex-
tends length; is monotone; translation invariant; and is countably subadditive: for

every sequence E; C R,

[ee]

/J*< lEi> < ;H*(Ei)-

=
That is, every subset of R has a Lebesgue outer measure which satisfies properties
(a)-(c), but satisfies only part of property (d).

Definition 2.5.2.2 A set E C R is called Lebesgue measurable if for every subset A

of R,
W (A) = g (ANE) + 1 (AN EF).

Definition 2.5.2.3 If E is a Lebesgue measurable set, the Lebesgue measure of E is
defined to be its outer measure y*(E) and is written u(E).
Theorem 2.5.2.2 The collection M of Lebesgue measurable sets has the following

properties:
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(a) Both ¢ and R are measurable; u(¢) = 0 and u(R) = oo.

(b) If E is measurable, then so is E€.

(c) If u*(E) =0, then E is measurable.

(d) If Eq and E, are measurable, then E| UE> and E| N E, are measurable.
(e) If E is measurable, then E + xq is measurable.

(f) Every interval is measurable and u(I) = u*(I) = ¢(I).

(g) If {E;: 1 <i<n}isafinite collection of disjoint measurable sets, then for all

ACR,
n n
u* ( UA ﬂEi> =u (Aﬂ (UE1>> = Z/J*(AHE,-).
i=1 i=1 i=1

In particular, when A = R we have

n n

,U< UEZ> = ZH(Ei)-
i=1 i=1
(h) If {E;} is a sequence of measurable sets, then

U El' and ﬂ El'

i=1 i=1
are also measurable sets.

(i) If {E;} is an arbitrary sequence of disjoint measurable sets, then
M( UE,) =) u(E).
i=1 i=1
(j) Every open set and every closed set is measurable.
2.5.3. Measurable Functions

Definition 2.5.3.1 Let f be a function on [a,b]. We say that f is a measurable

function if, for every s € R the set

{xlf(x) > s}

42



is a measurable set.

That is, f is a measurable function if, for every real s, the inverse image under
f of (0,c0) is a measurable set. It follows immediately that every continuous function
g on [a, D] is measurable. If g is continuous, then, the inverse image under g of (s, o)
is open. But open sets are measurable. Hence {x|g(x) > s} is a measurable set, and
so g is a measurable function.

Here are other criteria for measurability equivalent to definition 2.5.3.1
Theorem 2.5.3.2 The function f on [a,b] is measurable if and only if any one (and

hence all) of the following statements hold.
(a) For every s € R the set {x|f(x) > s} is a measurable set.
(b) For every s € R the set {x|f(x) < s} is a measurable set.
(c) For every s € R the set {x|f(x) < s} is a measurable set.

Theorem 2.5.3.3 If f is a measurable function on [a,b], and if ¢ € R, then the func-
tions f+ ¢ and cf are measurable.
Theorem 2.5.3.4 If f and g are measurable functions on [a,b], then so are f + g,

f —g, and fg. Furthermore, if g(x) # 0 (a < x < b), then f/g is also measurable.

2.5.4. Definition and existence of the Lebesgue integral for bounded functions

Definition 2.5.4.1 Let f be a bounded function on [a,b], and let E be a subset of

[a,D]. Then we define

M|f;E] =lub.xcpf(x),

m|f;E| = g.l.b.xcp f(x).

Definition 2.5.4.2 By a measurable partition P of [a,b] we mean a finite collection

{E1,Ey,...,E,} of measurable subsets of [a,b] such that

UZ:IEk = [a7b]
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and such that
HENE) =0 (jk=1,...n;j#k).

The sets E1, Ey, ..., E, are called the components of P.

If P and Q are measurable partitions, then Q is called a refinement of P if every
component of Q is wholly contained in some component of P.
Definition 2.5.4.3 Let f be a bounded function on [a,b] and let P = {E},...,E,} be

any measurable partition of [a,b]. We define the upper sum U|[f; P] as

(ngE

Ulf;Pl = ) MIf;ExJu(E).

~
I

1

Similarly, we define the lower sum

L{f;P] = )_ m[f;Ex]u(Ey).

ngE

k

Definition 2.5.4.4 Let f be a bounded function on [a,b]. We define

I
_

E]if(X)dx,

called the Lebesgue upper integral of f over [a,b], as

-.b
E/ f(x)dx = g.l.bpU|[f; P]

where the g.l.b. is taken over all measurable partitions P of [a,b]. Similarly, we

define
0] f(x)dx,
called the Lebesgue lower integral of f over [a,b], as
00 f(x)dx = Lu.b.pL[f;P)].

For simplicity we will denote the upper and lower integrals of f respecticely by

-b
E/ fandqu.

Definition 2.5.4.5 If f is a bounded function on [a,b], we say that f is Lebesgue
integrable on [a, b] if
b
¢ / f=tps.
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If f is Lebesgue integrable on [a,b], we write f € {[a,b].
Theorem 2.5.4.6(Lebesgue Dominated Convergence Theorem) Let {f,}, be a

sequence of functions in ¢[a,b| such that

li_r>n fn(x) = f(x) almost everywhere (a < x < D).
n—roo

Suppose there exists g € £[a, b] such that
| fn(x)] < g(x) almost everywhere (a <x < b;n €1).

Then f € ¢]a,b] and
b b
lim [ f, = / 1.

n—o J,4

2.6 The time scale calculus

Definition 2.6.1 A time scale is an arbitrary nonempty closed subset of the real
numbers.

Thus
R7 Zv N7 N07

that is, the real numbers, the integers, the natural numbers, and the nonnegative
integers are examples of time scales.
Definition 2.6.2 Let T be a time scale. For ¢t € T we define the forward jump operator

6:T—Tby
o(t):=inf{s € T :5 > t},

while the backward jump operator p(¢) : T — T is defined by
p(t):=sup{seT:s<t}.

In this definition we put inf¢ = sup T( that is, 6(z) = ¢ if T has a maximum
t) and sup¢ = infT ( that is, p(¢) = ¢ if T has a minimum ¢) , where ¢ denotes the
empty set. If 6(¢) > ¢, we say that 7 is right-scattered, while if p(z) <t we say that ¢

is left-scattered. Points that are right-scattered and left-scattered at the same time are
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called isolated. Also, if# < supT and 6(¢) =t¢, ¢ is called right-dense, and if 7 > inf T
and p(r) =t, then ¢ is called left-dense. Points that are right-dense and left-dense
at the same time are called dense. Finally, the graininess function u: T — [0,00) is
defined by u(t) = o(t) —t. We also need below the set T* which is derived from the

time scale T as follow: If T has a left-scattered maximum m, then

; T\ (p(supT),supT), if supT < oo
T =

T, if supT = oo.

If f: T — R is a function, then we define the function f° : T — R by
f°(t) = f(o(t)) forallt € T,

thatis f° = fo G.

Example 2.6.1 Let us briefly consider the two examples, T =R and T = Z.

(i) If T = R, then we have for any t € R
o(t) =inf{s € R:s >t} =inf(t,0) =1¢

and similarly p(z) = ¢. Hence every point # € R is dense. The graininess func-

tion u turns out to be

u(t)=0forallr € T.

(ii) If T = Z, then we have for any t € Z
o(t)=inf{s€Z:s>t}=inf{r+ 1,1 +2,1+3,...} =1+1

and similarly p(¢) =t — 1. Hence every point ¢ € Z is isolated. The graininess

function u in this case is

u(t)=1forallr e T.

Now we consider a function f : T — R and define the delta (or Hilger) derivative of

f atapoint ¢t € T*.

46



Definition 2.6.3 Assume f : T — R is a function and let r € T*. Then we define
fA(t) to be the number (provided it exists ) with the property that given any € > 0,
there is a neighbourhood U of ¢ (that is, U = (t — 8,7 + &) N T for some & > 0) such

that

I[f(c(t)) — f(s)] — f2(1)[o(r) — s]| < €|o(r) —s| forall s € U.

We call f2(¢) the delta (or Hilger) derivative of f at .

Moreover, we say that f is delta (or Hilger) differentiable (or in short: differ-
entiable) on T* provided f2(¢) exists for all ¢ € T*. The function f: T¥ — R is
then called the (delta) derivative of f on T¥.

Example 2.6.2

(i) If f: T — Ris defined by f(r) = afor all7 € T, where o € R is constant, then

fA(t) = 0. This is clear because for any € > 0,

[f(a(1)) = £(5)] = 0.[0(t) =sl| = |o—a

< €lo(t) — s| holds for all s € T.

(ii) If £ : T — R is defined by f(t) =t for all t € T, then f2(¢) = 1. This follows

since for any € > 0,

[f(a(1)) = f($)] = Llo(t) =sl| = |o(t) —s—(o(t) —s)|

< ¢|o(t) —s| holds for all s € T.

Some easy and useful relationships concerning the delta derivative are given next.
Theorem 2.6.1 Assume f : T — R is a function and let # € T*. Then we have the

following:

(i) If f is differentiable at 7, then f is continuous at ¢.

(i1) If f is continuous at ¢ and ¢ is right-scattered, then f is differentiable at  with
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(ii1) Ifz is right-dense, then f is differentiable at 7 if and only if the limit

L FO =)

s—t r—s
exists as a finite number. In this case

)t O

s—t r—s

(iv) If f is differentiable at ¢, then
£(o() = £() +u()f2(1).
Proof. Part (i). Assume that f is differentiable at 7. Let € € (0,1). Define
& — e[l + |fA(r) + 24",
Then €* € (0, 1). By definition 2.6.3 there exists a neighbourhood U of ¢ such that
£(o(1)) = f(s) = [o(t) = s1f*()| < €[o(r) —s| forall s € U.
Therefore we have for all s € U N (t —€*,1 +¢€)

F@) =) = Hf(o() = f(s) = A(0)o(t) 5]}
—{f(0(1)) = £(1) = () 20} + (1 = 5)£2(1)]
< €'o(r) —s|+eu(t) + | —s||f2(0)]
< & fu(r) +|r = s+ u() + | £20)]
=

It follows that f is continuous at 7.

Part (ii). Assume f is continuous at ¢ and ¢ is right-scattered. By continuity

i /O = F(s) _ f(0(0)~1(0)
s=t o(t)—s o(t)—t

_ f(o() - f(1)

pie)

Hence, given € > 0, there is a neighbourhood U of ¢ such that




for all s € U. It follows that

Part (ii1). Assume f is differentiable at  and 7 is right-dense. Let € > O be given.

Since f is differentiable at ¢, there is a neighbourhood U of ¢ such that

[£(a() = f(s)] = fA()[o(r) - s)le|o(z) ]

forall s € U. Since 6(t) =t we have that

£(£) = f()] = fA(0) (e — )| < et —s]
for all s € U. It follows that

f(t)—f(s)

t—s

— | <e
forall s € U, s # t. Therefore we get the desired result

)t O ),

s—t r—s

Part (iv). If 6(¢) =, then u(r) = 0 and we have that

f(o(1)) = f(1) = £() +ut) f2(2).
On the other hand if 6() > ¢, then by (ii)

flo()) — (1)

f(o(®)) = F()+u(). (0

= f(0)+u() fA(0),

and the proof of part (iv) is complete.
Next we would like to find the derivatives of sums, products, and quotients of
differentiable functions. This is possible according to the following theorem.

Theorem 2.6.2 Assume f,g: T — R are differentiable at r € T*. Then:
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(i) The sum f+ g : T — R is differentiable at ¢ with
(f+8)%(1) = 1) +82(0).
(i) For any constant o, o.f : T — R is differentiable at ¢ with
(auf)2(e) = af2(e).
(ii1) The product fg : T — R is differentiable at ¢ with

(f)2 () = fA0)s(t)+f(o(t)g™ (1)
= f(0)g*() + fA(1)g(o(r)).

@(iv) If £(t)f(o(r)) # 0, then 3 7 is differentiable at 7 with

INA A1)
(7) O =700y

(v) If g(t)g(o(r)) #0, then is differentiable at  and

A8 PO - fOA0)
(5) 0= g0smm)

Proof. Assume that f and g are delta differentiable at ¢ € T*.

Part (i). Let € > 0. Then there exist neighbourhoods U; and U, of ¢ with
£(0(0) = £(5) = (1) (0(0) = )] < 3o(r) —s| forall s € Uy
and
1g(o(t)) — g(s) — g*(t)(o(r) —5)| < ;]G(t) —s| forall s € Us.
Let U = U; NU,. Then we have for all s € U

|(f +8)(a(t) = (f +8)(s) — [f2(r) + & (D])(a(t) —5)]
= |f(o()) = £(s) = f2(1)(c(t) — ) +8(0(t)) —g(s) = g*(1)(c(t) —5)|
< |f(a() = f(s) = fA(1)(c(t) = 5)| +|s(o(r)) — g(s) = g2(r) (0(r) — 5)|
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Therefore f + g is differentiable at  and (f + g)* = f* + ¢” holds at 7.
Part (iii). Let € € (0,1). Define €* = €[1 + |f(¢)| +|g(c(¢))| + |g*(t)|]~". Then &* €

(0,1) and hence there exist neighbourhoods Uy, U, and Us of ¢ such that
1f(o(2) — f(s) — f2(2)(o(r) —s)| < €*|o(r) —s| for all s € U,
and
8(c(t)) —g(s) —g*(1)(o(1) —s5)| < €"|o(t) —s| forall s € Us.
and
|f(t)— f(s)| <€ foralls € Us.

PutU =U;NU,NUsz and let s € U. Then

(£8)(0(1)) — (f8)(s) = [ (1)g(0(1) + f(1)g"(1)](c(t) )|
= [[f(c(t)) = £(s) = 2(1)(s(t) = 5)]g(o(1))

+(0(t) = 5)g*(1)[f(5) = f(1)]
< e&'[o(r) —sllg(o(®))| +&"[o(t) —s||f ()]
+e'e’o(r) — s +€"[o(r) — s][g*(7)|
=€"[o(t) = slllg((e)) [+ | F()] +e" + (1))
<elo(r) —sl[1+ ()] +[g(c()] +18*(7)]]

=¢€lo(t) —s|.

Thus (fg)* = f2g° + fg” holds at ¢.

Definition 2.6.4 A continuous function f : T — R is called pre-differentiable with
(region of differentiation) D, provided D C T*, T*\ D is countable and contains no
right scattered elements of T, and f is differentiable at each ¢ € D.

Theorem 2.6.3 Let f and g be real-valued functions defined on T, both pre-differentiable

with D C T. Then
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() [f2(t)| < g2(t) for all t € D implies

If(s)—f(r)| <g(s)—g(r)forallr,s € T, r <s. (2.29)

(i1) If U is a compact interval with endpoints r,s € T, then

1£(s) = F()] < sup |FA@)]ls —7]- (2.30)

teU*ND

In order to describe classes of functions that are “integrable”, we introduce the fol-
lowing concepts.

Definition 2.6.5 A function f: T — R is called regulated provided its right-sided
limits exists (finite) at all right-dense points in T and its left-sided limits exist (fi-
nite) at all left-dense points in T.

Definition 2.6.6 A function f : T — R is called rd-continuous provided it is con-
tinuous at right-dense points in T and its left-sided limits exist (finite) at left-dense
points in T. The set of rd-continuous functions f : T — R will be denoted by in this

thesis by
Cra = Crg(T) = Crq(T,R).

The set of functions f : T — R that are differentiable and whose derivative is rd-

continuous is denoted by
Cla = Cpa(T) = C3y(T,R).

Some results concerning rd-continuous and regulated functions are contained
in the following theorem.

Theorem 2.6.4
(i) If f is continuous, then f is rd-continuous.
(i1) If f is rd-continuous then f is regulated.
(ii1) The jump operator G is rd-continuous.

(iv) If f is regulated or rd-continuous, then so if f©.
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(v) Assume f is continuous. If g : T — R is regulated or rd-continuous, then fog

has that property too.

Theorem 2.6.5(Existence of Pre-Antiderivatives) Let f be regulated. Then there
exists a function F' which is pre-differentiable with region of differentiation D such

that
FA(1) = £(t) holds for all € D.

Definition 2.6.7 Assume f : T — R is a regulated function. Any function F as in
Theorem 2.6.4 is called a pre-antiderivative of f. We define the indefinite integral of

a regulated function f by

/ F()A=F(1)+C,

where C is an arbitrary constant and F' is a pre-antiderivative of f. We define the

Cauchy integral by
/Sf(t)At =F(s)—F(r)forallr,s € T.
A function F' : T — R is called an antiderivative of f : T — R provided
F2(t) = f(¢) holds for all € T*.

Theorem 2.6.6(Existence of Antiderivatives) Every rd-continuous function has an

antiderivative. In particular if 7o € T, then F defined by
t
F(t):= [ f(r)Atforr €T
To

is an antiderivative of f.

Theorem 2.6.7 If f € C,; and t € T¥, then

ot
[ s = s

Theorem 2.6.8 If fA > 0, then f is nondecreasing.

Theorem 2.6.9 If a,b,c € T, a € R, and f, g € C,y4, then
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(ii)
[anoa=af rom
(iii)
b a
[ tnoar=— [ s
(iv)
/ t)At:/acf(t)At+/f
(V)
b b
[ rengtna=ree) - ro@- [ rAoga
(vi)
[ 108 0a = (9)0) - (e~ [ A0s(ot)a
(vii)

(viii) if |f(r)] < g() on [a,b), then

‘ < /abg(t)At

(ix) if f(z) > Oforalla <t < b, then [’ f(t)At > 0.

We next define the improper integral [° f(¢)Ar as one would expect.
Definition 2.6.8 If a € T,supT = o, and f is rd- continuous on [0,), then we

define the improper integral by

/f At—hm f()At
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provided this limit exists, and we say that the improper integral converges in this
case. If this limit does not exist, then we say that the improper integral diverges.

Theorem 2.6.10(Chain Rule) Assume g : R — R is continuous, g : T — R is delta
differentiable on T*, and f : R — R is continuously differentiable. Then there exists

c in the real interval [t, ()] with

(fog) (1) = f'(g(c))g™(1)-
We next present a chain rule which calculates ( f og)A, where
g:T—Rand f:R—R.

Theorem 2.6.11(Chain Rule) Assume v : T — R is strictly increasing and T := v(T)

is a time scale. Let w: T — R. If vA(¢) and wA(V(t)) exist for t € T*, then

A A A

(wov)? = (w ov)v-.

Theorem 2.6.12(Substitution) Assume v : T — R is strictly increasing and T :=
V(T) is a time scale. If f: T — R is an rd-continuous function and v is differentiable

with rd-continuous derivative, then for a,b € T,

/abf(t)vA(t)At = /VV(:) (fov H(s)As.

(a
Definition 2.6.9 A function p : T — R is said to be regressive provided 1+u(t)p(r) #
0 for all r € T*. The set of all regressive rd-continuous functions f : T — R is de-
noted by R while the set R " is givenby R ={f € R : 1+u(t)f(t) >0forall €
T}.
Definition 2.6.10 Let p € R and u(t) # 0 for all t € T. The exponential function on
T is defined by

eplt.s) = exp [ sLoa(1-+(2)p(a) 82).

It is well known that if p € R ", then e, (z,s) > 0 for all # € T. Also, the exponential
function y(t) = e, (t,s) is the solution to the initial value problem y* = p(¢)y, y(s) =

1. Other properties of the exponential function are given in the following lemma.

Lemma 2.6.1 Let p,q € R. Then
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(i) eo(t,s) =1ande,(t,1) = 1;

(i) ep(0(r),s) = (1+u(r)p(t))ep(t,s);

p(t)

(i) o~y = ecp(t,s) where, ©p(t) = — 15

(iv) ey(t,s) = ep(;”) =ecp(s,1);

(V) ep(t,s)ep(s,r) = ep(t7r);

(Vl) ( 1 )A:_ p(t) .

ep(-,s) €9(-,5)

Next we consider the first order nonhomogeneous linear equation
Y= p(t)y+f(t) 2.31)
and the corresponding homogeneous equation
YA =plt)y (2.32)

on a time scale T.
Theorem 2.6.13 Suppose (2.32) is regressive. Let tp € T and yg € R. The unique

solution of the initial value problem
¥4 = p(1)y, ¥(to) =yo (2.33)
is given by
y(t) = ep(t,10)y0-
2.7 Qualitative Properties

2.7.1. Basic Definitions for Neutral Functional Differential Equations

Consider a neutral functional differential equation of the form

(1) = f(t,x(0),x(t —2(1) 5t = (1)), t = 10 (2.34)
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where T : [fg,00) — [tg,0), f : [fo,o0) X R" x R" x R" — R", £(¢,0,0,0) = 0, and all
the functions are continuous in their respective arguments. Note that x = 0 is a solu-
tion of (2.34). For a given 7y > 0, let By = inf;>,, t —T(¢). Then we define E;, = [Bo, to]
which is the initial interval.

To specify a solution for equation (2.34) we need 7o > 0 and a continuous function
v : E;, — R". We say that y is the initial function on the interval E;, with ¥’ contin-
uous.

Definition 2.7.1.1 x(z,y) is a solution of (2.34) if x(¢,y) is defined on an interval

[Bo, 20 +7),0 <y < oo, x(tg, ¥) =, and satisfies (2.34) forzp <t <.

Definition 2.7.1.2 The zero solution of (2.34) is said to be stable if for each 15 > 0
and each € > 0 there is a § > 0 such that ||y|| < 6 on E;, implies that any solution of

(2.34) satisfies |x(z,70,y)| < y for all # > .

Definition 2.7.1.3 The zero solution of (2.34) is said to be asymptotically stable if
it is stable and if for each #p > 0 there is an 1 > O such that ||y|| < n on E;, implies

that any solution of (2.34) satisfies x(¢,19,y) — 0 as t — oo.

Definition 2.7.1.4 The solution x() of (2.34) is said to be periodic if x(t +7T) = x(¢)

for T > 0 and for all 7 € (—eo,0). T is called the period of x.

Definition 2.7.1.5 The solution x(7) of (2.34) is said to be positive if x(¢) > 0 for all

t.

2.7.2. Basic Definitions for Neutral Functional Difference Equations

Consider a neutral functional difference equation of the form
x(n+1) = f(n,x(n),x(n—1(n)),Ax(n —(n))), (2.35)

where T: [ng,0)NZ —= R, f:[ng,0) NZXR" xR" x R" — R", f(n,0,0,0) =0 and

f is continuous in its respective arguments. Note that x = 0 is a solution of (2.35).
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For a given ng > 0, let oy = inf,>,,n — T(n). Then we define D,, = [0, no] N Z
which is the initial interval. To specify a solution for equation (2.35) we need ny > 0

and an initial bounded function y : D,, — R".

Definition 2.7.2.1 x(¢,y) is a solution of (2.35) if x(¢,y) is defined on an interval

[0, n0] NZ, x(ng,¥) = v, and satisfies (2.35) for n > ny.

Definition 2.7.2.2 The zero solution of (2.35) is said to be stable if for each ng > 0
and each € > 0 there is a & > 0 such that ||y|| < & on D, implies that any solution

of (2.35) satisfies |x(n,ng, y)| < € for all n > ny.
Definition 2.7.2.3 The zero solution of (2.35) is said to be asymptotically stable if it
is stable and if for each ng > O there is an n > 0 such that ||y|| < n on D,, implies

that any solution of (2.35) satisfies x(n,np,y) — 0 as n — oo..

Definition 2.7.2.4 The solution x(n) of (2.35) is said to be periodic if x(n+N) = x(n)

for N € Z" and for all n € (—o0,0) NZ. N is called the period of x.

Definition 2.7.2.5 The solution x(n) of (2.35) is said to be positive if x(n) > 0 for
alln € Z.

58



CHAPTER THREE

PERIODIC SOLUTIONS FOR FIRST ORDER NEUTRAL

DIFFERENTIAL EQUATIONS WITH FUNCTIONAL DELAY

3.1 Introduction

In this Chapter we obtain sufficient conditions for the existence of periodic
solutions for totally nonlinear neutral differential equations of the first order. In

particular, we consider the totally nonlinear neutral differential equation

X (1) = —alOh(x(t) + ()X (1 - (1) + q(t.x(0).x( —g(1),  B.D)

where a(?) is a real valued function, ¢(¢) is continuously differentiable, g(¢) is twice
continuously differentiable, & : R — R is continuous with respect to its argument
and ¢ : R xR x R — R is also continuous with respect to its arguments.

Equations of form similar to (3.1) where h(x(¢)) = x(¢) have gained the at-
tention of many researchers in recent times. This include the work of Burton and
Furumochi (2001a), Raffoul (2003), and Djoudi and Khemis (2006). In all the above
mentioned papers, the method of variation of parameters was applied directly to in-
vert the equations, however, for (3.1) the method of variation of parameters cannot
be applied directly. We therefore resort to the idea of adding and subtracting a lin-
ear term. Burton (2002) noted that the added terms destroys a contraction already
present in part of the equation but replaces it with the so called large contraction
mapping which is suitable for fixed point theory.

Remark 3.1.1 The content of this Chapter has been published as:
E. Yankson, ” Periodic solutions for totally nonlinear neutral differential equations

with functional delay,” Opuscula Mathematica, No. 3, 2012.
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The rest of the Chapter is organized as follows. First, some preliminary mate-
rial is provided in section two. Our main results in this Chapter are presented in the

third section.

3.2 Preliminaries

Let T > 0 and define the set Pr = {¢p € C(R,R) : ¢(t +T) = ¢(r) } and the norm
[|x()[] = max,c[o 7] |x(¢)|, where C is the space of continuous real valued functions.

Then (Pr,||.||) is a Banach space. Also, for any L > 0, define
M, = {9 € Pr : ||o|| <L, is bounded}.

In this Chapter we make the following assumptions.

a(t+T)=al(t), c@t+T)=c(t), gt+T)=g), gt)>g">0 (3.2)

with ¢(¢) continuously differentiable, g(¢) twice continuously differentiable and g*

is constant. Also,
T
/ a(s)ds > 0. (3.3)
0

We also assume that ¢(z,x,y) is continuous and periodic in 7 and Lipschitz continu-

ous in x and y. That is
q(t+T,x,y) =q(t,x,y) (3.4)

and some positive constants K and E,
lq(t,x,y) —q(t,2,w)| < K|lx—z|| +E|ly—w]. (3.5)
Also, we assume that forall7, 0 <¢ < T,
gt #1. (3.6)

Since g(#) is periodic, condition (3.6) implies that g’(¢) < 1.
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Lemma 3.2.1. Suppose (3.2)-(3.3) and (3.6) hold. If x(¢) € Pr, then x(¢) is a solution

of equation (3.1) if and only if

1—g'(t)

X/t_T [a(u)H (x(u)) — r(u)x(u— g (1)) + g1, x(0), x (1 — g (ur)))] e a5 gy
(3.7

where ( > < )

¢ () —c(u)a(u)) (1-g'(u)) +&" (u)e(w)
r(bt) (1 —g’(u))2 , (3.8)
and

H(x(u)) = x(u) — h(x(u)). (3.9)

Proof. Let x(7) € Pr be a solution of (3.1). We first rewrite (3.1) in the form

X (t)+a(t)x(t) = a(t)H (x(t)) +c(t)x' (t — g(1)) + q (¢, x(r),x(r — g(r)).  (3.10)

Multiply both sides of (3.10) by eJ0a()ds and then integrate from ¢ — 7 to ¢ to obtain

t u
/ [x(u)efo “(s)ds} "du

t_

r
= [ Tl + e g(0) -+ () )] SV
Thus we obtain,

x(1)efa0ds _ y(p )l " al9)ds

= [ Tl + e g(00)+ () )] S0V

By dividing both sides of the above equation by exp( [y a(s)ds) and using the fact
that x(¢) = x(t — T'), we obtain
x(t) = (1 — e~ frra@dn =

X /;tT [a(u) H (x(1)) + c(u)x' (u — g (1)) + qu, x(ue) , x (1 — g (u))) | e~ DDy
3.11)

61



Rewrite

Let
U W) _pass
1—g'(u)
It follows that

, and dV =x'(u—gu))(1—g (u))du.

g~ (=g @) e hieOb + c(upalupe 4] - cfupe Jueh(

—g"(u))

[1—g ()]
((1 — &' ()l (u) + c(u)a(u)] - c(u)(_gn(u)))e— ! a(s)ds
[ =g (w)? '

= r(u)e’f;“(s)ds.

Also, with z = u — g(u) we obtain

Vo= [ X )1 - g )du

_ / ¥ (2)dz

= x(u—g(u)).
‘We therefore obtain

/tlT c(u)x (u— g(u))e Juals gy
_ c(t)
I—g'(t)

1= gl0) (1= e Horeo) — [ e M — g(u))du,
t—T
(3.12)

where r(u) is given by (3.8). Then substituting (3.12) into (3.11) gives the desired

results. Since each step in the above work is reversible, the proof is complete.

3.3 Existence of periodic solution

In this section we state and prove our main results in this Chapter. In proving

the results in this chapter, we employ theorem 2.3.7 in which the notion of a large
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contraction is required as one of the sufficient conditions. In view of this we first

define the operator P by

(Po)(1) = 1 _C(;,)(t) o(r—g(t))+ (1 — e*f,iTa(S)ds)—l

< [ Lo (9w) ~ ru)glu—g(w) G.13)

+ qu @), @ — g(w))) e~ e .
where r and H are given in (3.8) and (3.9) respectively. It therefore follows from
Lemma 3.2.1 that fixed points of P are solutions of (3.1) and vice versa.
In order to employ Theorem 2.3.7 we need to express the operator P as a sum of two
operators, one of which is completely continuous and the other is a large contraction.
Let (P9)(t) = A@(t) + Bo(t) where A, B : Pr — Pr are defined by

t

(Bo)(1) = (1— ¢ Jradsy =1y / [a(u)H(o(w))]e i@ qy,  (3.14)

T
and
(A@)(t) = ) Ot — g()) + (1 — e~ Jrals)ds) ™!
1—-¢'(1)
[ t
X /IT [ r(u)@(u—g(u)) +q(u,@(u),o(u— g(u)))] e e qu,
(3.15)
In the rest of the Chapter we require the following conditions.
KL+ EL+|q(2,0,0)| < BLa(t), (3.16)
‘I"(l‘)| < 861(1‘), (3.17)
c(r)
a—o)) — 3.18
o, | (1 —g’(t))| & (3.18)
and
JBra+d <1, (3.19)

where o, B, 8,L and J are constants with J > 3.
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Next we state our main result and present its proof in four lemmas.
Theorem 3.3.1. Let L be a fixed positive number and let (Pr,||.||) be the Banach
space of continuous 7-periodic real functions. Suppose (3.2)-(3.4), and (3.16)-

(3.19) hold. Then equation (3.1) possesses a periodic solution in the subset M .

The proof is based on the following four lemmas.
Lemma 3.3.2. Suppose that conditions (3.2)-(3.4) and (3.16)-(3.19) hold. Then for
the L defined in Theorem 3.3.1, A : My — M is continuous in the supremum norm
and maps M, into a compact subset of M.
Proof. We first show that (AQ)(t +T) = (A@)(¢). Substituting 7 + T into (AQ)(¢)

gives

c(t+T)
1—g'(t+T)

t+T
<[ [ reu—s)

+ q(u, 0(u), @(u—g(u))) e Wy,

(AQ)(r+T) Ot +T —g(t+T))+ (1 _eff,HTa(s)ds)—l

Withv=s—T and k = u — T we obtain

(AQ)(t+T) = 1::(—;,)@@0 — (1)) + (1= JorabaT)avy =1
X /t[T[—r(k—}-T)(p(k—FT—g(k—f—T))

+qk+T,0(k+T),0k+T — g(k+T)))]e Jiir @) gi

- C(t) - ,[,Tav v —1
= el sO) (1 e )

0ok
+ (k. 9(k), @k — g (k)))] e~ i i

= (Ag)(1).
We will next show that A maps M, into itself. Note that

lg(t,x,y)| < lq(t,x,y) —q(¢,0,0)| +|g(¢,0,0)| < K|x| +E|y| + |¢(z,0,0)|.
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Thus, for any ¢ € M;, we have

[(AQ)(1)] < ‘%{;{tg){t»( + (1 — ¢ Jrals)dsy =t

! 1
< [ 10— glu)) e e du
t—T
t — ! t
(1= Fre) " [ (). 9l — ()5
t—T

< ALt (1 e Hralsy Tty /

—T
+ (1 —e_fft*Ta(S)ds)f1 ></

=T

Sa(u)Le_f'; a(s)ds gy,

t

(KL+EL+ |q(t,0,0)|)e Jua()ds gy

t

< oL+ 8L(1— e Hral)ds) Ty / a(u)e Juatds gy,

t—=T

t _ t t
+BL(1— e Hralldsy Ly / a(u)e fiads gy,
t—T

< (a+38+B)L< If <L.

Thus showing that A maps M, into itself.

Now we show that A is continuous. Let @,y € M}, and let

a = max (l—e_ftt*T“(s)ds)fl, b= max e_ftf“(s)ds,
t€[0,T] uelt—T.t]

P— pu— .2
G zé?&’}f(t)’ A tg%lq(t,O,O)\, (3.20)
B 0 g0
Vel emh AT s gne!

Given € > 0, take 8 = €/F such that ||¢@ — || < 8. Then we get

[(40()) — (aw(o)) | < ollo—wll+ab [ [Llo—wil|+Elo—vl+olo—vi]d

<Flo—vy| <e

where F = a.+ Tab|c + L+ E]. This proves A is continuous. To show A is compact,

we let ¢, € M where n is a positive integer. Then as before we have that

[A(@n(1)]] < L. (3.21)
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Moreover, a direct calculation shows that

(A@y) (1) = q(t,9a(t), Qn(t — ()))—r(t)(pn(t—g(t))—a(t)(l_e—ff_ra(s)ds>—1
/tT ”(pn (u—g(u)))—r(t)(pn(u—g(u))]e*f.ia(s)dsdu
n c(t)@n(t) + ()(Pn() g"()c(t)pnlt)
1-g'(t) (l—g’(t))2 '

By invoking conditions (3.5), (3.16)-(3.18), (3.20) and (3.21) we obtain
|(A@,)' ()| < KL+ EL+ A+ 38||a||L+ ||a||L+VL+aL +uL < D,

for some positive constant D. Hence the sequence (A@,) is uniformly bounded and
equicontinuous. The Ascoli-Arzela theorem implies that the subsequence (AQy,)
of (A@,) converges uniformly to a continuous 7- periodic function. Thus, A is
compact.

Lemma 3.3.3. Suppose (3.2)-(3.5), and (3.16) hold. Suppose also that for the L
defined in Theorem 3.3.1,

_ e traasy =t [N N [e— foatdrg,, « =1L
( ) [ Tlatw)1H(gG)] au< U0

(3.22)
For B, A defined by (3.14) and (3.15), if ¢,y € M, are arbitrary, then
A(P+B\|! My — My.

Proof. Let ¢,y € M} be arbitrary. Using the definition of B and the result of Lemma

3.3.2, we obtain

|(A9)(1) + (BW) (1)

< |%@<r—g<t>>| (1= ity

X /;T [[r(w)p(u—g(u))] +\q(u,(p(u),(p(u_g(u»)ﬂe—f;a(s)dsdu

+ (1= dralin o f " a(u) H ()| atr gy
t—T

<L+
- J
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Thus A@ + By € M. This completes the proof.

In the next lemma we prove that H is a large contraction on M. To this end

we make the following assumptions on the function 4 : R — R.
(H1) his continuous and differentiable on U, = [—L,L].

(H2) h is strictly increasing on Up.

(H3) supyey, H'(s) < 1.

(H4) (s—r){ SUp,cy, h'(z)} > h(s) — h(r) > (s—r){inf,eUL h’(z)} >0 fors,r e Uy,

with s > r.

Lemma 3.3.4. Let 4 : R — R be a function satisfying (H1) — (H4). Then for the L

defined in Theorem 3.3.1, the mapping H is a large contraction on the set M.

Proof. Let 0,¢ € M, with ¢ # @. Then ¢(r) # @(z) for some ¢ € R. Define the set

D(9,0) = { r €R:0(1) # 0(r) }.
Note that () € U, for all r € R whenever ¢ € M. Since 4 is strictly increasing

h(9(1)) —h(0()) _ h(9(t)) — h(e(t))
o) —0(r) o(1) —o(r)

holds for all t € D(¢,¢). By (H3) we have

>0 (3.23)

1> sup i/ (¢) > inf K (s) > 0. (3.24)
IGUL SEUL

Define the set U; C UL by U; = [@(1),0(t)|NUL if 0(¢) > @(¢), and U; = [0(2), ¢(1)] N
UL if 6(¢) < ¢(t), fort € D(¢, ). Hence, for a fixed 1o € D(¢, @) we get by (H4) and
(3.23) that

h(9(t0)) — h(9(t0))
o(to) — 9(10)

Since U; C Uy, for every t € D(0,9), we find

sup{h'(u) :u € U,} > > inf{h'(u):u e U,}.

sup h'(u) > sup{h'(u) : u € Uy} > inf{h'(u):u € Uy} > inf K (u),
uely, uely,
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and therefore,

1> sup /' (u) > > inf A (u) >0 (3.25)
R RO R

for all 7 € D(¢, ). So, (3.25) yields

((HO)(1) = (HO)(1)] = [0(r) —h(0(2)) — 9(t) +h(e(1))|

h(6(1)) ~ h(9(1))
= 0 -l - (Z5 0 Zerm )]
< o)~ o] (1 inf #(w) (3.26)

for all € D(¢,¢). Thus, (3.25) and (3.26) imply that H is a large contraction in the
supremum norm. To see this choose a fixed € € (0,1) and assume that ¢ and ¢ are

two functions in M, satisfying

[0—@ll = sup [0() —o(t)| > &

te[-L,L]

If |6(r) — @(r)| < €/2 for some 1 € D(¢, @), then from (3.26)

(HO) (1)~ (HO)1)] < [6(r) — 0] < 30—l (327

Since h is continuous and strictly increasing, the function i (u+ 5) — h(u) attains its
minimum on the closed and bounded interval [—L,L]. Thus, if § < [¢(t) — ¢()| for

some 7 € D(0,®), then from (3.25) and (H3) we conclude that

ho(1r)) -
P20

and therefore,

(HO) — (HO)W)] < [o()— o] {1~
(3.28)

IA
—~
[E—
|
>
=
<
—~
-~
~—
|
S
—~
-~
=

where

Aim imin{h(untg) ~h(u)ue L1} >0.

Consequently, it follows from (3.27) and (3.28) that

((Ho(t) = (HO)(1)] < 8]|0 — o,
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where 6 = max { %, 1— k} < 1. The proof is complete.

The next result gives a relationship between the mappings H and B in the sense
of large contraction.

Lemma 3.3.5. If H is a large contraction on M, then so is the mapping B.

Proof. If H is a large contraction on M, then for x,y € M;, with x # y, we have

||Hx — Hy|| < ||x—y||. Thus, it follows from the equality

a(u)e—f[fa(r)dr _ (;iu[e—f[:a(r)dr]

b

that

B =By < (1—e S o [0 o) H ) - HO W)

x e~ ualndr gy

l|lx— ¥l t e
(l—e_ftt,ra(s)ds)fl /t—Ta<u)e Jua(r) du

IN

= [x=yl.
Thus,
[Bx—By|| < [x—yl.
One may also show in a similar way that
[Bx—By|| < d|x—y
holds if we know the existence of a0 < & < 1, such that for all € > 0
[,y €My, [lx—yl| > €] = ||Hx—Hy|| <8§|lx—y]|.

The proof is complete.

By Lemma 3.2.1, ¢ is a solution of (3.1) if

¢ =A9+Bo,
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where B and A are given by (3.14) and (3.15) respectively. By Lemma 3.3.2, A :
My — My is completely continuous. By Lemma 3.3.3, AQ + By € M whenever
0,y € M. Moreover, B : M — My is a large contraction by Lemma 3.3.5. Thus
all the hypotheses of Theorem 2.3.7 are satisfied. Thus, there exists a fixed point

¢ € My, such that ¢ = A@ + B@. Hence (3.1) has a T — periodic solution.
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CHAPTER FOUR

ASYMPTOTIC STABILITY FOR NEUTRAL DIFFERENTIAL

EQUATIONS WITH FUNCTIONAL DELAY

4.1 Introduction

In this Chapter we prove that the zero solution of totally nonlinear neutral
differential equations are asymptotically stable. As pointed out in the introduction of
Chapter three, a number of authors have considered similar forms of the equation we
consider in this Chapter where h(x(¢)) = x(¢). In the previous Chapter, we obtained
sufficient conditions for the existence of periodic solutions of the equation which we
consider in this Chapter.

We consider the totally nonlinear neutral differential equation

X (1) = —a(t)h(x(t)) +c(t)x (1 — (1)) + b(t)g (x(t — g(r)) ,t = 0 (4.1)
with an initial function x(¢) = y(z), t € [ng,0], with y € C([no,0],R), [n9,0] = {z <
0|z=t—g(t), t >0}. We assume in this paper that a, h,b,q € C(R,R) with a(t) >
0,c € C'(R,,R) and g € C*(R,,R) such that

g(t)#1,re Ry. 4.2)

We further assume that 4(0) = 0, ¢(0) = 0, and there is positive constant p such that

lq(x) —q(y)] < plx—yl, (4.3)

forallr > 0.
The rest of the Chapter is organized as follows. In section two we introduce
some preliminary material relevant for our work in this Chapter. The last section

contains a statement of our main results of this Chapter together with its proof.
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4.2 Preliminaries

Define S to be the Banach space of bounded continuous functions @ : [ng, ) —

R with the supremum norm ||.||. Suppose L is a positive real number. Then let

M = {<p €S| ¢(r) =w(r) if £ € [ng, 0], |@(r)| < Lfort € [ng, ),

and Q(1) — Oast—>oo}.

The set M is therefore convex, bounded and complete when endowed with the supre-

mum norm ||.||.

In this chapter we make the following assumptions. Let u(f) = (155)( )] and

assume that there are constants k;,k3 > 0 such that for 0 <1 <1

/tza(u)du <kt 1, (4.4)

and
u(t2) —u(tr)| < ksltx — 1. (4.5)

Suppose that for ¢ > 0,
c(t)

— | =q, 4.6
gy = (*0
b(1)] <alt), (4.7)
|r(t)] < daf(t), (4.8)

and
Jp+oa+9d) <l, (4.9)

where o, p, 0 and J are positive constants with J > 3.

‘We assume further that

t
t—g(t) — o0 and / a(u)du — oo ast — oo. (4.10)
0
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Lemma 4.2.1. Suppose (4.2) hold. Then x(¢) is a solution of equation (4.1) if and

only if

_ cOW(=gO)7 -~ fa(s)as , _ <)
x(1) = |w(0) - g )¢ e s+
| Lot H ) = e ga)+ bluygxte— gla)) ] e
(4.11)
where ( ) < )
c'(u) = c(u)a(u) ) (1—g'(u) ) + " (u)c(u)
r(u) = g7 , (4.12)
and
H(x(u)) = x(u) — h(x(u)). (4.13)
Proof. We first rewrite (4.1) in the form
X (1) +a(t)x(r) = a(t)H (x(1)) +c(t)x' ( — g(t)) + b(t)g (x(t — (1))
(4.14)

Multiply both sides of (4.14) by eJoa(s)ds and then integrate from O to ¢ to obtain

) = w0 B8 4 [ falw (x(0)) + el g(0)

—I—b(u)q(x(u—g(u)))}efdl“(s)dsdu. (4.15)

Rewrite

! t
/ c(u)x (u— g(u))e™ u@®ds gy
0

e (u—g()(1 = ¢W) _fraas
: (1~ ¢/(w) |

We integrate the above integral by parts. Let

_cw) - " a(s)ds Il o
U_l—g’(u)e Ju@)ds - and - qV =x'(u—g(u))(1 — g'(u))du.
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Thus
(1- g’(u)) [c/(u)e—flfa(s)ds + c(u)a(u)e—fzfa(s)dS] —c(u)e™ f,ja(s)ds(_g//(u))
[1—g'(u)]?
(01— &) e ) + cualu)] - e(w)(—g" u)) )~ o
[1—g'(u)]? '

dU =

= r(u)e” Jua(s)ds

Also, with z = u — g(u) we obtain

Vo= [ gl)(1 - g ) du

_ / ¥ (2)dz

= x(u—g(u)).

‘We therefore have that

_c(t) 2t —g(t)) — SOVEEO) - fasyas (4.16)

1 1
= [ e B Hatu— ),
0
where r(u) is given by (4.12). Then substituting (4.16) into (4.15) gives the desired

results. Since each step in the above work is reversible, the proof is complete.

In order to employ Theorem 2.3.7 we need to define an operator P that is a
sum of two operators, one of which is completely continuous and the other a large

contraction. Thus let (P@)(z) = A@(t) + Bo(t) where A,B : Ml — M are defined by

(Bo)(1) = [w(O)—M o Jials)ds

—£'(0)
+ [ awH o) b au, @.17)
and
A9 = 200l glo) - [ rlwotu— glue e Hea
+ [ bwa(otu—glu)e 5 du (*18)
respectively.
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4.3 Asymptotic Stability

In this section we state and prove our main results of this Chapter.
Lemma 4.3.1. Suppose that conditions (4.3), (4.6)-(4.10) hold. Then for the map A

defined in (4.18), |A@(¢)| < L/J < L. Moreover, A@(t) — 0 as t — oo.

Proof. Let ¢ € M. Using the expression of the map A and the conditions (4.6)-(4.9)

we have that

[Ag(r)| < ‘l_c(gt,)(t)(p(t—g(z))‘Jr/t|r(u)(p<u_g(ume—f;a(s)dsdu

+ | Ib)a(e(u—g)le” Laats)ds g,

t

a(u)e” Jua(s)ds gy,

VAN
3
_|_
h
n

0
! t
+Lp/ a(u)e™ Jud$)ds gy
0

= ocL+L8/ Juals)ds) gy,
+Lp/ Ydu

< L(o+06+p)

< o

— J .

Thus showing that A@(7) is bounded by L.

We will next prove that A@(¢) — 0 as t — co. The first term on the right hand
side of the map A tends to zero by the condition that  — g(¢) — oo as t — oo and the
fact that @ € M. Finally we show that the remaining integral terms goes to zero as
t — oo. Since @(t) — 0 and t — g(t) — oo as t — oo, for each € > 0, there exists a

T > O such thatr > T implies |@(t — g(¢))| < €. Thus forz > T we have

‘ /Ot [b(M)CI((P(u - g(u))) — r(u)(p(u _g(u))] jt (s )deu‘
< /OT ‘b(u)Q((P(u —g(u)) —r(uw)o(u—gu)) ’e*fﬁ“(s)dsdu
—8(u))) = r()@(u— g(u)) e~ 1“1

< L(p+8)e Jral)ds 4 ¢(p +8).
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In view of condition (4.10), the term L(p + 8)e~ /74(9)4s is arbitrarily small. This

completes the proof.

Lemma 4.3.2. Suppose (4.6)-(4.10) hold. Suppose also that

! 1 2L
| Tl H o) e eran < =2
0
(4.19)
For B, A defined by (4.17) and (4.18), if @,y € M are arbitrary, then
|A+By|| < L.
Moreover, B¢ — 0 as t — oo.
Proof. Let L > 0 be given. Choose Y > 0 such that
C(O) ot d L 2L
1—(—D foatds L = 22 < 420
( 1—g(0) /% VAR (4.20)

Let v : [ng,0] — R be a given initial function such that ||y|| <. Also let ¢,y € M

be arbitrary. Using the definition of B and the result of Lemma 4.2.1, we obtain

|(A@)(r) + (BO) (1)]
)

C(t [ta(s)ds
< u
> ’ 1 — g,(l‘ / | ))|e du

+ [ Ibwatot— gl FeHay

C(O)W(—g(O)) ‘efféa(s)ds
1-¢'(0)

tau u))|e” Jualdsgy
+ [ atwlH@)e et

O A

+ ‘W(O) -

J '3
<L

Thus ||A¢ +By|| < L.
Since 0 € M, we have also proved that |By(t)| < L.

We next show that B¢ — 0 as t — oo. The first term on the right hand side of
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the map B tends to zero because of condition (4.10). Now, let ¢ € M. Then suppose
that in view of the fact that @(¢) — 0 as # — oo, we can find a T > 0 such that for

t > T there exist an € > 0 such that |@(z) —2(@(¢))| < €. Then

2L
< —

o hal)ds ¢

In view of condition (4.10), the term 2L e~ Jrals)ds g arbitrarily small. This com-
pletes the proof.

Lemma 4.3.3. Suppose that (4.3), (4.6)-(4.9) hold. Then, the mapping A is continu-
ous on M.

Proof. Let € > 0 be given. Choose 1 = €J such that ||@ — ¢|| <n.
[(AQ)(r) = (A9)(1)] < oo(r—g(r)) —o(r —g(r))]
| [ rwlotu—g(w) —olu— gl Eea

+y4bwnﬂ¢@—gw»»—«wu—awwu
< e M a(s)dsdu

IN

allo o
+5/
+p [ atue 5 aul o o)
(@+8+p)llo—9|

Hllo—al

€.

O duljp ||

IN - IA

IN

Therefore A is continuous. This completes the proof.
Lemma 4.3.4. Suppose that (4.3), (4.4)-(4.8) hold. Then, the operator A maps M

into a compact subset of M.
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Proof. It follows from Lemma 4.3.1 that ||[A(@,)|| < L, and so the family A¢ of

functions are uniformly bounded. We next show that A@ is equicontinuous. Let € >0

be given. Choose 8; = €/K where K = Lk3 + 3Ldk; + 3Lpk; such that |r, —#1] < 9;.

Let @ € M and let 0 <ty <t,. Then,

IN

Agn(12) ~ Agu (1)
ol sl0) ~ ot~ 00)
+] / ) (1t — g~ WA gy

— [ 0= glan)e H aau]
+\/t2\b a0 g(a))le ¥ O

— [ buateatu—glunle = aud

By condition (4.5), we have that

Moreover,

T t t t
[ rot— e F e [ uy,u—gupe
0 0
t 1 15 Nz
= [ [ rtwentu—gte)e P s [ gl e
0 n

u(t2)Pn(t2 — g(12)) — u(t1)@n(t1 — g(11))
< Llu(ty) —u(t)]

< Lk3|l‘2—l‘1|.

/ ) n(u — g(u)Je~ '
N e

+ /tz r(u

¢ i al

IN

IN

n

IN

5]

><pn<u—g<u>>e—f?“<&>d5du(
t
1(/15(1 ~Jita dsdu+L/| e~ hab)ds gy,

LS a(u)du+L e_f” de( lr(v )|dv>

151

15 [ atwdu+ e oo | |r<v>|dv)}z
1

(4.21)

(4.22)



5]

+ L a(u)e_f‘52 als)ds ]r(v) |dvdu

L8/ du-l—L/ (w0 du 1+/ alslds gy

< L6/ du+2L/| )\ du

< L3 a(u)du—|—28L/ a(u)du

n n

VAN

< 3Lkt —11]. (4.23)
Also, by (4.4) and (4.7) we obtain
[ 1@t ga)ie S
" Ibtu)aeatu—glu)le 5 aud
= | /“ g(Qulu—gu)))e I a0 (oIl 1) gy

t 1
+/ blu)g(@ulu—g(w))e —fuz““)‘“d“’

t ‘ , t
S L‘ 1‘ / ! pa ful a Ky dsdu+Lp/2 |b(u)|e*fu2“(s)dsdu
al
t t .
< Lp 2 a(u)du+Lp e_fuza(S)dsd< \b(v)|dv)
3| f
1 u .
< LP/ u)du—+Lp [ — 2 a(s)ds |b(V)|dv] 2
| 5]
15 l u
—|-/ a(u)e— 2als) S/ |b(v)|dvdu)
f1
15 . t
< Lp / 2 wdu+Lp | Ib( )!du(1+ /  a(u)e I ab)ds du)
i
< Lp ( )du—f—ZLp \b( )|du
lz l‘2
= Lp/ du+2Lp/

Substituting (4.22)-(4.24) into (4.21) gives

|AQ,(12) —AQ,(t1)]

Lk3|l‘2—l‘1’—|—3L5k1|l‘2—l1| +3ka1|t2—l‘1|

IN

< Klph—1|<e. (4.25)

Therefore, AM is equicontinuous. Then by the Ascoli-Arzela theorem we that AM
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resides in a compact set. g

In the next lemma we prove that H is a large contraction on M. To this end we

make the following assumptions on the function 4 : R — R.
(H1) his continuous and differentiable on U, = [—L,L].
(H2) h is strictly increasing on Up.

(H3) supyey, H'(s) < 1.

(H4) (s—r){ SUp,cy, h'(z)} > h(s) — h(r) > (s—r){inf,eUL h’(z)} >0 fors,r e Uy,

with s > r.

Lemma 4.3.5. Let 4 : R — R be a function satisfying (H1) — (H4). Then the map-

ping H is a large contraction on the set M.

Proof. Let 0,¢ € M with ¢ # @. Then ¢(r) # @(z) for some ¢ € R. Define the set

D(9,0) = { r €R:0(r) # 0(r) }.
Note that () € Uy, for all r € R whenever ¢ € M. Since 4 is strictly increasing

h(9(1)) —h(0()) _ h(9(t)) —h(e(t))
o) —0(r) o(1) —o(r)

holds for all t € D(¢,¢). By (H3) we have

>0 (4.26)

1> sup i/ (¢) > inf K (s) > 0. (4.27)
teuy, s€UL

Define the set U; C UL by U; = [@(1),0(t)|NUL if 0(¢) > @(¢), and U; = [0(2), ¢(1)] N
UL if 6(¢) < ¢(t), fort € D(¢, ). Hence, for a fixed 1o € D(¢, @) we get by (H4) and
(4.26) that

h(9(t0)) — h(9(t0))
o(to) — 9(10)

Since U; C Uy, for every t € D(0,9), we find

sup{h'(u) :u € U,} > > inf{h'(u):u e U,}.

sup h'(u) > sup{h'(u) : u € Uy} > inf{h'(u):u € Uy} > inf K (u),
uely, uely,
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and therefore,

1> sup /' (u) > > inf A (u) >0 (4.28)
R RO R

for all 7 € D(¢, ). So, (4.28) yields

((HO)(1) = (HO)(1)] = [0(r) —h(0(2)) — 9(t) +h(e(1))|

h(6(1)) — h(o(r))
= ot —el|1 = (%5 =0 )|
< o)~ o] (1 inf #(w) (429)

for all t € D(¢,¢). Thus, (4.28) and (4.29) imply that H is a large contraction in the
supremum norm. To see this choose a fixed € € (0,1) and assume that ¢ and ¢ are

two functions in M satisfying

[0—@ll = sup [0() —o(t)| > &

te[-L,L]

If |6(r) — @(r)| < €/2 for some 1 € D(¢, @), then from (4.29)

(HO) (1)~ (HO)1)] < [6(r) — 0] < 30—l (430

Since h is continuous and strictly increasing, the function i (u+ 5) — h(u) attains its
minimum on the closed and bounded interval [—L,L]. Thus, if § < [¢(t) — ¢()| for

some 7 € D(0,®), then from (4.28) and (H3) we conclude that

ho(1r)) -
P20

and therefore,

(HO) — (HO)W)] < [o()— o] {1~
4.31)

IA
—~
[E—
|
>
=
<
—~
-~
~—
|
S
—~
-~
=

where

Aim imin{h(untg) ~h(u)ue L1} >0.

Consequently, it follows from (4.30) and (4.31) that

((Ho(t) = (HO)(1)] < 8]|0 — o,
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where 6 = max { %, 1— k} < 1. The proof is complete.

The next result gives a relationship between the mappings H and B in the sense
of large contraction.

Lemma 4.3.6. If H is a large contraction on M then so is the mapping B.

Proof. If H is a large contraction on M, then for x,y € M, with x = y, we have

|Hx — Hy|| < ||x—y||. Thus, it follows from the equality

a(u)e—flja(r)dr _ %[e—f;a(r)dr]

b

that

|Bx(t) —By(t)] < (l—e_frl—ra(s)ds)_l X/

Thus,
1Bx—By|| < [x—yl.
One may also show in a similar way that
[Bx—By[| < 8x—yl
holds if we know the existence of a 0 < & < 1, such that for all € > 0
[,y €M, |lx—yll > €] = ||Hx—Hy| <8|x—yl|.
The proof is complete.
Theorem 4.3.7. Let L be a fixed positive number. Suppose that conditions (4.2),

(4.4)-(4.10) hold. If y is a given initial function which is sufficiently small then

there is a solution x(¢,0,y) of (4.1) with |x(z,0,y)| < L and x(¢,0,y) — 0 as t — oo.
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Proof. From the hypothesis of Lemmas 4.3.1 we have that A is bounded by L, and
A@(t) — 0 as t — . So, A maps M into M. It also follows from Lemmas 4.3.2
that for arbitrary @, ¢ € M, A@ + B¢ € M since both A@ and B¢ are bounded by L
and Bo — 0 as t — oo. Also, in view of Lemmas 4.3.3 and 4.3.4, we have that A
is continuous and AM resides in a compact set. Finally, B is a large contraction by
Lemma 4.3.6. Thus, all the conditions of Theorem 2.3.7 are satisfied. Therefore,
there exists a solution of (4.1) with |x(z,0,y)| < L and x(z,0,y) — 0 as t — oo. The

proof is complete.
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CHAPTER FIVE

Existence and positivity of solutions for nonlinear periodic

differential equations

5.1 Introduction

Let T > 0 be fixed. We consider the non-linear neutral periodic equation

X(t) = —a(t)x (1) + () (g(t)g (1) +q(1.6°(5(1))),

x(t) = x(t+T). (5.1

In recent years, there have been several papers written on the stability and pe-
riodicity of solutions for equations of forms similar to equation (5.1); see Burton
(2002), Deham and Djoudi (2008) and Deham and Djoudi (2010). In the above
mentioned papers, the nonlinear term ¢ and the function a are assumed to be con-
tinuous in all arguments. The objective of this Chapter is to prove the existence and
positivity of solutions of the periodic differential equation (5.1) by imposing much
weaker conditions on the nonlinear term q and the argument function a. Specifically,
we assume that ¢ satisfies Carathéodory conditions and a € L' (R, R).

The map f: [0,7] x R" — R is said to satisfy Carathéodory conditions with

respect to L'[0, T if the following conditions hold.

(i) For each z € R", the mapping ¢ — f(¢,z) is Lebesgue measurable.
(ii) For almost all z € [0, T], the mapping z — f(¢,z) is continuous on R”.

(iii) For each r > 0, there exists o, € L' ([0, 7], R) such that for almost all # € [0, T]

and for all z such that |z| < r, we have |f(z,z)| < o,(1).
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The rest of the Chapter is organized as follows. First, we present some preliminary
material that we will employ to show the existence and positivity of solutions in
this Chapter. In section three, we present our existence of periodic solutions results
together with its proof. Finally, we obtain conditions for positivity of solutions in
section 4.

Remark 5.1.1

The content of this Chapter has been published as:

E. Yankson, ”” Existence and positivity of solutions for a nonlinear periodic differen-

tial equation,” Archivum Mathematicum (BRNO), 48 (2012), pp. 261-270.
5.2 Preliminaries

Define the set Pr = {¢ € C(R,R) : ¢(t +T) = ¢(r)} and the norm ||¢|| =
supco,7] [¢(r)|, where C is the space of continuous real valued functions. Then

(Pr,]|-||) is a Banach space. In this Chapter we make the following assumptions.

(D1) a € L'(R,R) is bounded and satisfies a(t +T) = a(t) for all # and

(D2) ¢ € C'(R,R) satisfies c(t +T) = c(¢) for all ¢.
(D3) g € C!(R,R) satisfies g(t +T) = g(¢) for all 7.

(D4) g satisfies Carathéodory conditions with respect to L'[0, T, and

q(t+T,x) =q(t,x).

Lemma 5.2.1. Suppose that conditions (D1), (D2), (D3), and (D4) hold. Then

x € Pr is a solution of equation (5.1) if and only if, x € Pr satisfies

x(t) = c(t)x(g(t))+p/ttTa(u)[x(u)_x3(u)]e—f;a(r)drdu
+ P/L#q(u,x3 (g(u))) — r(u)x(g(u))]e” Juadrgy (5.2)

where r(u) = a(u)c(u) +c'(u).
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Proof. Let x € Pr be a solution of (5.1). We first rewrite (5.1) in the form

X (1) +a(t)x(t) = a(t)x(r) —a()x (1) + () (8(1)g' (1) +q(t,2°(8(1))).

Multiply both sides of the above equation by eJ0a(5)ds and then integrate the resulting

equation from ¢ — T to ¢. Thus we obtain,

x(t)eloads _ (¢ _)eli " als)a a T[a(u x(u)—x3(u)) (5.3)

+qlu, 3<g<u>>>]ef6‘“<s>“du.

Dividing both sides of (5.3) by /04(5)ds and using the fact that x € Py we obtain

5.4

Integrating the second term on the right hand side of (5.4) by parts gives

[ (gng e b = (s

— e I e~ T)x(g(t — 1))

- /t i[c(u)e_ Lia(s)ds]x(g(u))du.

(—7 du

Since ¢(t) =c(t—T),g(t) =g(t—T), and x € Pr, then

/tiTc(u)x'(g(u))g/(u)ef;a(s)dsdu = %c(t)x(g(t)) (5.5)
- /t i[c(u)e_fti“(s)ds]x(g(u))du.

(—17 du

Substituting the right hand side of (5.5) into (5.4) and simplifying gives the desired
result.

The converse implication is easily obtained and the proof is complete.
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5.3 Existence of periodic solution

In this section we state and prove our existence results. In view of this we first

define the operator H by

HO)) = ol +p [ alwlol) —¢*wle e a

+ P/tiT[Q(u,(P3(g(u))) —r(u)o(g(u))]e” fbia(r)drdu7 (5.6)

where r is given in Lemma 5.2.1. It therefore follows from Lemma 5.2.1 that fixed
points of H are solutions of (5.1) and vice versa.

In order to employ Theorem 2.3.7 we need to express the operator H as a sum
of two operators, one of which is completely continuous and the other is a large

contraction. Let (HQ)(t) = AQ(t) + Bo(t) where A,B : Py — Pr are defined by

:"/ ")) — @ (u)]e gy, (5.7)
t—T

respectively.
Lemma 5.3.1. Suppose that conditions (D1), (D2), (D3), and (D4) hold. Then

A : Pr — Pr is completely continuous.

Proof. It follows from (5.8) and conditions (D1), (D2), that (6 +T) = r(c) and

e Jor sira(rdr — — ¢~ Joalwydu, Consequently, we have that

(AQE+T) = c(t+T)oglt+7))
+p / "l 0 (5(0)) ~ rwolg(@)le T a
OG0

+p/ alk+T.° (glk+T))) = r(k+ T)p(g(k+T)]

t+T
x e~ Jrralr)dr gy,
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= c(t)o(g(r))

+p [ gk, 0*(g(k)) — r(k)(g(k))]e K “)dsay

t—T

= (49)().

That is, if ¢ € Pr then A is periodic with period 7.
To see that A is continuous let {@;} C Pr be such that ¢; — ¢. By the Domi-

nated Convergence Theorem,

1im [A¢;(r) —Ag(1)|

tim (le()llo1(2(1)) — 9(8(1)|

0 [ (a6} e0) ~ glu.0*(ew)

+ ()| @i(g(0)) — @(g(w))] )~ du) — .

IN

Hence A : Pr — Pr.
We next show that A is completely continuous. Let Q C Pr be a closed

bounded subset and let u be such that ||¢@|| < u for all ¢ € Q. Then

4000 < vu+p [ (lau @ (2] + 1) (g ()] )~ e a

t t
< v,u~|—pN</t_T(x,,(u)du+,u/

t—=T

\r(u)|du> =K,

where V = max,cjo 7 ¢(¢) and N = max,c;_r, € Jua(r)dr And so the family of func-
tions A@ is uniformly bounded. Again, let ¢ € Q. Without loss of generality, we can

pick T <t such thatz —t < T. Then

[A0(1) — Ag(1)]




—p [ (als.0*(6(5)) ~ r(5)0els >>) ety

< [etetn - +"/ )|+l p(e(s)) )01
+p/ () + (s )||<P(g(s))!> o= Natdrgg = [Falr)dr g
! "/ (5.0 (5()| + |r<s>||<p<g<s>>|)e—ffa<r>drds

t

< )c (1)o(t) —c(T)o -|—2pN O () +plr(s |ds)

0 [ (o) +alr( >|)

~Ja(ndrgg _ o [Falr)dr| g

Now |c(1)9(t) — c(t)(p(r)’ — 0and [7 0 (s) +plr(s)|ds — 0 as (r — ) — 0. Also,

since

T . .
[ (als) + (o)) e Rt — =t
t—T

< [ (outs) +air )l

and |e Js a(drgg o= [ alr)dr

ff;a(r)drds i eff;a(r)dr dS,

(t — 1) — 0, then by the Dominated Conver-

gence Theorem,

T
/I_T<Ocu(s)+,u|r(s)|>‘ ~Ratdrgg _ o= [Fat)dr|gg s o

as (t—1) — 0. Thus |A@(¢) —A@(t)| — 0 as as (t —T) — 0 independently of ¢ € Q.
It therefore follows that the family of A is equicontinuous on Q.

By the Arzela-Ascoli Theorem, A is completely continuous and the proof is com-
plete.

Lemma 5.3.2. Let ||.|| be the supremum norm, and

M={¢:R—R:¢9eC(llo|| <v3/3}.

If (FQ)(t) = @(t) — @>(¢). Then F is a large contraction of the set M.
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Proof. For each t € R we have, for @,y real functions,
(FO) (1) — (FW)()] = |o(t) — @ (1) = (1) +y (1)]
= [o() — w1 - (|9°(1) + 0(1)w(t) + W (1))

Then for

0() —w()]> = () —20()w(r) + ()] < 2(¢*(1) + ¥ (1))

and for @*(¢) +y?(¢) < 1, we have

(FO)1) ~ (FW)O] = 1o() vl [1= (1) +w2(0) +o()w(r)]

< wm—wm{v4¢@+wwn+£&g;ﬂg]

O*(1) +v*(1)
5 :

< Jo() ()| [1-

Thus, we have shown that pointwise F' is a large contraction. It is easy to see that
this implies a large contraction in the supremum norm.

For a given € € (0,1), let @,y € M with ||¢ — y|| > €.
(a) Suppose that for some ¢t we have €/2 < |@(¢) — y(¢)| so that
(8/2)% < [o(r) —w(1) > < 2(9*(r) +¥(1))
or
0> (1) + (1) > €%/8.
For all such ¢ we have
€2

((FO)O) = (Fy)()] < o) —wO)I[1 - 1]
2

€
< —vy||l——.
< llo—vl[1- ]
(b) Suppose that for some 7, we have |@(7) — y(¢)| < €/2. Then

[(Fo)(1) = (FW)(1)] < [o(r) —w()]
< (1/2)[lo—wll.
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Thus, for all + we have

2
(Fo)(1) = (Fy)(1)] < min[1/2,1 =] lo— ]|

The proof is complete.

For the rest of the Chapter we define
M={pcPr[llell <L},

where L = \/3/3.

We also need the following condition on the nonlinear term g.

(D5) There exists periodic functions o, B, € L'[0, T], with period T, such that

|q(2,)| < oufe) x| +B(7),

for all x € R.

Lemma 5.3.3. Suppose that (D5) hold. Also suppose there exist constants A >

0,R>0,J >3 andy> 0 such that

(1) IL? +|B(r)| < ALa(r),

()| < Ra(t),

= t
Y tg%&?] ()],

and

J(Y+A+R) <1.

For A defined by (5.8), if ¢ € M, then |(A¢)(¢)| < L/J < L for all ¢.
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Proof. Let ¢ € M. Then ||@|| < L. Thus for A defined by (5.8) we have that

((AQ)(1)| < [e(r)o(g())]

+p ) la(n 9 (g(u )))|e e gy

+p/ u))le” Jualndr gy,

It follows from conditions (D5), (5.9), (5.10), (5.11) and (5.12) that

[(A@)(1)] < 7L

+p T[IOC(M)IL3 + Bl e du
[7

t t
+ pR a(u)Le™ @ gy,
t—T

VAN
<

< (Y+A+R)L< % < L.

Therefore A maps M into itself. This completes the proof.

Lemma 5.3.4. Suppose (D1), (D2), (D3), (D4) and (D5) hold. Suppose also that the
hypotheses in Lemma 5.3.3 hold. For B,A defined by (5.7) and (5.8), if ¢,y € M

are arbitrary, then
AQ+By: M — M.

Moreover, B is a large contraction on M with a unique fixed point in M.

Proof. Let ¢,y € M be arbitrary. Note that [y(z)| < v/3/3 implies

() v (1) < (2v/3) 9.
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Using the definition of B and the result of Lemma 5.3.3, we obtain

(AQ) (1) + (By) (1)
< [e()o(g(t))] +p / g ()l F
+p/ u))le” Ju (r)drdu
+p / a () () — 7 () g
_V3 ., 23
=3t 9 =
Thus A9+ By € M.

We will next show that B is a large contraction with a unique fixed point in M.
Lemma 5.3.2 shows that y — y? is a large contraction in the supremum norm. Thus

for any €, we found a 8 < 1 from the proof of that proposition such that

|(Bo)(t) — (By)(1)| < p/ 10)3||¢ — e~ Sy
< 9llo—vll.

Furthermore, since 0 € M the above inequality shows that, B : Ml — M when y = 0.

This completes the proof.

Theorem 5.3.5. Let (Pr,||.||) be the Banach space of continuous 7 -periodic real
functions and M = {¢ € Pr | ||9|| < L}, where L = +/3/3. Suppose (D1), (D2),
(D3), (D4), (D5) and (5.9)-(5.12) hold. Then equation (5.1) possesses a periodic

solution @ in the subset M.

Proof. By Lemma 5.2.1, @ is a solution of (5.1) if

¢ =AQ+Bo,
where B and A are given by (5.7) and (5.8) respectively. By Lemma 5.3.1, A : M —
M is completely continuous. By Lemma 5.3.4, A@ + By € M whenever ¢,y € M.
Moreover, B : Ml — M is a large contraction. Thus all the hypotheses of Theorem
2.3.7 of Krasnoselskii are satisfied. Thus, there exists a fixed point ¢ € M such that

¢ =A@+ Bo. Hence (5.1) has a T— periodic solution. This completes the proof.
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5.4 Existence of positive solutions

In this section we obtain sufficient conditions under which there exists positive

solutions of (5.1). We begin by defining some quantities. Let

. _rt _rt
z= min e 5 7= max e i,

s€ft—T1] s€(t—Ty]
Given constants 0 < L < K, define the set M, = {y e Pr : L<wy(t) <K,t €[0,T]}.

In this section we make the following assumptions.

(D6) ¢ € C'(R,R) satisfies c(t 4 T) = c(t) for all ¢ and there exists a ¢* > 0 such

that ¢* < c(t) forall t € [0,T].
(D7) There exits o such that ||c|| < o < 1.

(D8) There exists constants 0 < L < K such that

Ul;—c;)ll < a(u) [(7 — (53] + Q(u,(53) . r<u)6 < OI;T(;)[(

forallceMandu € [t —T,1].

Theorem 5.4.1. Suppose that conditions (D1), (D3), (D4), (D6), (D7) and (D8)

hold. Then there exists a positive solution of (5.1).

Proof. Let ¢,y € M. Then

A0+ Bt = c(olg)+p [ [ally) — v W)

+ 40 (8(u))) — rl)o(g(s)) | e
(1—c*)L

> L+pzT———=1L.
P pzT

Likewise,

(1—)K
pZT

AQ(t)+By(t) < oK+ pZT =K.

Thus condition (i) of Theorem 2.3.6 is satisfied. From Lemma 5.3.1 the operator A is
completely continuous and from Lemma 5.3.4 the operator B is a large contraction.
Therefore, by Theorem 2.3.7, the operator H has a fixed point in M,. This fixed

point is a positive solution of (5.1).
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CHAPTER SIX

POSITIVE PERIODIC SOLUTIONS FOR NEUTRAL

DIFFERENTIAL EQUATIONS OF THE SECOND ORDER

6.1 Introduction

Motivated by the work of Zeng (1997), Li and Shen (1997), Wang (1999) and
Lui and Ge (2003) on the existence of periodic solutions of second order differential

equations we consider the second order nonlinear neutral differential equation

d? d _d N
S X(0) + () —x(t) +q(0)x(t) = e x(t = (1)) + f (1, h(x(r)), g (x(t = 2(1)))),

6.1
where p and g are positive continuous real-valued functions. The function f : R X
R x R — IR is continuous in its respective arguments and ¢ € R. None of the above
papers considered neutral second order differential equations. In fact, the equations
that were considered by Zeng (1997), Li and Shen (1997), and Wang (1999) were
without delays. However, Lui and Ge (2003) extended the results on the existence
of periodic solutions to second order equations with delay. Results on the existence
of positive periodic solutions for second order neutral delay differential equations
of the form of (6.1) are not available. Thus, our main objective in this chapter is to
fill this gap, by obtaining sufficient conditions for the existence of positive periodic
solutions for neutral differential equation of the second order.
The rest of the Chapter is organized as follows. We introduce our notation and
state some preliminary results in section two. In section three, we state our results
and provide its proof. In the last section, we extend the results obtained in section

three to totally nonlinear neutral delay differential equations of the second order.
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Remark 6.1. The content of this Chapter has been published as:
E. Yankson, "Positive Periodic Solutions for Neutral Differential Equations of the

Second-Order,” Electronic journal of differential equations, No. 14, 2012.
6.2 Preliminaries

For T > 0, let Pr be the set of continuous scalar functions x that are periodic

in ¢, with period T. Then (Pr, || - ||) is a Banach space with the supremum norm

lx]| = supx(e)| = sup |x(r)].
teR 1€[0,T]

In this Chapter we make the following assumptions.

pt+T)=p@t), qt+T)=q(), t@t+T)=1(), (6.2)

with T being scalar function, continuous, and t(7) > t* > 0. Also, we assume

/0 s)ds > 0, / 5)ds > 0. 6.3)

We also assume that f(z,h,g) is periodic in ¢ with period T'; that is,

fe+T,h,8) = f(t,h,8). (6.4)

Next we state some lemmas that will be relevant for our work in this Chapter.

Lemma 6.2.1.[Liu and Ge (2004)] Suppose that (6.2) and (6.3) hold and

Ri[exp(fy p(u)du) —1]

>1, 6.5
o7 - ©)
where
+T
Rl_tg[l()T]‘/ b P q(s)ds|,
exp fo (u)du) —1

)
0= (1 +exp (/OTp(u)du)>2R%.

Then there are continuous and 7-periodic functions a and b such that b(t) > 0,

T a(u)du > 0, and

a(t) +b(t) = p(t). %b(r) Fa(t)b(t) = q(t), fort €R.
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Lemma 6.2.2.[Wang, Lian and Ge (2007)] Suppose the conditions of Lemma 6.1.1

hold and ¢ € Pr. Then the equation

2
x(0) 4 p(0) S x(0) +ale)x) = 000),

has a T-periodic solution. Moreover, the periodic solution can be expressed as

= [ Gsjets)as

where

_ [ el b(v)dv + [y a(v)dvidu+ [T exp[f)' b(v)dv + fus’LTa(v)dv]du'
lexp ( Jo a(u)du) — 1[exp ( [y b(u)du) —1]

Corollary 6.2.3.[Wang, Lian and Ge (2007)] Green’s function G satisfies the fol-

G(t,s)

lowing properties

G(t,t+T)=G(t,t), Gt+T,s+T)=G(t,s),

9 ) — afs o _cxp ([ b(v)dv)
asG(t’ ) =al)G(s) exp (fg b(v)dv) -1’
9 Git.s) = —b(1)G(1.5) + —P (7 a(v)dv)

ot exp (fy a(v)dv) —1'

We next state and prove the following lemma which will play an essential role

in obtaining our results.

Lemma 6.2.4. Suppose (6.2)-(6.5) hold. If x € Pr, then x is a solution of (6.1) if and

only if

x(t) = /t B 5)x(s — 1(s))ds

t+T (6.6)
+/t G(t,s)[—a(s)ex(s —t(s)) + f(s,h(x(s)), g(x(s — T(s))))]ds,
where
E(t,s) = exp(J; b(v)dv) . 6.7

0 a1 o7

Proof. Let x € Py be a solution of (6.1). From Lemma 6.1.2, we have

+T d

x(t) = z G(t,s) [ca—sx(s—‘c(s)) + f(s,h(x(s)),g(x(s —t(s5))))]ds. (6.8)
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Integrating by parts, we have
t+T 0
/ cG(t,s)=—x(s—1(s))ds
t aS
+T 9
/ [ 2G(t,5)|x(s —T(s))ds 6.9)
t Bs
t+T
_ / (s —t(s))Et,s) — a(s)G(t,5)|ds,
where E is given by (6.7). Then substituting (6.9) in (6.8) completes the proof.

Lemma 6.2.5.[Wang, Lian and Ge (2007)] Let A = [ p(u)du,
B=T2exp (L [} In(q(u))du). If

A% > 4B, (6.10)

then

min{/OTa(u)du,/OTb(u)du} > %(A— A% —4B):=1,
T T
max{/o a(u)a’u,/o b(u)du} < %(A—k VA2 —4B):=m

Corollary 6.2.6.[Wang, Lian and Ge (2007)] Functions G and E satisfy

T , m
gy S0 < U P )< ¢

- (el —1)2 G -1
To simplify notation, we introduce the constants

e B Texp ( Jy p(u)du) T
B— ﬂ, o= (el—l)2 s Y—m (611)

6.3 Existence of positive periodic solutions

We present our existence results in this section by considering two cases; ¢ > 0,
¢ < 0. For some non-negative constant K and a positive constant L we define the set

D={9ePr:K<¢<L},

which is a closed convex and bounded subset of the Banach space Pr. In addition

we assume that there exist a positive constant ¢ such that

6 < E(t,s), forall(z,s)€[0,T]x]0,T], (6.12)

c>0 (6.13)
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and foralls e R,ueD

K(1—ocT)

L(1—BeT)
. ARl

o7 (6.14)

< f(s,h(u),g(u) —ca(s)u <

To apply Theorem 2.3.6, we construct two mappings in which one is a contraction

and the other is completely continuous. Thus, we define the map 4 : D — Pr by

(A9)(1)
r (6.15)
= G(t,5)[f(s,1(9(5)), g(@(s —(5)))) — ca(s) (s —T(s))]ds.

t

Similarly, we define the map B : D — Pr by

t+T
(Bo) (1) = / CE(t,5)0(s — 1(s))ds. (6.16)
t
Lemma 6.3.1. If B is given by (6.16) with
BT < 1, (6.17)

then B : D — Pr is a contraction.

Proof. Let ¢ € D, then

t+2T
(BO)(t+T) = /m CE(i +T,5)0(s — (s))ds.

With k =s— T, we obtain

t+T

(Bo)(t+T) = CE(t+ T, k+T)o(k+T —t(k+T))dk

/ B K)ok — (k) )dk
= (Bo)(1).

Let @,y € D then

|1Be—By|| = sup |(Bo)(r)—(By)()]
t€[0,T]

= sup
1€[0,T]

t+T
B[ lo—vids
BTl — vl

t+T +T
/, CE(t,5)0(s —(s))ds — /t CE(t,5)w(s —1(s))ds

IN

IN
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Hence B : Pr — Py is a contraction.
Lemma 6.3.2. Suppose that conditions (6.2)-(6.4), and (6.12)-(6.14),(6.17) hold.
Then A4 : Pr — Pr is completely continuous on D.

Proof. Let A4 be defined by (6.15) and @ € D . Then

t+2T
(AQ)(1+T) = /t G(t+T,5)[f(s,h(9(s)), 8(0(s — (s))))

+T
—ca(s)p(s —(s))]ds.

With k =s— T, we obtain

ag+7) = [ G heT)
<G T (k-4 7)), {0k + T~ (k-+ 7))
calk+T)Q(k+ T —t(k+T))]dk
= [ 6w

x[f(k,h(@(k)), g(9(k —t(k))))
—ca(k)p(k —(k))]dk

= (A9)(1).

For ¢t € [0,T] and for @ € D we have that

t+T
|(A)(1)] < \/l G(t,5)f (s, h(9(s)), g(@(s —(s))))

—ca(s)p(s —(s))]ds|
=T L(1—BcT)

< /t (X(X,—Tds

L(1—BeT)

<To
oT

=L(1—BcT).
Thus from the estimation of |(4)(¢)| we have

[ A@[| < L(1—BcT).

This shows that 4(ID) is uniformly bounded. We next show that 4(ID) is equicontin-

uous. Let ¢ € D. By using (6.2), (6.3) and (6.4) we obtain by taking the derivative
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in (6.15) that

%(ﬂ@)(t) = G+ D)f(t+T,h(0(1 +T7)),8(@(t +T =11 +T7))))

—ca(t+T)ot+T—(t+T))]
~ Gl e 9, £(0( (1))
 calt)ola (1)
+ [T o)
<[Fls, h(0(5),8(0(s —<(5)))
—ca(s)Q(s —(s))]ds

= Gl A0, 89l ~ (1))
~ calt)ol (1)
~ Gl e (90, 8(0( (1))

— ca(t)o(r —(1))]

HT exp (J; a(v)dv)
* /z [~b()G () + exp (fy a(v)dv) —1
x[f (s, h(9(s)), g(@(s —(s))))

—ca(s)g(s —(s))]ds

]

—ca(s)Q(s —(s))]ds.
Consequently, by invoking (6.11), and (6.14), we obtain

L1~ BeT) _

(A9)(1)| < T(Ipllo+ By~ <,

E
dt
for some positive constant M. Hence (A¢Q) is equicontinuous. Then by the Ascoli-
Arzela theorem we obtain that A4 is a compact map. Due to the continuity of all the
terms in (6.15), we have that A4 is continuous. This completes the proof.
Theorem 6.3.3. Let o, B and y be given by (6.11). Suppose that conditions (6.2)-
(6.5), (6.10),(6.13),(6.14) and (6.17) hold, then Equation (6.1) has a positive periodic

solution z satisfying K < z < L.
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Proof. Let ¢,y € D. Using (6.15) and (6.16) we obtain

(By)(1) + (A9)(1)
+T +T
—/ E(t,5)p(s — (s ))dS+ G(t,)[f (s, h(W(s)), g(W(s —(s))))
—ca(s)y(s—1(s))lds

t+T

< cBLT +a /t [f(s,h(w(s)), 8(w(s —1(s)))) — ca(s)w(s —t(s))]ds
< cBLT + OCTL% =L
On the other hand,

(By)(1) +(A9)(1)
t+T t+T
—/ E(t,5)9(s — (s ))dS+ G(t,s)[f (s, h(y(s)), g(W(s —1(s))))

—ca(s)y(s—1(s))]ds
t+T

> cokTy [ [Fshw(s)),80wls — 5(5)))) — als)wls —v(s))Jds
K(1 —ocT)
T

> c6KT +T =K.

This shows that By + 4@ € D. Thus all the hypotheses of Theorem 2.3.6 are sat-
isfied and therefore equation (6.1) has a periodic solution in D. This completes the
proof.

We next consider the case when ¢ < 0. To this end we substitute conditions

(6.13) and (6.14) with the following conditions respectively.

c<0 (6.18)
and foralls e R,ue D
K —cBLT L—coKT
B < flouhlu). ) —cals)n < (6.19)

Theorem 6.3.4. Let o, B and y be given by (6.11). Suppose that conditions (6.2)-
(6.5), (6.10),(6.17), (6.18), and (6.19) hold, then (6.1) has a positive periodic solution

z satisfying K <z < L.
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Proof. Let ¢,y € D. Using (6.15) and (6.16) we obtain
(By)(t) + (A9)(1)
t+T t+T
—/ E(t,5)9(s — (s ))dS+ G(t,5)[f(s,h(w(s)), g(W(s —(s))))
—ca(s)y(s—1(s))lds

4T
< coLT + 06/1 [f(s,h(w(s)),8(W(s = ©(s)))) — cals)w(s —t(s))]ds

(Lecokt)

< coLT +oT =L.

On the other hand,
(By)(t) +(A9)(1)
t+T t+T
—/ E(t,s)9(s — (s ))dS+ G(t,s)[f(s,h(W(s)), 8(W(s —T(s))))

—ca(s)y(s—1(s))]ds
Z+T

> BRT+7 [ [F(5,hy(s).80w(s —¥(s)))) — cals)y(s —¥(s))Jds

> cBKT—I—YT(#) —K.

This shows that By 4+ A4¢ € D. Thus all the hypotheses of Theorem 2.3.6 are sat-

isfied and therefore equation (6.1) has a periodic solution in D. This completes the

proof.
6.4 Totally nonlinear neutral second order differential equations

In this section we turn our attention to totally nonlinear second order differ-
ential equations. In particular, we establish sufficient conditions for the existence of

positive periodic solution of the equation

d2

(1) + (1) % x

(0)+qOh(x(0)) = &elexli (1)
(L R(0), g0 5(0)),

(6.20)

where p and ¢ are positive continuous real-valued functions. The functions f :
RXxRXxR—=R,c:RxR—R,and h#: R — R, are continuous in their respec-

tive arguments.
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Equation (6.20) is a more general form of (6.1)in the sense that, the neu-
tral term %c(t,x(t —1(¢))) in (6.20) produces non-linearity in the derivative term
%x(r —1(t)), whereas the neutral term in (6.1) enters linearly. Also, h(x(t)) = x(t)
in (6.1), thus making (6.20) totally nonlinear. In view of the above differences, the
results obtained in the previous section does not carry over to equation (6.20).

In addition to the assumptions in section 6.1 we also assume that c(t,x) is

periodic in ¢ with period 7. That is,
c(t+T,x) = c(t,x). (6.21)

We further assume that there exist positive constants 6, ¢* and u such that

6 < E(t,s), for all (¢t,s) € [0,T] x [0,T], (6.22)
< c(t,t—n1(1)), (6.23)

e, x)|| <u, (6.24)

BuT < L, c¢*oT <K, (6.25)

and foralls € R, 9,0 €D

K—TC*GT < q($)[0(s) —h(9(5))] + £ (5, (), 8(®)) — a(s)c(s,9) < L—a#

(6.26)

We next state and prove the following lemma which will play an essential role in
obtaining our results.
Lemma 6.4.1. Suppose (6.2)-(6.5) hold. If x € Pr, then x is a solution of (6.20) if

and only if
t+T
K0 = [ Glt.5)q(s)x(s) ~ hix(s) Ids
t+T
+ /t (s, x(s = T()E(,5) — als)G(1,9)] (6.27)
+G(Z,S)f(sah(X(S)),g(x(S—T(S))))]ds,
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where E(t,s) is given by (6.7).

Proof. Let x € Py be a solution of (6.20). Rewrite (6.20) as

d? d B N d
S O) +p() x(t) +q(0)x(t) = q()[x(r) = hlx(t))] + —c(t,x( —1(2)))

+ (6 h(x(2)), g(x(r = (2))))-

From Lemma 6.1.2, we have

W) = [ 6 a)lx(s) ~htats) s

b [ 609 [l v(5 —060)) 4 S 5,x)) x5 —5(5))) .
(6.28)

Integrating by parts, we have
+T 9
/z G(t,s)ac(s,x(s —1(s)))ds
t+T 9
== [ [5:60.9)]els.xts—x(s))ds (629)

_/HT o(s,x(s— () [E(t, 5) — a(s)G(t,5)|ds,

where E is given by (6.7). Then substituting (6.29) in (6.28) completes the proof.

To apply theorem 2.3.7, we construct two mappings in which one is a large

contraction and the other is completely continuous. Thus, we setthe map 4 : 1D — D
t+T
(A0 = [ [els.0ls—x(o)Es) ~a(s)G(r.5)]
+G(t,5)f(s,1(0(s)), g(@(s —T(5)))) | ds. (6.30)

Similarly, we define the map B: D — D

t+T
(Bo)1)= [ Gt.9)a()lols) ~h(o()lds. (©31)

In the next lemma we prove that F (@(s)) = @(s) — h(@(s)) is a large contrac-

tion on ID. To this end we make the following assumptions on the function #: R — R.

(H1) his continuous and differentiable on U = [K,L].
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(H2) his strictly increasing on U.
(H3) supyey M (s) < 1.

(H4) (s — r){ supteUh’(t)} > h(s) — h(r) > (s — r){infteU h’(t)} >0 for s,r € U

with s > r.

Lemma 6.4.2. Let 7 : R — R be a function satisfying (H1) — (H4). Then f =
¢(s) —h(@(s)) is a large contraction on the set D.

Proof. Let 0,0 € D with ¢ # ¢. Then ¢(r) # @(¢) for some 7 € R. Define the set

S(0,9) = { 1 €R: 0() £ (1) }.

Note that ¢(z) € U for all t € R whenever @ € D. Since £ is strictly increasing

h(o(t)) —h(9(r)) _ h(¢(r)) —h(e())
o0 —ot) ool (©32)
holds for all t € S(¢, ). By (H3) we have
1 > suph'(t) > inf /' (s) > 0. (6.33)
tev seU

Define the set U; C U by U; = [@(1),0(2)| U if ¢(¢) > @(r), and Uy = [¢(¢),9(2)|NU
if (z) < o(t), for t € S(0,9). Hence, for a fixed to € S(¢,9) we get by (H4) and
(6.32) that

h(9(t)) — h(¢(t0))
0(t0) — ¢(%0)

Since U; C U for every t € S(¢,9), we find

sup{H'(u) :u € U, } > > inf{h (u) : u € Uy }.

sup /' (u) > sup{h'(u) : u € Uy} > inf{h' (u) :u € Uy} > inlt;h'(u),
ucl ue

and therefore,

, h(o(t)) —h(9(1) . .
1> :ggh (u) > o) = o) > ulg[i;h () >0 (6.34)

for all t € S(d, ). So, (6.34) yields

((FO)(0) = (Fo)()] = [0(r) =h(0()) — (1) + h(e(r))]

h(o(1) — h(g(1))
= lot) eIt~ (Z5 =0 )|
< 10(0)—o(r)|(1— inf 1)) (6.35)



for all r € S(¢, ). Thus, (6.34) and (6.35) imply that F is a large contraction in the
supremum norm. To see this choose a fixed € € (0,1) and assume that ¢ and ¢ are

two functions in D satisfying

10—l = sup [0(r) —(r)| > &

re[K,L]

If |6(r) — @(r)]| < €/2 for some 1 € S(9, @), then from (6.35)

[(F) () = (F@) (1) < [0(r) — 0(z)] < lH<1>—(PH- (6.36)

Since h is continuous and strictly increasing, the function 2 (u+ 5) — h(u) attains its
minimum on the closed and bounded interval [K,L]. Thus, if § < |0(r) — ¢(z)| for

some 7 € S(¢, ), then from (6.34) and (H3) we conclude that

0

h(o(r))
=700 >,

o(t)

and therefore,

((FO)(@) = (Fo)(n)] < M)(t)—(P(t)\{
(1=)[6() — @), (6.37)

IN

where

A= imin{h(u%—;) —h(u),u e [K,L]} > 0.

Consequently, it follows from (6.36) and (6.37) that

(Fo() = (Fo)(1)] < 8]0 — o],

where 6 = max { %, 1— k} < 1. The proof is complete.
The next result gives a relationship between the mappings / and B in the
sense of large contraction.

Lemma 6.4.3. Suppose that

< L—BuT

7 < a)le(s) — h(o(s)] < T (638)
then B maps D into itself. Moreover, if f is a large contraction on ), and
allg||T <1, (6.39)
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then so is the mapping B.

Proof. We first show that (Bo)(r + 7)) = (B)(z). Evaluating (B@)(z) att+ T gives
t+2T
(BO)(t+T)= [~ G+T.9)a(s) 0(s) — hlo(s)]ds:
With k = s —T we obtain
t+T

(Bo)(t+T) = G(t+T,k+T)qgk+T)[ek+T)—h(ek+T))|dk

t

_ [*Tc;<t,k>q<k>[<p<k>—h<<p<k>>1dk

— (Bo)(1).
Let ¢ € D then
moyn) < ar(Z )
= L—Pul <L.
On the other hand,
(Bo)r) > V() =K.

Thus showing that B maps D into itself.
If £ is a large contraction on D, then for x,y € D, with x # y, we have ||F x —

Fyll < llx=yll. Thus,
[Bx(1) = By()] < of|q][T[]x—yl| < [lx—yll.
Thus,
[Bx=By|| < [x—yl.
One may also show in a similar way that
|Bx—Byl| < 8llx—y]
holds if we know the existence of a 0 < & < 1, such that for all € > 0

Xy €D, x—y| >¢€] = [[Fx—Fyll <8x—yll.
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The proof is complete.
Lemma 6.4.4. Suppose that conditions (6.2)-(6.4), (6.21) and (6.22)-(6.26). hold.
Then A4 : D — D is completely continuous on D.

Proof. Let 4 be defined by (6.30). We begin by showing that (A¢)(t+T) =
(A)(z). Evaluating (A4¢)(z) att+ T gives

1+2T

(A9u+1) = |

+T
+ G +T,5)f(s,h(0(5)), 8(@(s —1(5)))) | ds.

(5,05 —T(s)))[E(t +T5) — a(s)G(t + T,)]

With k = s — T we obtain,

(AQ)(1+T) = /[HT [l T,k + T —<(k+ T)) [E(t+ T,k +T)
—a(k+T)G(t+T,k+T)]
+G(t+T,k+T)
X kT, h(Q(k+T)),g(9(k+T —x(k-+T))))| dk
= [ etk )IEE) a6 k)
+ Glt, )£ (k h(9(K)), g (k= T(K))) | dk

= (A9)().

Fort € [0,7T] and for @ € D we have that

(29)0) < upr+or (“PT)
< L.
Also,
(ag)0) = cor (%)

v

K.

109



Thus 4 maps D into itself.

t+T
/t e(5,0(s—T(s)))E (1, )ds]

t+T
| 6965, m0(s). 50— ()
— a(s)e(s, @(s—3(s)))| s

< wrcar(E 0

[(Ap)(0)] <

_|_

L.

IN

Thus from the estimation of |(A)(z)| we have that
| A0l < L.

This shows that 4(ID) is uniformly bounded. We next show that 4(D) is equicon-

tinuous by first computing %(ﬂl(pn (t)). We obtain by taking the derivative in (6.30)

that
exp ([T b(v)dv —
gy = S2U POV o o))

exp (fy b(v)dv) —1
t+T
+ [ elsuls =) ~bOEC.5) —a(s)( ~b)Gl1,9

exp( [, a(v)dv s
exp(fOT a(v)dv—1 ﬂ
+T exp( [*a(v)dv
* /z < ~bOGlEs)+ exp(l}sTf;(v()c;v -1 )
X f(s,h(@n(s)),8(@n(s —T(s))))ds.
exp (leTb(v)dv —1)

" e () 1 D)

b [ s ants— o)) [ ~b0)E(s)

als exp( [ a(v)dv s
( )exp(foTa(v)dv— 1}
=+ exp(f;a(v)dv

“f exp(J aly >dv 1

+ /HT—’? F(5:1(9n(5)), &(@n(s —T(s))))
— a(s)e(s, @u(s — (s )))}ds.

F(5,1(@n(s)), &(@n(s —T(5))))ds
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Consequently, by invoking (6.11), and (6.24), we obtain
d L—BuT
ol

AQ)W)] < Bt Tul||bl1B -+ a1 B] + T

L—ByT)

bllar (
) +llbllor (=2

< M

?

for some positive constant M. Hence (A¢Q) is equicontinuous. Then by the Ascoli-
Arzela theorem we obtain that 4 is a compact map. Due to the continuity of all the

terms in (6.30), we have that 4 is continuous. This completes the proof.

Theorem 6.4.5. Suppose that conditions (6.2)-(6.4), (6.10), (6.21), (6.22)-(6.26)

hold, then Equation (6.20) has a positive periodic solution z satisfying K < z < L.

Proof. Let ¢,y € D. Using (6.30) and (6.31) we obtain
(By)(1) + (A0)(1)
= [ G514 w(s) ~ twis)las
++T
[ [ets.06— EC.S) ~ a(s)G(09)
+ G(t,5)f (5, h(9(s)), g(@(s —1(s)))) | ds
= /ttJrTc(s,(p(s —1(s)))E(t,s)ds
t+T

+[ Gl (q<s> [w(s) — h(y(s))]

+/(5:h(9(s)), 8(9(s = 7(5)))) —als)e(s, (s — T(S))))ds

< ByT—I—OLT(L_(x[;‘LlT) ~L
On the other hand,
(By)(1) + (A9)(t)
t+T
:/[ c(s,9(s—1(5)))E(t,s)ds

t+T

[ 6ls) (gls)hwls) —h(w(s))]

+/(s,h(9(s)), &(9(s — T(5)))) —als)c(s, o(s —T(S)>)>ds

K—c*GT)) _x

2c*<5T+YT< T



This shows that By + A¢ € D. Thus all the hypotheses of Theorem 2.3.7 are satis-
fied and therefore equation (6.20) has a periodic solution in D. This completes the

proof.
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CHAPTER SEVEN

PERIODICITY IN A SYSTEM OF DIFFERENTIAL

EQUATIONS

7.1 Introduction

In this Chapter we study the existence and uniqueness of a periodic solution

of the system of equations

d
Ex(t) =A(t)x(t — 1), (7.1)

where A(t) is an n X n matrix with continuous real-valued functions as its elements
and 7T is a positive constant. A number of researchers have studied the existence of
periodic solutions of systems of equations of the form of (7.1) where the delay T = 0.
Floquet theory offers a lot of results on the periodicity of the system (7.1) when
T = 0. Weikard (2000) extended the theory to nonautonomous linear systems of the
form 7 = A(x)z, where A : C — C is an ®— periodic function in the complex variable
x, whose solutions are meromorphic. There are however no corresponding results
for system (7.1). Therefore, we prove the existence and uniqueness of solutions
of system (7.1) using the notion of the fundamental solution coupled with Floquet

theory in this Chapter.
7.2 Preliminaries

We assume throughout this Chapter that there exist a nonsingular n X n matrix

G(t) with continuous real-valued functions as its elements such that

ix(t) =G(t)x(t) — % z; G(s)x(s)ds+[A(t) — G(t —1)]x(r — 7). (7.2)
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Lemma 7.2.1. Equation (7.1) is equivalent to (7.2).

Proof. By differentiating the integral term in (7.2) we obtain

% /t IT G(5)x(s)ds = G(t)x(t) — G(t — D)x(t — 7). 73

Substituting this into (7.2) gives

%x(t) = G(t)x(t) —G(t)x(t) + Gt —T)x(t —T) + [A(t) — G(t — T)]|x(t — 7)

= A(t)x(t—n).

For T > 0 let Pr be the set of all n-vector valued functions x(z), periodic in #

of period T'. Then (Pr,||.||) is a Banach space with the supremum norm

[x(.) || = sup[x(z)[ = sup |x(z)],
teR t€[0,T]
where |.| denotes the infinity norm for x € R”. Also, if A is an n X n real matrix, then

we define the norm of A by |A| = max<j<, X}_ |aijl-

Definition 7.2.2. If the matrix G(¢) is periodic of period T, then the linear system
Y =G(t)y (7.4)

is said to be noncritical with respect to 7 if it has no periodic solution of period T

except the trivial solution y = 0.

In this Chapter we assume that
A(t+T)=A(t),Gt+T)=G(r) (7.5)

Throughout this Chapter it is assumed that the system (7.4) is noncritical. We next
state some known results about system (7.4) which will be useful in the rest of the
Chapter.

Let K(¢) represent the fundamental matrix of the system (7.4) with K(0) =1,

where [ is the n x n identity matrix. Then:
(i) det K(r) # 0.
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(ii) There exists a constant matrix B such that K(t +T) = K(t)eBT, by Floquet

theory.

(iii) System (7.4) is noncritical if and only if det(I — K(T')) # 0.
7.3 Existence and Uniqueness

We begin this section by stating the following lemma.
Lemma 7.3.1. Suppose (7.5) hold. If x(¢) € Pr, then x(t) is a solution of (7.2) if and

only if

x(r) = —/I;G(s)x(s)derK(t)([(I(T) _1)71{
+ +T K w)[Au)x(u—1) — G(u—1)x(u—1)

~ G(u) /M uTG(s)x(s)ds]du} (7.6)

Proof. Let x(t) € Pr be a solution of (7.2) and K(¢) is a fundamental system of

solutions of (7.4). We first rewrite (7.2) as

t t

G()x(s)ds| ~G(1) / G(s)x(s)ds

—T

i[x(t)—i— tG(s)x(s)ds] = G(t)[x(t)+

dt —T —7

FA(D)x(t — 1) — Gt —T)x(t — 7).

Since K (¢)K~!(¢) =1, it follows that
0 = SKWOK0) = S KK () +K0) S (K1)
= (GUK)K )+ K(0) 5 (K1)
d

= G(t)+K(t)E(K_1(t)).

This implies

d
—(K~H(1)) = =K~ (G(1).
dt
If x(¢) is a solution of (7.2) with x(0) = xo, then
4
dt
t

=Sk W0+ [ Genas] k0L 0+ [ Gnas)

[K—l (1) (x(t) [ G(s)x(s)dsﬂ

t—T
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t t

= K '(1)G@) [x(z) + G(s)x(s)ds] +K ‘l(t){G(t) [X(f) +

- G(1) [ G(s)x(s)ds+A(t)x(t —7) — Gt —7)x(t — T)}

—T

G(s)x(s)ds]

—T —T

=K ' 0)A@0)x(t—1)—K ' ()Gt —t)x(t—1) — K ' (1)G(r) /t; G(s)x(s)ds.

An integration of the above equation from O to ¢ yields

0

W) = - /tttG(s)x(s)ds—kK(t) xo+ [ Glomts)as]
+K() /0 K () [ A 0) — Glu—D)xu )
e /M :G(s)x(s)ds] du. (7.7)
Since x(T') = xo = x(0), we obtain from (7.7) that
o+ OTG(s)x(s) s / K(T)K ™" (u)[A(u)x(u—7)
— Glu—)x(u—1)— G) / TG(s)x(s)ds} du.

(7.8)
Substituting (7.8) into (7.7) yields
X0 = - /tlﬂ Je(s)ds + K >(<1—K<T>>—1 /O TK(T)K*(@ [Aw(u—1)
—G(u—1)x —G(u / G(s

+K(t)/0 K (u) A (w)x(u—7) —Gu—1)x(u—1)
— G(u) /M :G(s)x(s)ds] du. (7.9)

We will now show that (7.9) is equivalent to (7.6).

Since

(I=K(T))™' = (K(T)(KNT)~D)"" = (K (1) ~D)~'KN(T),
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equation (7.9) becomes

x(t) = —/t;G(s)x(s)ds—l—K(t)(K(T))1—1)1/()TK1(u) [A(u)x(u—’c)
— Gu—t)x(u—1) — G(u) / : G(s)x(s)ds] du
/tKl A()x(1—7) — G —)x(u—1)

/ G(s xsdsdu

- _/t;G() (s)ds+K(r) / K~ -1
— G(u—7)x(u—1) - G(u) / _TG() ()dS}du
+l£K'%UK'WWPNWW”—ﬂ—GW_‘WW_@

-G [ Go)(s)ds]du
_ /0 K () [ A )~ G~ D)x(u )
_ G / MTG(s)x( )ds| du}

= [ Gltsas KK [ K ~7)
— Glu—)x(u—7) — G(u)/u TG() ()ds}du
+ / K~ (u)x(u—1) —G(u—1)x(u—r1)

G )/HG() (s ds}du

By letting u = i — T, the above expression implies

x(t) = —/IZTG() (s)ds+ K (1) /K _q)
— Glu—x(u—1) — G(u)/ G(s)x ()ds]du

t+T ot
+ [ KK =) [A(i—T)x(i—T—t)
i—-T

—G(i—T—Vx(i—T—1)—G(i—T) /,-TT G(s)x(s)ds} di} (7.10)
By (ii) we have K(t —T) = K(t)e B and K(T) = 8. Hence, K ' (T)K~'(i—T) =
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K~!(i). Consequently, (7.10) becomes
t

T
x) = — [ Gls)as+ K@K (1) -1 /t K ) [Alw)x(u— )

—7

— Glu—1)x(u—1) — G(u) / : G(s)x(s)ds|du

t+T
n K~ (u) [A(u)x(u 1)~ Glu—)x(u—1)

T
— G(u) /MMT G(s)x(s)ds] du}.

Combining the two integrals in the above equation gives equation (7.6). This com-
pletes the proof.

Define a mapping H by
t+T

G(s)@(s)ds +K () (K~'(T) —1)_1{ K™ () [A(u)o(u—1)

t

t

Ho)o) = [

— Glu—)(u—1) — G(u) / ”T G(s)(s)dsldu}. (7.11)

It is clear from (7.11) that H : Pr — Pr by the way it was constructed in Lemma

7.2.1.

To apply Theorem 2.3.6 we need to construct two mappings of which one is a

contraction and the other is compact. Therefore we express equation (7.11) as

(Ho)(1) = (BO)(1) + (CO)(2),

where C,B : Pr — Pr are given by

Bo)1) =~ [ Gls)p(s)ds .12
con) = KO -0 [ K Wl - G- o)
— Gu) / :G(s)(p(s)ds]du. (7.13)

Lemma 7.3.2. Suppose the assumptions of Lemma 7.3.1 hold. If C is defined by

(7.13) then C is continuous and the image of C is contained in a compact set.
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Proof. Let ¢,y € Pr. Given € > 0, take 8 = /N with N = rT(|A| + |G| + |G|?*|7),

where

r= sup ( sup |[K(u)(K*1(T)—I)K*I(t)]*1|>. (7.14)
t€l0,T] “t<u<t+T

Now for ||@ — y|| < 3, we have that

T
Ico()—cy()ll < r [ [lAllo—vil+IGllo—vi|+IGPtlo—vi]du

< Nlo—v| <e.

This proves that C is continuous. To show that the image of C is contained in a
compact set, we consider D = {@ € Pr : ||¢|| < R}, where R is a fixed positive

constant. Let ¢, € D where n is a positive integer. Thus,

T
000 < r [ [AIR+[GIR+|GPR]du
< rT[!A|R+!G|R+\G|21:R}

< L,

for some positive constant L. Next we calculate (C@,)’(¢) and show that it is uni-
formly bounded. By making use of (7.5) we obtain by taking the derivative in (7.13)

that

o) = KO @ -n" [ KW [Awesw—7)

t
u

— Glu—)@u(u—1) — G(u) G(s)q),,(s)ds} du

u—"7T

+KOET) =DK1+ T)[A0)0u(r 1)

— Gt =) gu(t —1) = G(1) / G(5)9n(s)ds]

—T

— KK (1) =)7K (0)[A@)eulr —7) — Gle = D)gu(t )

t

t

~Glt) [ Gls)eu(s)ds|

—T

= G)(CoN) +KOEK(T) =D K 1+ T) =K' (1)]

% (4000l = 1) = Glt = Dult = 1)~ G(0) [ Gl)u()ds)

t—7

t

By noting that K~ (t +T) = e BTK~!(¢), we have
K +T) =K' (t)= (e =K' (t) = (K"/(T) = DK (1).
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Using this in the last expression, yields

(Con)(1) = G(t)(Con)(1)
t
+ (A0t =7) = Gl =)0t =0 = G(1) | G(5)on(s)ds)
—T
< |G|L+|AIR+|G|R+|G|*Rx.
Thus the sequence (¢, ) is uniformly bounded and equi-continuous. Hence by Arzela-

Ascoli theorem C(D) is compact. The proof is complete.

Lemma 7.3.3. Suppose that
|IGlt< 1, (7.15)

then B is a contraction.

Proof. Let B be defined by (7.12). Then for ¢,y € Pr we have

1Bo(.) —BY(.)[| = sup [Bo(r)—By(r)|
t€[0,T]

< TGlllo—vl.

Hence B defines a contraction mapping with contraction constant t|G]|.
Lemma 7.3.4. Suppose the hypothesis of Lemma 7.2.3 holds. Let r be given by
(7.14). Suppose further that (7.5) hold. Let J be a positive constant satisfying the

inequality
rT[|A|+|G|+|G|21]J+1|G|J§J. (7.16)

Let M = {¢ € Pr: ||@|| <J}. Then (7.1) has a solution in M.

Proof. Define M = {¢ € Pr : ||¢|| <J}. By Lemma 7.3.2, C is continuous and
CM is contained in a compact set. Also, from Lemma 7.3.3, the mapping B is a
contraction and it is clear that C,B : P — Pr. Next we show that if @,y € M, we

have ||[Co+ By|| < J. Let @,y € M with ||¢||,||y|| <J. Then

ICo()+BY (|
T t
[ [1allloll+[Glllgll+ IGPellel][du+ [ 1G] wiids

T [|A| |G| +|G*t|J +1|GlT < J.
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We now see that all conditions of Krasnoselskii’s theorem are satisfied. Thus there
exists a fixed point z in Ml such that z = Az + Bz. By Lemma 7.3.1, this fixed point
is a solution of (7.1). Hence (7.1) has a T-periodic solution.

Theorem 7.3.5. Suppose (7.5) hold. If
G| +rT ||A| +|G| +|G|*t| < 1, (7.17)

then (7.1) has a unique 7T'-periodic solution.

Proof. Let the mapping H be given by (7.11). For @,y € Pr, we have that

t T
Ho()~HyO| < [ [Gllo—vlds+r [ [1aI+1G]+IGPs] 0 —yids
< (tG1+:TA1+ 1G]+ GP1] )l - i

< [lo—wl.

Thus, H is a contraction. Thus by the contraction mapping principle, (7.1) has a

unique 7T'-periodic solution. This completes the proof.
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CHAPTER EIGHT

POSITIVE SOLUTIONS FOR A SYSTEM OF PERIODIC
NEUTRAL DIFFERENCE EQUATIONS AND EQUATIONS
WITH ASYMPTOTICALLY CONSTANT OR PERIODIC

SOLUTIONS

8.1 Existence of positive solutions for a system of periodic difference

equations
8.1.1 Introduction

Let R denote the real numbers, Z the integers, Z_ the negative integers, and
Z* the non-negative integers. In this section we consider the system of neutral

difference equations
x(n+1)=A(n)x(n) +C(n)Ax(n—t(n)) + g(n,x(n—1(n))), (8.1)

where A(n) = diag[a; (n),ax(n), ...,ar(n)], a; is T-periodic, C(n) = diag|c; (n),
ca(n),...,ck(n)], ¢ is T-periodic, g : Z x R¥ — R¥ is continuous in x and g(n,x) is
T-periodic in n and x, whenever x is T-periodic, T > 1 is an integer. Let Pr be the
set of all real T-periodic sequences ¢ : Z — R¥. Endowed with the maximum norm
||0]| = maxgez ZIJ‘.ZI |0;(0)| where ¢ = (01,02, ...,0¢)", Pr is a Banach space. Here ¢
stands for the transpose.

Let R, = [0, +o0), for each x = (x1,X2,...,x;)" € R¥, the norm of x is defined
as |x| = Zl;':1 i RE = {(x1,%2,....,5,)" € RF: x; >0, j=1,2,...,k}. Also, we
denote g = (g1,42,---,8k)", where t stands for transpose. We say that x is positive”

whenever x € R’i.
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Raffoul and Yankson (2010) proved the existence of positive periodic solu-
tions of the scalar version of (8.1). Motivated by this work, we obtain sufficient
conditions for the existence of positive periodic solutions of system (8.1).

Remark 8.1.1.1 The content of this Chapter has been published as: E. Yank-
son, "Positive solutions for a system of periodic neutral delay difference equations”,

African Diaspora Journal of Mathematics, Volume 11, Number 2, pp. 90-97(2011).
8.1.2 Preliminaries

In this section, we make the following assumptions.

(H1) There exist a constant 6; > 0 such that 6; < cj(n), j=1,...,k, for all n €

[0,T —1].
(H2) 0<aj(n) <lforallne[0,T—1], j=1,....k.
(H3) There exist constants o}, such that ||c;|| < a; <1, j=1,2,....k.

Let

Tl ay(s)
Gj(n,u) = I—YHZI}—IJaj(s)’ uenn+T—1]. (8.2)
S=n

Note that the denominator in G j(n,u) is not zero since 0 < a;(n) < 1 forn € [0,T —

1].

Define
G(n,u) = diag[G(n,u),Ga(n,u),...,Gr(n,u)). (8.3)
It is clear that G(n,u) = G(n+T,u~+T) for all (n,u) € Z*. Also, let
gj =min{Gj(n,u) :n>0,u<T}=Gj(n,n) >0, j=1,.. k. (8.4)
Qj:=max{G;(n,u) :n>0,u<T}=Gjnn+T—1)
= G;(0,T—1)>0,j=1,...k (8.5)

Set q= min{qlaq% "*>Qk} and Q = maX{Ql;QZ; "'7Qk}'
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It must be noted that the scalar equations making up the system of equations in (8.1)

are of the form

xj(n+1)=aj(n)xj(n)+cj(n)Ax;j(n—t(n)) +g;j(n,xj(n—(n))), j=1,...,k.

(8.6)

Lemma 8.1.2.1. Suppose (H2) holds. Then x;(n) € Pr is a solution of (8.6) if and

only if
n+T-1
xjn) = ejln=1xin—gm)+ Y. Gjln,u) |g;(x;(u—7(w)))
—xj (1= g()0; (w)a; (w) (8.7)

where ¢;(u) = c;j(u) —cj(u—1).

Proof. Rewrite (8.6) as

n—1 n
Afxi() T 7" )] = [es sy et +5mxtn—xt)] 17

Summing equation (8.8) from n to n+ 7T — 1 we obtain

n+T-—1 u—1
Z A[xj(u)Hajfl(s)}
u=n s=0
n+T-1 u
= L [eit0aytu—sw)+ g —cw))] [Ta'6)
Thus
n+T—1 n—1 n+T—1
ot T a6 = [Ta'e) = B ) A (= ()
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But

Y ey [Ja;' o
:ITfl n—1
=cin=Dxjn=)| [T ')~ [Ta;' )
et s= . s=
= X wluw)afej-1 [T )]
. n+T-1 . n—1
= ¢j(n—1)xj(n—(w))| I1 a;' ()~ [Ta;' )]
n+T—1 - B u
= X wlu=100) |6 ¢ Day(w)] [T )
| (8.10)
Substituting (8.10) into (8.9) gives
n+T—1 n—1
x| IT a'e) = [1a;' )]
s=0 §=
n+T-1 n—1
= ¢j(n—1)x;(n—7(w) | I1 a;' () [T a;' ()]
n+T-1 B - u
= X il 1) [es(u) — e Daj(w)| [T a5 ()
gy v(w)]| [T
(8.11)

Dividing through by [H’:iOT -1 ajfl (s)— H?;é ajfl (s)} gives the desired result.

8.1.3 Positive periodic solutions

In this section we obtain sufficient conditions for the existence of positive
periodic solutions for (8.1). For some nonnegative constant L and a positive constant

J we define the set

L J
M= {oebr : L< ol </ with T <o;<7 j=12,k},  ®12)
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which is a closed convex and bounded subset of the Banach space Pr. We also

assume that for all ¥ € Z and p € M,

% < gj(u,pj;pj) —pjdj(u)aj(u) < % (8.13)
Define a mapping H : Ml — Pr by
(Hx)(n) = C(n—1)x(n—1(n))
n+T-1
+ Z G(n,u) [g(u,x(u),x(u —1t(u))) — P(u)A(u)x(u—t(u))|.
We denote
(HX) = (Hlxl,Hz)Cz, ...,Hkxk)t. (8.14)

It is clear that (Hx)(n+ T) = (Hx)(n). In order to apply Thoerem 2.3.6 we will
construct two mappings of which one is a contraction and the other is compact.

Thus we define the map D : Ml — Pr by

(D@)(n) = C(n—1)o(n—1(n)). (8.15)

We also define the map F : Ml — Pr by

n+T—1

(FQ)m) = Y. Gln,) |5, 9n), 0(at = 7()) ~ D)A ()9 — ()
(8.16)

Lemma 8.1.3.1. Suppose (H3) hold. Then the operator D defined by (8.15) is a

contraction.

Proof. Let @,y € M and o = max < j<, o;. Then

k
|(De) — (DW)|| = max Y [(Djg;)(n) — (Djy;)(n)]
nE[O,T—l]j:]
But,
[(Dj9;)(n) — (Djy;)(n)| = |cj(n—1)0;(n) —c;(n—1)y;(n)|

< o] -l
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Thus,
k

(Do) = (DW)I| = 2 oll9; —will

j=1
< alle—vll.

This completes the proof.

Lemma 8.1.3.2. Suppose that (H1), (H2), (H3) and (8.13) hold. Then the operator

F defined by (8.16) is completely continuous on M.

Proof. For n € [0,T — 1] and for ¢ € M, we have by (8.13) that

n+T—1
Fo)] < | X Giln1)[g50.0;(u—(0) 9 — gw)o(w)aj(w)]|
< (I—a)J
- k
Thus,
iFol < ¥ oay
j=1
It therefore follows that
I(Fo)[| < J

This shows that F (M) is uniformly bounded. Due to the continuity of all terms, we
have that F is continuous.

Next we show that F maps bounded subsets into compact sets. Let S={ ¢ € Pr :
l|o|| < u} and Q = { (F®)(n) : ¢ € S}, then S is a subset of R7¥ which is closed
and bounded and thus compact. As F' is continuous in @, it maps compact sets into

compact sets. Therefore Q = F(S) is compact. This completes the proof.
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Theorem 8.1.3.3. Suppose that (H1),(H2), (H3) and (3.2) hold. Also suppose that
the hypothesis of Lemma 8.1.3.2 also hold. Then equation (8.1) has a positive peri-

odic solution.

Proof. Let ¢,y € M. Then we have that

(Dj9;)(n) + (Fiy;)(n) = cj(n—1)@;(n—1(n))
n+T—1

Y Gl ) 5w ), = 5(w)

u=n

(= 7)) (w)a (u)

. n+7T—1
< U0 Y e v v —t(w)
(1= 7)) (w)a (u)
< (Xj]+QjT(1—0€j)J_{
-k TQk  k
Thus,
kg
IO+ (PRI < Y 3=
f
On the other hand,
(Djoj)(n)+ (Fjy;)(n) = cj(n—1)@;(n—1(n))
n+T-1
+ Y Gylnu) [ w; (), v (u = ()
(= 7(0)) () ()
. n+T-—1
> 2R Y ety <(w)
(1= 7() 0 (w)a (u)
> GjL qJ'T(l—Gj)L_L
=k Tqk &
Thus,
kop
|Dg)n)+ (Pl = Y7 =L
fa



This shows that (D;@;)(n) 4 (Fjy;)(n) € M. Therefore by Theorem 2.3.6 equation

(8.1) has a positive periodic solution in M.

8.2 Neutral functional difference equations with asymptotically constant or

periodic solutions
8.2.1 Introduction

In this section we consider a special class of neutral difference equations with
the property that every constant is a solution. In particular we consider neutral dif-

ference equations of the form
A(x(n) = h(x(n—L1)) ) = g(x(n)) ~ g(x(n — L2)), n € Z, (8.17)

where Z is the set of integers. Clearly, any constant function is a solution. We
suppose that g,h : R — R and their continuous in x with R denoting the set of all
real numbers.

In addition to (8.17) we will also consider
A(x(n) ~h(x(n—L, —Lz))) —ex(n—L1)) —gx(n—Li —L3)),  (8.18)
and
A(x(m) —h(x(n—L))) = gnx(n) —glnx(n—L1),  (3.19)
gn+L,x)=g(n,x).

Let L = max(L;,L,) and let y : [—L,0] — R be a given bounded initial func-
tion. We say x(n,0,Vy) is a solution of (8.17) if x(n,0,y¥) = vy on [—L,0] and
x(n,0,y) satisfies (8.17) for n > 0. This section is motivated by the work of Raf-

foul (2011) where (8.17) with h(x(n — L;)) = 0 was considered.
8.2.2 Convergence and Stability

In this subsection we determine the constant that all solutions of (8.17) con-

verge to. In particular we prove a theorem which for any given initial function gives
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explicitly the limit to which the solution converges to. Thus in this subsection we
make the following assumptions.
The functions g and A are globally Lipschitz. That is, there exist positive constants

K1, K> such that for all x,y € R we have

[h(x) —h(y)| < Ki|x— | (8.20)
and
8(x) —8(y)| < Ka|x — | (8.21)
with an o < 1 such that
Ki+ 1Ky <. (8.22)

Let y: [—L,0] — R be a given initial function. Then for any constant ¢, equation

(8.17) can be written as

x(n) = Z g(x(s))+h(x(n—Ly))+c. (8.23)

Substituting n = 0 in (8.23) gives

—1
v(0)= Y g(x(s)) +h(x(~L1))+c. (8.24)
s=—1L
From (8.24),
—1
c=y(0) - _ZL g(x(s)) — h(x(=L)). (8.25)

Substituting (8.25) into (8.23) gives

n—1 1
x(n) = ji,L g(x(s)) +h(x(n—L1)) +w(0) - ;_‘,L g(y(s)) = h(w(=L1)).

(8.26)

Theorem 8.2.2.1. Suppose that (8.20)-(8.22) hold and let y : [—L,0] — R be a given
initial function. Then, the unique solution x(n,0, ) of (8.17) satisfies x(n,0,y) — r,

where r is unique and is given by

—1
r=g(r)la+h(r)+w(0) = Y g(w(s)) —h(w(-L1)). (8:27)

S:—L2
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Proof. Let |.| denote the absolute value then the metric space (R, |.|), is complete.
Define the mapping H : R — R, by
—1
Hr=g(r)Ly+h(r) +y(0) = ) g(w(s)) —h(y(~L1)).

s=—Lp

For a,b € R, we have

|Ha — HD|

IA

Ly|g(a) — g(b)| + [h(a) — h(D)|

L2K2|a—b| + K] |a —b|

IN

(Lsz +K1)]a—b]

IN

olla —b|.

Thus showing that H is a contraction on the complete metric space (R, |.|). It there-
fore follows from the Banach principle that H has a unique fixed point r, and this
implies that (8.27) has a unique solution. We next show that (8.17) has a unique
solution and that it converges to the constant r.

Let ||.|| denote the maximum norm and let B be the set of bounded functions
¢ : [~L,0) — R with ¢(n) = y(n) on [—L,0], ¢(n) — r as n — oo. Then (B, ||.||)

defines a complete metric space. For ¢ € B, define P: B — B by
(P9)(n) = y(n), for —L<n<0,

and
n—1 —1

(PO)(m) = ), 8(0(s)+h(d(n—L1))+w(0)— ) g(w(s))

s=n—L, s=—L,

— h(y(~L1)), n>0. (8.28)

For ¢ € B with ¢(n) — r, we have ¥, ; 2(d(s)) — g(r)Ly and h(9(n—L;)) —
h(r) as n — oo. Hence,
—1
(PO)(n) = g(r)La+h(r) +w(0) = Y g(w(s)) —h(W(~L1)) =r.

s=—Lyp

This shows that P maps from B into itself. Finally, we show that P is a contraction.
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Let a,b € B, then we have

n—1

). ls(a) —g(®)| +|h(a(n—Li) = h(b(n—Ly)))|

s=n—Lp

< LaKslla—bl[+Killa—b|

|(Pa)(n) — (Pb)(n)|

IN

< (LaKa+Ki)lla—b]| < alla—b]|.

Thus, P is a contraction and by the Banach’s theorem P has a unique fixed point

¢ € B which satisfies (8.17) due to how the mapping P was constructed.

Remark 8.2.2.2. For any arbitrary initial function, say n : [-L,0] — R, Theorem
8.2.2.1 shows that x(n,0,m) — r. Thus, we may think of r as being a global attractor.
Theorem 8.2.2.1 may also be thought of as a stability result in the following
sense. We know in general that solutions depend continuously on initial functions.
That is, solutions which start close remain close on finite intervals. However, un-
der the conditions in Theorem &.2.2.1 such solutions remain close forever, and their
asymptotic respective constants remain close too. This fact is verified in the follow-
ing theorem.
Theorem 8.2.2.3. Suppose the hypotheses of Theorem 8.2.2.1 hold. Then every
initial function is stable. Moreover, if Y| and y, are two initial functions with

x(n,0,y1) — r1, and x(n,0,y2) — ry, then |r; — rp| < € for positive €.

Proof. Denote by ||y|[_z o the supremum norm of y on the interval [—L,0]. Let
Y1 be a fixed initial function and y, any other initial function. Let P;,i = 1,2 be the
mapping defined by (8.28). From Theorem 8.2.2.1 there are unique functions 61,0,

and unique constants r; and r; such that

P191 — 91, P262 — 92, 91 (n) — ez(n) — 1.

Let € > 0 be any given positive number and set § = % Then
101(n) —02(n)| = [(P181)(n) — (P262)(n)]
—1
< |wi1(0) = w2(0) [+ Y lg(wi(s)) —g(wa(s))]
s=—Lp
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+ [A(W1(=L1)) — h(W2(=L1))| + [(81(n — L))

n—1

—hO(n—L))+ Y |g(01(s)) — g(8a(s))]

s=n—Lp

< W1(0) = w2(0)| + LaKa [ — v |

+ Ki||y1 — 2| + K2 |81 — 62|

—|—L2K2||91 —92||
This yields
1+k + 1K
0, —0 _= — €
181 — 62| < 1_k]_LzKZH\lfl Voll[—r0 <&,
provided that

8(1 —ky —Lsz) L
1+k +12K T

Wi =2l L0 <
This shows that
[x(n,0,¥1) —x(n,0,¥2)| < &, whenever ||y —W2|[_10 <.
To complete the proof we note that |0;(¢) — r;| — 0, as n — o implies that

lri—r| = |r1—01(n)+061(n) —0(n)+062(n) —r;
< |r1—61(n)|+1|81 — 62|| +[02(n) — 2| — [|81 — 02|, (asn — o)

< E.

This completes the proof.
Finally, we study the periodicity of solutions of (8.19). Thus we consider the

equation

A(x(m) = h(x(n—1))) = gln.x(m)) ~ g(n.x(n—L)),
where

g(n+L,x) = g(n,x) (8.29)
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for all x. In view of condition (8.29) we rewrite (8.19) in the form

= A Z g(s,x(s)). (8.30)

We assume that the function g(n,x) is globally Lipschitz. That is, there exists a

constant k3 > 0 such that
|8(n,x) — g(n,y)| < Kz|x—y|. (8.31)
We also assume that
K3L <p, forsome 0 <p < 1. (8.32)

Theorem 8.2.2.4. Suppose that conditions (8.29), (8.31) and (8.32) hold. If (8.19)

has an L-periodic solution, then that solution is constant.

Proof. The existence of a unique solution of (8.19) is given by conditions (8.29),

(8.31) and (8.32). Summing (8.30) fromu =0tou =n—1 gives

n—1
x(n) = h(x(n—L))+ _ZLLg(S,X(S))H(O)—h(X(—L))
—1
= Y glsx(s). (8.33)

s=—L

Set

G(n) := g(n,x(n)).

Since x(n+ L) = x(n) we have by (8.29) that G(n) satisfies G(n+ L) = G(n). This
implies that the sum of G over any interval of length L is constant. In other words,

n—1

n—1 -1 —1
) gs,x(s) = ZLG(S)= ), Gls)= ) s(s.x(s)).

s=n—L s=n— s=—L s=—L
Moreover, since x(n — L) = x(n) we have that x(—L) = x(0) thus h(x(n — L)) =
h(x(—L)). It then follows from (8.33) that x(n) = x(0) for n > —L. Hence x is

constant.
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8.2.3 Convergence and Stability for (8.18)

In this subsection we consider (8.18). In particular we will show that the
behaviour of solutions of (8.18) is the same as Equation (8.17) and that it has no
periodic solutions except constants.

Lety: [—L; —L,0] — R be a given initial function. Then for any constant c,

equation (8.18) can be written as

n—Li—1
x(n)= Y gx(s))+h(x(n—Li —Ly))+c. (8.34)

S:}’l—Ll —L2

Substituting n = 0 in (8.34) gives

—Li—1
y(0)= Y gx(s))+h(x(—Li —Ly))+c. (8.35)
s=—Li—L,
From (8.35),
—L—1
c=y(0)— Y g(x(s) —h(x(~Li —La)). (8.36)
S:—Ll—Lz

Substituting (8.36) into (8.34) gives

n—Li—1
x(n) = Y glx(s))+h(x(n—L - L))
s=n—Li—Lp
L1
w0~ LZ . g(y(s)) —h(y(~L1 - L2)). (8.37)

Theorem 8.2.3.1. Suppose that (8.20)-(8.22) hold and let y : [-L; — L,0] - R
be a given initial function. Then, the unique solution x(n,0,y) of (8.18) satisfies
x(n,0,y) — r, where r is unique and satisfies

ro= g(r)la+h(r)

—L;—1
+y(0)— Y gy(s) —h(y(—Li—L2)). (8.38)
S:—Ll —L2

Proof. Let |.| denote the absolute value then the metric space (R, |.|), is complete.
Define the mapping J : R — R, by

Jro = g(r)La+h(r)

—L—1
+y(0) = ), g(w(s)) —h(y(~Li —L2)).

S:—L] —L2
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For a,b € R, we have

Ja—Jb| < Lag(a) —g(b)|+|h(a) —h(b)]

< L)Krla—b|+Ki|a— b

(L2K2 —|—K1)]a — b|

IN

ola—b|.

Thus showing that J is a contraction on the complete metric space (R, |.|). It there-
fore follows from the Banach principle that J has a unique fixed point r, and this
implies that (8.38) has a unique solution. We next show that (8.18) has a unique
solution and that it converges to the constant r.

Let ||.|| denote the maximum norm and let B be the set of bounded functions
O:[—Ly—Lp,o0) = R with ¢(n) = y(n) on [-L; — L,,0], &(n) — r as n — . Then

(B, ||-||) defines a complete metric space. For ¢ € B, define P: B — B by

(PO)(n) =wy(n), for —L; —L, <n<0,

and
n—L;—1
(PO)(m) = _;_L g(0(s)) +h(o(n—Li — L))
—L—1
w0 = ), 8(w(s) —h(y(-Li~L2)), n 2 0. (839)

For ¢ € B with ¢(n) — r, we have Y0/, ¢(6(s)) — g(r)Lz and h(¢(n— Ly —

L)) — h(r) as n — oo. Hence,

L1

(PO)(n) = g(r)La+h(r) +w(0)— ), 8(y(s)) —h(y(~L1—La)) =r.

S=7L1 7L2

This shows that P maps from B into itself. Finally, we show that P is a contraction.

Let a,b € B, then we have

n—1

|(Pa)(n) = (Pb)(n)| < S;LZ |g(a) —g(b)| +|h(a(n—Li — L»)
—h(b(n—Li —L»)))|
< LyKp|la—b||+Kil||la—Db||
< (L2Ky+Ki)lla—b|| < afla—b|.
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Thus, P is a contraction and by the Banach’s theorem P has a unique fixed point

¢ € B which satisfies (8.18) due to how the mapping P was constructed.
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CHAPTER NINE

STABILITY AND PERIODICITY IN NEUTRAL

DIFFERENCE EQUATIONS WITH VARIABLE DELAYS

9.1 Asymptotic stability of difference equations
9.1.1 Introduction

Let R denote the real numbers, R™ = [0,), Z the integers, Z~ the negative
integers, and Z* = {x € Z : x > 0}. In this section we consider the scalar delay

equation
Ax(n) = —a(n)x(n—1(n)) 9.1)
and its generalization
N
Ax(n) = =}, aj(n)(x(n—;(n)), 9:2)
j=1
where a,a;: Z* — Rand t,1;: Z* — Z" with n—t(n) — e as n — . For each ny,
define m;(ng) = inf{s —t;(s) : s > no},m(ng) = min{m;(ng) : 1 < j < N}. Note

that (9.2) becomes (9.1) for N = 1.

Islam and Yankson (2005) showed that the zero solution of the equation
x(n+1)=b(n)x(n)+a(n)x(n—1(n)) (9.3)

is asymptotically stable with one of the assumptions being that

n—1
[T2(s) =0 as n— co. 9.4)
s=0

Condition (9.4) cannot hold for (9.2) since b(n) = 1, for all n € Z. Raffoul (2006)

obtained results to overcome the requirement of (9.4) for (9.1) when the delay t(n) =
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¢, where c is a positive constant. Our objective in this Chapter is to obtain stability
results for (9.2) that will also overcome requirement of (9.4).
Remark 9.1.1.1 The content of this Chapter has been published as:
E. Yankson, ” Stability in discrete equations with variable delays,” Electronic Journal
of Qualitative Theory of Differential Equations, No. 8, 2009.

Let D(ng) denote the set of bounded sequences  : [m(ng),ng] — R with the
maximum norm ||.||. Also, let (B,||.||) be the Banach space of bounded sequences
¢ : [m(np),o0) — R with the maximum norm. Define the inverse of n —1;(n) by g;(n)

if it exists and then set

where

For each (ng,W¥) € Z* x D(ng), a solution of (9.2) through (ng, V) is a function
x : [m(ng),ng + o) — R for some positive constant o > 0 such that x(n) satisfies
(9.2) on [ng,np+ ) and x(n) = y(n) for n € [m(ng),np]. We denote such a solution

by x(n) = x(n,ng, ). For a fixed ng, we define

[Il| = max{[y(n)| : m(no) <n<no}.
9.1.2 Asymptotic Stability

In this subsection we obtain conditions for the zero solution of (9.2) to be
asymptotically stable.

We begin by rewriting (9.2) as

N N n—1
Ax(n) ==Y aj(gj(m)x(n)+An Y, Y, aj(g;(s))x(s), 9.5)
j=1 J=1ls=n—1;(n)
where A, represents that the difference is with respect to n. But (9.5) implies that

N N n—1
x(n+1)—x(n) = —;aj(gj(n))X(n)JrAnZ Y. aj(gi(s))x(s)

J=1ls=n—1;(n)

N N n—1
sne 1) = (1= Lajlgo)sn) +n Y L ailgi()xlo)
P=

J=1ls=n—1;(n)
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If we let

N N
Y bi(gj(n) =1-13 a;(gj(n))
p= =

then (9.5) is equivalent to
N n—1
x(n+1)= Zb gj(n n)+AnZ Z aj(g;(s))x(s). (9.6)
J=Lls=n—1;(n)
Lemma 9.1.2.1. Suppose that Q(n) # 0 for all n € Z™ and the inverse function g;(n)

of n—1;(n) exists. Then x(n) is a solution of (9.2) if and only if

no—1 n—1
) = (xtw)- 1 X )aj<gj<s>>x<s>) [T o)
J=ls=no—7;(no §=no
N n—1
+Y a;(8(s))x(s)
J=1ls=n—1;(n)

n—1
ool [lewy ¥ aj<gj<u>>x<u>),nzn0.

s=ng k=s+1 J=lu=s—1;(s)

|
VS
p—
|

Proof. By the variation of parameters formula we obtain

n—1

x(n) = x(ﬂo)HQ(S)
n—1 On—l N k—1
+Y (TTewn Y ¥ agons). O
k=0 5=k j=1s=k—1;(k)

Using the summation by parts formula we obtain

Z(HQ mY ¥ (a3

k= J=1s=k—;(k)

n—1 N I’lo*l
-T2 Zl Z( )aj(gj(s))x(s)
§=no J=Lls=ng—1;(ng
n—1 n—1 N s—1
~Y (-0 [T oY, ¥ afgxw).  ©8)
$=10 k=s+1 J=lu=s—1j(s)

Substituting (9.8) into (9.7) gives the desired result. This completes the proof.

We next state and prove the main results in this section.

140



Theorem 9.1.2.2. Suppose that the inverse function g;(n) of n —1;(n) exists, and
assume there exists a constant o € (0, 1) such that

Z Z |aj(gj(s))]

J=ls=n—1;(n)

£T (- Wy T lails)) <o ©9

s=ng k=s+1 J=lu=s—1;(s

Moreover, assume that there exists a positive constant M such that

n—1
[Tow)|<m

s=n

Then the zero solution of (9.2) is stable.

Proof. Let € > 0 be given. Choose 8 > 0 such that
(M+Moa)d+oe < €.

Let W € D(ng) such that | y(n) |< 3. Define S={@ € B : ¢n) =wy(n)ifn €

| is

[m(no),nol,|| @ [|[< €}. Then (S, . ||) is a complete metric
the maximum norm.

Define the mapping P : S — S by

(P@)(n) = y(n) for n & [m(no),nol,

and
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We first show that P maps from S to S. By (9.10),

N n—1
[(Po)(n)| < 1\45+Moc6+{z1 Z()aj(gj(s))
J=ls=n—1j(n
n—1 n—1 N s—1
Y (-e) [T ewY ¥ aisw}liel

s=ng k=s+1 J=lu=s—1;(s)

< (M+Mo)d+oe

< &

Thus P maps from S into itself. We next show that P is continuous.
Let 9,0 € S. Given any € > 0, choose 8 = £ such that |[¢ — ¢[| < 8. Then,

[(Po) = (PO)]| < Z Z jaj(g;(s)l|0— ol

J=1ls=n—1;(n)

_Z<[1

§=ng k=s+1 J=lu=s—1;(s

|a,.<g,.<u>>|)

x[lo— o]

< aflo—9l

< &

Thus showing that P@ is continuous. Finally we show that P is a contraction.

Let ¢, € S. Then

N no—1 n—1
= |(vow- & X )aj(gj(S))W(S)>HQ(S)
J=1s=no—1;(ng S=ng
N n—1
+Y Y aigis)els)
J=1ls=n—1;(n)
n—1 n—1 N s—1
- Y (-0l [T ewY ¥ aesw)ew)l
s=n k=s+1 J=lu=s—1;(s)
N no—1 n—1
CORDY L amon)ITew
J=bs=np—71;(no S=no
N n—1
- Y a;(g;(s)m(s)
J=1ls=n—1;(n)
n—1 n—1 s—1



aj(g;(s))e—nl

IN
™=

Wy T lases)) o=

s=ng k=s+1 Jj=lu=s— ’c]

VAN
—
™M=

Q

<

oQ

<

o

=

+ It |a~(g~(u))| o -l
S:Z}’lo< k=s+1 J=lu=s—1;(s 7 )}
< offe—n]|.

This shows that P is a contraction. Thus, by the contraction mapping principle, P
has a unique fixed point in P which solves (9.2) and for any ¢ € S, ||P|| < €. This
proves that the zero solution of (9.2) is stable.

Theorem 9.1.2.3. Assume that the hypotheses of Theorem 9.1.2.2 hold. Also as-
sume that

n—1
[] Qk) =0 as n— oo. ©.11)

k=n

Then the zero solution of (9.2) is asymptotically stable.
Proof. We have already proved that the zero solution of (9.2) is stable. Let ¢ € D(ng)

such that |y(n)| < 8 and define

s* = {9eB|o(n) =y(n)ifn € m(n),n], |lp|| <eand

¢(n) — 0, asn—>oo}.

Define P : §* — P* by (9.10). From the proof of Theorem 9.1.1.2, the map P is a
contraction and for every ¢ € S*, ||(P9)|| <e.

We next show that (P@)(n) — 0 as n — oo. The first term on the right hand side of
(9.10) goes to zero because of condition (9.11). It is clear from (9.9) and the fact

that @(n) — 0 as n — oo that

n—1
Z Z aj(gj(s ’|(p )| — 0asn — oo.
J=1ls=n—1;(n)

Now we show that the last term on the right hand side of (9.10) goes to zero

as n — co. Since @(n) — 0 and n—T;(n) — oo as n — oo, for each €; > 0, there exists
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an N1 > ng such that s > Ny implies |@(s —7;(s))| <& for j=1,2,3,...,N. Thus for

n > Ny, the last term, I3 in (9.10) satisfies

n—1 n—1 N s—1
nl = | X ( s>]k_HHQ L L. (;()0(w))|
Ni—1 N S‘Il
< ¥ (In- ] les(aiCeple )
s=ng k=s+1 Jj= lu s— ’cj
+ 3 (In- 0]t
s=N k=s+1 J=lu=s—1;(s

Ni—1

<  max ](p |Z< ‘Z Z |aj(gj( u))|

o>m(ng) s=ny k=s+1 j=lu=s— 'cj

OY T lafe >>|)

k+1 J=lu=s—1(s)

T ;V (y[l

By (9.11), there exists N, > Nj such that n > N, implies
Ni—1

max lo(@)| Y (|1~ SI> les(gj)] <er

ozm s=ng k=s+1 J=lu=s—1;(s

Applying (9.9) gives |I3| < & +¢€;a < 2¢;. Thus, I3 — 0 as n — 0. Hence (P9)(n) —
0 asn — oo, and so P € S*.

By the contraction mapping principle, P has a unique fixed point that solves (9.2)
and goes to zero as n goes to infinity. Therefore the zero solution of (9.2) is asymp-

totically stable.

9.2 Stability of totally nonlinear difference equations

In this section we turn our attention to the totally nonlinear delay difference

equation

Ax(n) = —a(n) f(x(n—1(n)), (9.12)

where A is the forward difference operator defined by Ax(n) = x(n+ 1) — x(n),
a:7t - R, t:Z" = Z*, f(0) =0, f is continuous, locally Lipschitz, and odd,

while x — f(x) is nondecreasing and f(x) is increasing on an interval [0, L] for some
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L>0.

For each ng define m(ng) = inf{s—1(s) :s > no}, Z* = [0,00) N Z, and Z () =
[m(ng),e0) NZ. Note that if 0 < L; < L, then the conditions on f given with the (9.12)
hold on [—Ly,L1]. Also note that if ¢ : Z,,(,)) — R with @,,(,) = W, if [¢] < L, then

for n € Z* we have

|0(n) — f(0(n))| < L— f(L),

since x — f(x) is odd and nondecreasing on [0,L]. The symbol ¢,,(,,) denotes a
segment of ¢ on [m(ngp),no] NZ.
Let (C,||.|[) be the Banach space of real sequences ¢ : Z,,(,,) — R with supremum

norm ||.||. For any sequence y with |y| < L we define

M = {q) : Zm(n()) —R | q)m(no) =V, ¢ €C, |¢(”)| < L}'

We will also use ||.|| to denote the supremum norm of an initial sequence. It will
be obvious from the sequence to which it is applied whether the norm denotes the
supremum norm on [m(ng), no] N Z or on Z,,,. Finally, note that (M, ||.||) is a Ba-
nach space since M is a closed subset of C.

Also define the inverse of n —1(n) by g(n) if it exists.

9.2.1 Stability

In this section we obtain sufficient conditions for the zero solution of (9.12) to
be stable.

We begin by writing (9.12) as

Ax(n) = —a(g(n))f(x(n)) +A, Z()a(g(S))f(x(S))
n—1
= —a(g(n))x(n) +a(g(n))x(n) — f(x(n))] + A, Z( )a(g(S))f (x(s))
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Lemma 9.2.1.1. Suppose the inverse function g(n) of n —1(n) exists. Also, suppose

that a(g(n)) # 1 for all n € Z*. Then x(n) is a solution of (9.13) if and only if

n—1 n—1 no—1
x(n) = x(no) H[l—a(g(S))]— IJ [1—a(g(u))] ) Z( )a(g(S))f(x(S))
n—1 n—1
+ _Z a(g(S))k_ [1 —a(g(k))][x(s) = f(x(s))]
n—1 n—1 s—1
— Y algls)) TT 1—ale®)] Y alg)f(x(u))
s=ng k=s+1 u=s—1(s)
n—1
+ ), a(g(s)f(x(s)), n>no. (9.14)
s=n—1(n)

Proof. Applying the variation of parameters formula to (9.13) gives

n—1 n—1 ,n—1

o) = o) [T10=ate(s)]+ X (TT0 - ale(s)) fale (k) k) — £
k—1 o
A Z()a(g(s»f(x(S))])- 9.15)
s=k—1(k

Using the summation by parts formula we obtain

n—1 ,n—1 k—1

Y (TT0-ateea Y ale)f(x(s))

k=ng " s=k s=k—1(k)
n—1 n—1 no—1

= L el -TI0-a) L alel)fe)
n—1 n—1 n—1

= X (atets) TT [1-ale®) L )a(g<u>)f(X(u))> 9.16)
§=ng =s+ u=s—71(s

Substituting (9.16) into (9.15) gives the desired results. This completes the proof.

We next state and prove our main results.

Theorem 9.2.1.2. Suppose the inverse function g(n) of n —t(n) exists. Let f be odd,

increasing on [0, L], satisfy a Lipschitz condition, and let x — f(x) be nondecreasing
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on [0,L]. Suppose also that |a(n)| < 1 and for each L; € (0,L] we have

n—1 n—1
L1 — f(L1)] sup ). Ia(g(S))IIH[l—a(g(k))]

neZ* s=ny
n—1 n—1 s—1
+ f(L1) sup Y la(g()] [T [1—algk)] Y, la(g(w))
neZt s=ny k=s+1 u=s—1(s)
n—1
+ (L) sup Y a(g(s))| < Li. 9.17)

ne€Zt s—p—1(n)

Then the zero solution of (9.12) is stable.

Proof. Let L > 0 be given. Choose & > 0 such that
n()fl
8+K38 ) la(g(s)|+oaL <L.
s=np—"1(np)

Let y : [m(ng),no] NZ — R be a bounded initial function such that |y (n)| < 8. Define

a mapping H : Ml — M using (9.21) so that for ¢ € M we have

(HO)(n) =W(n), n & [m(no),no] N Z,

and forn € Z+

(Ho)(n) = uf(no):lzjou —alg(s))] - Hu  alg(w) s_;il(no)a@(s))f(w(s»
. S’goa@(s»ﬁu — alg(0)][0(5) — £(0(5))]
_ :_i,;"(g“))kﬁl“ — alg(®) u_i(s)a(g(u))f(d)(u))
+ an)a@(s»fws))

We first show that P maps from M to M. By (9.17) there is a < 1 such that if ¢ € M,

then
HOW) < v+ ||f<w>||s_;il(no) a(g(5))
L= (1) sup Z \a<g<s>>r'§u —alglh)]
#1(0) sup 2 \a<g<s>>rkﬁlu ) 2() ag(w)
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n—1

+f(L)sup Y a(g(s))]

n€Zt s—p—1(n)
no—1
Il +ILFwll ), la(g(s)|+aL
s=no—1(ngp)
no—1
< Al +Kllwll Y, la(g(s)|+aL
s=no—1(ngp)
no—1
< 3+K8 ) la(g(s))|+aL

s=ny—1(ngp)

IN

< L.

Thus showing that H maps from M to M. We will next show that H is a contraction.
Letd > max{3, +}, where K is the common Lipschitz constant for f(x) and x— f(x)

on [—L,L]. Define a metric p on M as follows:

_ 1 Ja(e()]
p(om) = o=l = sup [ e Srriiy o) (o

Then (M, p) is a complete metric space.
We now use this metric to show that H is a contraction with constant %. For ¢,n e M

we have

[(H)(n) — (HN)(n)]
n—1 n—1
< ) la(g(s))] ][[[1 —a(g(k))]|o(s) — f(9(s)) —n(s) + f(n(s))]

n—1 n—1 s—1

+ ) Ia(g(S))IkHl[l —a(g(k))] Z( )Ia(g(u))|f(¢(u)) —f(M(w))|
s=nq =5+ u=s—71(s

+ Z |a<g(s>>||f<¢<s))—f(n(u))l. (9.18)

S=n— T
Since f(x) and w(x) = x — f(x) both satisfy a Lipschitz condition with the same

constant K, then the first term on the right hand side of (9.18) satisfies

o1~ la(e()|
1} |ttt T~ atet6wto(6) - wins))

dK[1+|ag]) =

< K"Zl\a \H U145 —n(s)
< K2 dK +rag< i

R [1—a(g(k))][1—!a( (k)]
,Q dK[1+|a(g(k))l
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s—1

< |<I> nIKZ la(g(s) 11— lalg()]]

s=n j:O
< —=|0— .
= g |¢ nlg
Similarly, the second term on the right hand side of (9.18) satisfies
n—1 1— n—1
la(g(s))| ] [1—alg(k))]
JIIO dK(1 + ‘a SZ;.O k—IsIH
s—1
x Y, la(g())f(0@) — f((u))l
u=s—1(s)

lalg()II —la(g())]] ' [1—alg®)I[1 —|a(s(k))]
= Ks;no dK[1+la(g()ll (23 dK[1+a(g(k))]]

« S_Zl ‘a( (Lt ’Lﬁ 1—|Cl ))|
§ LaK 1 +a(g()))]]

n—1
< ( )6 — Tl!KZIa I TT [1=la(g(®)]]

S=ngo k:s+1
s—1 s—1

< Y lalg@)TTIN—la(g())]]
u=s—1(s) Jj=u
< (o=
= Nik-
Finally, the third term on the right hand side of (9.18) satisfies

o 1-lag)l s
1§ v P IILCULCORHU]

s=n—1(n)

1
< K nzt la(g(s))1o(s) ’HdK1+|af€J()J))|)|]

1 ag)
) PR

n—1 n—1
< (lo-nlk L eI~ o)
s=n—1(n J=s

1
< (=)]|o— .
< ( d)l(l) ul)s
Thus |[H) — Hn|x < (f_i) |6 —n|k. Therefore, by the contraction mapping principle

H has a unique fixed point in M. This completes the proof.
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In the next theorem, we consider a situation when the coefficient a(n) of equa-
tion (9.12) does not satisfy theorem 9.2.1.2. In that case, we can remove a portion
of a(n) which has a sufficiently small average.

Theorem 9.2.1.3. Let f satisfy the conditions in Theorem 9.2.1.2 and suppose the

inverse function g(n) of n — t(n) exists. Suppose also that
a(n) =c(n) —b(n), (9.19)

where 0 < ¢(n) < 1, |b(n)| < 1, while
n—1 n—1 n—-1
sup Y ]b(s)|]£1[1—c(g(k))]+2 sup Y c(g(u) < 1. (9.20)

neZt s=ny n€Zt y=p—1(n)

Then the zero solution of (9.12) is stable.

Proof. Rewrite equation (9.12) as

n—1
Ax(n) = —c(g(n))f(x(n))+ A, '_Z()C(g(S))f(X(S))+b(n)f(X(n—T(n)))

= —c(g(n)x(n) +c(g(n))[x(n) — f(x(n))]
+ A c(g(s)).f(x(s)) +b(n) f(x(n —1(n))).

Using the variation of parameters formula followed by summation by parts as we

have done before we obtain

() = x(no)‘ﬁo[l — c(g(s)) - :[_iou — c(g(w) S:;i(no)dg(s))f(x(s))
+ :_Z;c(g(s))ﬁ[l — ()] Ix(s) — FE(6))
. S”_i;ms)@l ~ gk (x(s —2(5))
_ :godg(s»;r[;n — e(s(8)) uii_i(s)c(g(u))f(xw))
+ “'g(n)dg(s))f(x(s», n

Note that w(x) = x — f(x) has a maximum on [0, L] at L. Define

M= {(I) : Zm(no) —R | q)m(no) =V, (I) S C? |¢<fl)| < L}
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Define a mapping H on M using the last equation at x as before. Thus

no—1

(Hx(m)] < |lwll+ (i) sup Y clgls))

€LY s=ny—t(no)

n—1

n—1 —
+L—f(L)+f(L) sup Y |b(s)| T[T —c(g(k))]

neZ* s=ny k=s

n—1

+2f(L) sup Y. c(g(s)
ne 7Ls=nf‘t(n)
In order to say that H : Ml — M we need
n—1 n—1
L—f(L)+f(L) sup Y. [b(s) TTIt —clg(k))] +2f(L) sup ). clgls)) <L
neZ+t s=ny k=s ne +S:n_1(n)

Subtracting L from each side and dividing by f(L), we arrive at (9.20). The contrac-

tion argument parallel to Theorem 9.2.1.2 uses the metric

n—1 - . —c .
p(0,m) = [0k := sup [] (1= 6L = c(g(4)]

P LN ak T )+ ete 0 M

where d > max{4,1/K}. The rest of the proof is exactly as before and so we omit

it.

9.3 Periodic Solutions

In this section we study the existence of periodic solutions of the equation

Ax(n) = —a(n)h(x(n+1))+c(n)Ax(n—1(n))

+ G(n,x(n),x(n—1(n))), Vn € Z, (9.21)
where
G:ZxXRxR—=R,

with Z and R being the set of integers and real numbers respectively.
Let T be an integer such that 7 > 1. Define Pr = {¢ € C(Z,R) : o(n+T) =
¢(n)} where C(Z,R) is the space of all real valued functions. Then (Pr,||.||) is a

Banach space with the maximum norm

loll = saax [o(n)].
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Also, for any L > 0, define
M={oePr: o <L}
We make the following assumptions in this section.
an+T)=a(n), c(n+T)=c(n), t(n+T) =1(n), t1(n) >t >0, (9.22)
for some constant T*. Suppose further that
a(n) >0, (9.23)
and
G(n+T,x,y) = G(n,x,y). (9.24)

Moreover, we also assume that G is Lipschitz continuous in x and y. That is, there

are positive constants kp, ko such that
G (n,x,y) = G(n,z,w)| < kil[x—z|[ + ka|[y — wl|, forx,y,z,w e R (9.25)

Lemma 9.3.1. Suppose that (9.22) and (9.23) hold. If x € Pr, then x is a solution of

equation (9.21) if and only 1if

x(n) = lif—;i)l)x(n—r(n)wr(1—s:1jT(1+a(s)>—1)_l
x [r;fTav)(xm 1)~ h(x(r+ 1>>>:<1 +als)”!
b % = 500)00) + Gt atr =) Tt
9.26)
where
o(r) = % —c(r). (9.27)

Proof. Let x € Py be a solution of (9.21). Rewrite (9.21) as
Ax(n)+a(n)x(n+1)
=a(n)x(n+1)—a(n)h(x(n+ 1)) +c(n)Ax(n—1(n)) + G(n,x(n),x(n —t(n))).
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We consider two cases; n > 1 and n < 0. Considering first the case when n > 1 by
multiplying both sides of the above equation by H’S’;é (I +a(s)) and summing from

(n—T) to (n— 1) we obtain

r—1
- ¥ a(r){x(r+1)—h(x(r+1))}H<1+a(s)>

b % {0l + Gttt [+l

n—1 n—T-—1

a(s))x(n)— [T (1+a(s)x(n—1)
s=0 s=0
n—1 r—1

= Y a(r){x(r+1) —h(x(r+ 1))} ](1 +a(s))

-T s=0
1

—
=

— r—1

+ {e(r)Ax(r—1(r)) + G(n,x(r),x(r — ()} [T(1 +als)).

r=n—T s=0
By dividing both sides of the above expression by [T"_4 (1 +a(s)) and the fact that

x(n) =x(n—T), we obtain

x(n) = (1- H (1+a(s )1 9.28)

n—1 n—1

x[ a(r)(x(r+1) = h(x(r+ 1) [T(1 +a(s)) !

r=n—T s=r

n—1 n—1

+ {e(r)Ax(r—(r)) + G(r.x(r),x(r—(r))} [T(1 +a(S))7l} :

r=n—T s=r
But,

n—1 n—1

TC(r)AX(r—T(r))I_T(Ha(S))_1
—1 n—1

= c(r) [T(1+a(s)) ™ Ax(r —1(r)).
r=n—T s=r
By considering z = x(r —1(r)) and Ey = ¢(r)[T"Z} (1 + a(s)) ™" we get y = c(r —
DITZL (1 +a(s))"!. Thus, by performing a summation by parts on the above

s=r—1

equation using the summation by parts formula

Y EyAz=yz—) zhy,
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we obtain

Thus

n—1 n_1
L ctaxtr—c(n) [T0+a)
n—1 n
= |etr=1) [T (1+a@) str=1()]
s=r—1
n—1 n_l
B Z x<r_»c(r))A<c(r—1) H (1+a(S))*1>
r=n—T s=r=1
n—1
=c(n=1) [T (1+a(s))"x(n =)

n—1
—c(n—T-1) _I:IT 1(1 +a(s)) x(n—T —1(n—T))

n—1 n—1
_ Z x(r—’c(r))A(c(r—l) H (l-l-a(s))_‘)
r=n—T s=r—1
= cn—l) x(n—71(n)) —c(n— i a(s)) 'x(n—1(n
= =) —ca=1) TT (1-+a(o) st —(n)
n—1 n—1 n—1
= ¥ =t {e [T +a() ™ —er=1) [T (1+a(s)™}
r=n—T s=r s=r—1
n—1 n—1
;‘iTc(r)Ax(r— (r)) I;[(l +a(s)) ! (9.29)
c(n—1) n—1 B
= rap s (1= T (1+ats) ™)
n—1 n—1
+ _ZTx(r—T(r))d)(r)I;I(l+a(s))_l,

where ¢ is given by (9.27). Finally, substituting (9.29) into (9.28) completes the

proof.

Now for n < 0, equation (9.21) is equivalent to

0

A TT (1+a(s)a(n)
s=n—1
0
= a){x(n 1) = b+ 1)} T (1+a()
0
+{eln)Ax(n=(n)) + Glna(w).x(o = x(m))} T (1 als).
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Summing the above equation from (n—T') to n — 1 we obtain (9.26).
For the next lemma we make the following assumptions on the function 4 :

R —R.

(H1) his continuous on Uy, = [—L, L.
(H2) h s strictly increasing on Uy.
(H3) supcy, nz Ah(s) < 1.

(H4) (s — r){ supieULmZAh(i)} > h(s) — h(r) > (s — r){inf,-eUmZAh(i)} > 0 for

s,r € Up withs > r.

Lemma 9.3.2. Let L be a positive constant and /4 : R — R be a function satisfying
(H1)— (H4).If (Ho)(n) = @(n+1) —h(@(n+1)), then H is a large contraction on
the set M.

Proof. Let ¢,¢ € M with ¢ # ¢. Then ¢(n+ 1) # @(n+ 1) for some n € Z. Define

the set

D(d,0) = { nezZ:on+1) 7£(p(n—|—1)}.

Note that (n+ 1) € Uy, for all n € Z whenever ¢ € M. Since h is strictly increasing

h(o(n+1)) —h(9(n+1)) _ h(9(n+1)) —h(e(n+1))

oot  ewmth-gmrn o O
holds for all n € D(¢,¢). By (H3) we have
1> sup Ah(i)> inf Ah(s)>0. (9.31)

i€ULNZ SEULNZ
Define the set U, C U by U, = [@(n+1),0(n+1)|NUL if (n+1) > ¢(n+1), and
Up=1[0n+1),0(n+1)|NULIf ¢(n+1) < @(n+1), for n € D(¢,¢). Hence, for a
fixed no € D(0,9) we get by (H4) and (9.30) that

(0(no+1)) —h(e(ng+1))
0(no+1) —@(ng+1)

h
sup{Ah(u) : u € Uy, NZ} > > inf{Ah(u) : u € Uy, NZ}.

Since U, C Uy, for every n € D(9, ), we find

sup Ah(u) > sup{Ah(u) :u € U,y NZ} > inf{Ah(u) :u € Uy NZ} > inf Ah(u),
ucUrNZ ucUrNZ
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and therefore,

h(@(n+1)) —h(¢p(n+1)) _ .
12M€Sll]1L%ZAh(u)2 o T 1) =00+ 1) > inf Ab(u) >0 (932)

for all n € D(9, ). So, (9.32) yields

[(HO)(n) — (HO)(n)| = [0(n+1)—h(0(n+1))—@(n+1)+h(e(n+1))]

- o)t (=)

< M)(n—i—1)—¢(n+1)|<1—u€%}ri%ZAh(u)> (9.33)

for all n € D(0,®). Thus, (9.32) and (9.33) imply that H is a large contraction in the
supremum norm. To see this choose a fixed € € (0,1) and assume that ¢ and @ are

two functions in M satisfying

l0—¢ll = sup [o(n+1)—@(n+1)|>e
n€|—L,LINZ

If |o(n+1) —@(n+1)| < /2 for some n € D(¢, @), then from (9.33)

(HO) ()~ (He) ()| < [0(n+ 1)~ pln+ DI < -0l 9349

Since h is continuous and strictly increasing, the function i (u+ 5) — h(u) attains its
minimum on the closed and bounded interval [—L,L]. Thus, if § < |[p(n+1) —@(n+

1)| for some n € D(¢,9), then from (9.32) and (H3) we conclude that

h(0(n+1)) —h(e(n+1))
Y P s R

and therefore,

MO0+ 1)) ~h(g(n+1)
(o))~ (H) ()| < fo(n+1) —ofn-+ D) {1 TETEEI IR

(1=M)[[¢(n+1)—o(rn+1)], (9.35)

IA

where

Aim imin{h(untg) ~h(u)ue L1} >0.

Consequently, it follows from (9.34) and (9.35) that

((Ho(n) — (Ho)(n)| < 8[|l0 - o,
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where 6 = max { %, 1— k} < 1. The proof is complete.

Define the maps A, B : Ml — M as follows

_ c(n—1) n=l !
Ao)n) = o=+ (1= IT (+at)™)
n—1 n—1
x Y, Ae(r—=1(n)o(r) + G(r,o(r), @(r—(r))} [T(1 +al(s)) ™",
r=n—T Ss=r
(9.36)
and
n—1 1
(Bo)n) = (1= [] (1+a(s)™)
s=n—T
n—1 n—l
x Y a(r)(x(r+ 1) =h(x(r+ 1) [T +a(s)) ", 9.37)
r=n—T s=r
For the rest of the section we make the following assumptions.
(ki +k2)L+]G(n,0,0)| < BLa(n), 9.38)
0(n)| < 8a(n), (9.39)
max L‘ =a, (9.40)
nelo,r—1)1 1+a(n—1) '
JB+a+9d) <1, (9.41)

where o, 3,0 and J are positive constants with J > 3.
Lemma 9.3.3. Suppose (9.22)-(9.25) and (9.38)-(9.41) hold. Then the mapping
A : M — M defined in (9.36) is continuous in the maximum norm and maps M into

compact subsets of M.
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Proof. We first show that A : Ml — M. Let ¢ € M. Then

c\n — n+T—1 o
(AQ)(n+T) = 1—|—(a(:4T—T1)1)(P(n+T_T<n+T))+(1_ +I:I (1+a(s))_1> !
niT-1 n+T—1
X ; {o(r—7(r))o(r) + G(r.0(r), ¢ )} H (1+afs
cln— n+T—1 _
= #}%Q(n—r(rz))—l—(l— H (l—l—a(s))”) :
n+T—1 - n+T—1
X ; {o(r—1(r)o(r) + G(r.0(r), ¢ ) H (1+a(s

Let j=r—T, then

cln— n+T-1 _
g+ ) = g s() + (1= (1+as) ")
n+T—-1
x Y, QU +T = +T)o(i+T)
j=n—T
' n+T-—1
+GU+T,0(j+T),0(i+T—1(j+T))} [] (1+a(s
s=j+T
Now let k =s—T, then
c(n—1) nl !
AQ)(n+T) = n— 1-— 14+alk
o)+ 1) = o0l —tm)+ (1= TT (1+at)!)
n—1
x Y {0l =)o)
Jj=n—T
n—1
+ G, 0(), 00 —t()))}[T(1 +alk)™
k=j
= (A9)(n).
Consequently, A : Pr — Pr.
In view of (9.25) we have that
|G(n,x,y)| = |G(n,x,y)—G(n,0,0)+ G(n,0,0)]

IN

|G(n,x,y) — G(n,0,0)| + |G(n,0,0)|

< killk I+ k2llyl +1G(r,0,0)].
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Also it follows from (9.23) that 1 — T~} (1+a(s))~! > 0. So, for any ¢ € M, we

obtain

n—1

I(A@)(n)| < ’Ha—‘](pn t(n ))H(l— H (1+a(s))1>—1

s=n—T
_Z r)o(r)|+|G(r.o(r), @(r—(r)))[}
1—11 1+a(s
T AN A
< aL+(1511#1+ )
n—1 n—1
x Y {8La(r) + (ki + k)L +|G(r,0,0)[} T (1 +a(s)) ™!
r=n—T s=r
— T a(s)) ! -
< a1 1T (o) )
n—1 n—1
XA};£K&+MLWH}[]U+ﬂ(D !
< ocL+(1— ﬁ (1+a(s))1)_]
s=n—T
n—1 n—1
x@+B)L Y A [T(1+a(s) ']
r=n—T s=r

Thus A@ € M. Consequently, we have A : M — M.

We next show that A is continuous in the maximum norm. Let @,y € M, and

let
B c(n—1) B nl !
ul_ne?ol,%x_u 1+a(n—1)" 'uz_ner[ggx_l}<l S:I;[T(1+a(s)) ) ’
pz=__max |(r)].

reln—T,7—1]
Let € > 0 be given. Choose 1 = €/p where p = uj + T (u3 + k1 + k») such that
|9 — || < 1. Note that from (9.23), we have max,c|,_7.r_1 [T/=} (1+a(s)) ™' < 1.
Thus,

|(AQ)(n )—(AW)( )l

cln—

—\1+ \n(p vl
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n—1 n—1

1
(1= I a+aw)™) L {lo=vilow|
n—1
G0 00), 007 7)) = Gl w(r) wlr =) | [T (1 +a(s) !

n—1

<mlo—vl+w ¥ {mlo—vl+ ki +k)lo—vl}

r=n—T

< {IJI + T (u3 + ki +k2)}||(P—\IfH <&

Therefore showing that A is continuous.

Next, we show that A maps bounded subsets into compact sets. Since M is
bounded and A is continuous, AM is a subset of R? which is bounded. So, AM is
contained in a compact subset of M. The proof is complete.

Lemma 9.3.4. Suppose (9.22)-(9.25) and (9.38) hold. Also, suppose that

n—1 _
(1= T () ™)
s=n—T
Yl H(+ 1) T] (1 +als) " < (J‘Jl)L. 9.42)
r=n—T s=r

For A, B defined by (9.36) and (9.37) respectively, if @,y € M are arbitrary, then

AQ+ By : M — M.

Proof. Let ¢,y € M be arbitrary. Using the result of Lemma 3.1 we obtain

(A0 + (BY) (n)

< ‘ﬂz; 1)1 “(p(n—’c(n))] + (1 —S:IjT(l +a(8))1)—1

xr;fmw— )00+ 16090 =501} TT 0 +ats)
< H (1+a(s 1)1

< % latoltotr+ ) TT0-+at)

< §+ (J_Jl)L =L

Thus A9+ By € M. This completes the proof.
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The next result gives a relationship between the mappings H and B in the sense
of a large contraction.
Lemma 9.3.5. Let B be defined by (9.37) and assume that (9.22)-(9.23) and (9.42)
hold. If H is a large contraction on M then so is the mapping B : M — M.

Proof. We will first show that B maps M into itself. Let ¢ € M then

n+7T-1 -1
Bo)n+1) = (1- [] (1+a(s))_1>
n+T_1 n+T—1
X Z x(r+1)—h(x(r+1))) H (1+af(s)™!
Let j =r—T, then
n+T—1 -1
(Bo)n+7) = (1= [] (1+a(s)™)

n—i—T—l

X Z a(j+T)x(j+T+1)—h(x(j+T+1)))
n+T1
X H (1+a(s)) "

s=j+T

Now let k = s — T, then

(BQ)(n+T) = (1— I1

gas
x ZTa x(j+1) h(x(j+1)))ﬁ(l+a(s))_l
_ (o)) -
That is, B : Pr — Pr.
In view of (9.42), we have
- )
Bo| < (1= TT (+at) ')
xr;fT|a<r>||H<<p<r+1>>|:t1i<1+a<s>>-1 9.43)
< U _JI)L<L. (9.44)

That is B¢ € M and consequently we have B : M — M.

We next show that B is a large contraction. If H is a large contraction on M,
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for x,y € M, with x # y, we have ||[Hx — Hy|| < ||x —y||. Thus, it follows from the

equality
n—1 n—1
a(r)l:l(l+a(s)) IZA[H(l‘HI( ))—1}
that
n—1 B
BBy < (1- T] (1+a)) "
s=n—T
n—1 o1
< X )+ 1) =Bt D) T +a(s)
n—1 B
< fe=yli(1- (1+a(s))_1> !
s=n—T
n—1 n—1
g _Zira<r) [[(1+a(s) ™ = k=l
Thus

1Bx =Byl < [lx—yl.
One may also show in a similar way that
[Bx =Byl < 8fx—yl
holds if we know the existence of a & € (0, 1) and that for all € > 0
[,y € ML [lx = y|| > 0] = [|Hx — Hy|| < 8|)x—yl|.

The proof is complete.

Theorem 9.3.6. Let (Pr,||.||) be the Banach space of T-periodic real valued func-
tions and M = {@ € Py : |@|| < L}, where L is a positive constant. Suppose that
(9.22)-(9.25) and (9.38)-(9.41) hold. Then equation (9.21) has a T-periodic solution
¢ in M.

Proof. By Lemma 9.3.1, ¢ is a solution of (9.21) if
¢ =A9+Bo,

where A and B are given by (9.36) and (9.37) respectively. By Lemma 9.3.3, A :

M — M is completely continuous. By Lemma 9.3.4, AQ+ By € M whenever @,y €
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M. Moreover, B : M — M is a large contraction by Lemma 9.3.5. Thus all the
hypotheses of Theorem 2.3.7 of Krasnoselskii are satisfied. Thus, there exists a

fixed point ¢ € M such that ¢ =A@+ B¢. Hence (9.21) has a T — periodic solution.
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CHAPTER TEN

PERIODICITY AND STABILITY OF DYNAMIC EQUATIONS

ON TIME SCALE

10.1 Introduction

In this Chapter, we obtain sufficient conditions for solutions of nonlinear neu-
tral dynamic equations to be periodic on time scales. We further prove that the zero
solution of Volterra dynamic equations are asymptotically stable on time scales. The
concept of time scale analysis is a fairly new idea. It combines the traditional areas
of continuous and discrete analysis into one theory. The study of dynamic equations
brings together the traditional research areas of differential and difference equations.
In the first section, we obtain sufficient conditions for the existence of periodic so-

lutions of the nonlinear neutral dynamic equation

A1) = —a(t)h(x(o(r)) + (Qt,x(0).x(1 — g(1)))))"

+ G(t,x(1),x(t—g(1))),t €T,

on the time scale T. Adivar and Raffoul (2009) considered the above equation when
Q(t,x(2),x(t - g(1)))) = 0.

Motivated by the work of Wong and Soh (2005), Wong and Boey (2004) and
Kulik and Tisdell (2008) on the theory of Fredholm-type and Volterra-type equations

on time scales we consider the nonlinear dynamic equation

XA(t) = —a(n)x® (1) +c(t)xA(t —r(t))+ tir(t)k(t,s)h(x(s)) As,t €T,

on the time scale T. In particular, we prove that the zero solution of the above equa-

tion is asymptotically stable.
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10.2 Periodic solutions of totally nonlinear neutral dynamic equations on

time scale

We begin this section by giving some definitions.
Definition 10.2.1. We say that a time scale T is periodic if there exist a p > 0 such
that if t € T then t + p € T. For T # R, the smallest positive p is called the period
of the time scale.

For example, the following time scales are periodic.
1. T=U7~_.[2(i — 1)h,2ih], h > 0 has period p = 2h.
2. T = hZ has period p = h.
3. T=R.
4. T={t=k—q" k€ Z,m e Ny} where, 0 < g < 1 has period p = 1.

Remark 10.2.2. All periodic time scales are unbounded above and below.
Definition 10.2.3. Let T # R be a periodic time scale with period p. We say that
the function f: T — R is periodic with period 7T if there exists a natural number n
such that T =np, f(t+T) = f(¢t) forallt € T and T is the smallest number such
that f(r £T) = f(1).

If T =R, we say that f is periodic with period T > 0 if T is the smallest pos-

itive number such that f(r £7) = f(¢) forallr € T.

Remark 10.2.4. If T is a periodic time scale with period p, then 6(t £np) = c(t) £
np. Consequently, the graininess function u satisfies u(t =np) = o(t £np) — (t £
np) =o(t) —t = u(t) and so, is a periodic function with period p.

In this section we show that the neutral dynamic equation
A1) = —a(t)h(x(o(r)) + (O, x(0).x(r — g(1)))))"
+ G(t,x(t),x(t — g(t))),t € T, (10.1)
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has a periodic solution.
Let T >0, T € T be fixed and if T £ R, T = np for some n € N. By the notation
[a,b] we mean

l[a,b) ={teT:a<t<b}
unless otherwise specified. The intervals [a,b), (a,b], and (a,b) are defined simi-
larly. Define Pr = {¢ € C(T,R) : ¢(t +T) = ¢(t)} where, C(T,R) is the space of
all real valued continuous functions on T. Then Pr is a Banach space when it is

endowed with the supremum norm

x|l = sup |x(7)].
1€[0,T]

Lemma 10.2.5.[Kaufmann and Raffoul (2006)] Let x € Pr. Then ||x°|| exists and

11 = {l]-

In this section we assume that a € R " is continuous, a(z) > 0 for all # € T and
a(t+T)=a(t), (id—g)(t+T)=(id—g)(t), (10.2)

where, id is the identity function on T. We also require that Q(¢,x) and G(¢,x,y) are

continuous and periodic in ¢t and Lipschitz continuous in x and y. That is,
Q(t+T,x) =0Q(t,x), G(t+T,x,y) = G(t,x,y), (10.3)
and there are positive constants E, E>, E3 such that
0(t,x) = O(t,)] < Er|lx—y|, forx,y € R, (10.4)
and
|G(t,x,y) — G(t,z,w)| < Ealjx —z|| + E3|ly — w||, forx,y,z,w € R. (10.5)

Lemma 10.2.6. Suppose (10.2), (10.3) hold. If x € P, then x is a solution of
equation (10.1) if, and only if,

x(t) = 0(t,x(t —g(1))) + (1 — ecalt,t — T))*1
<[ |a($)(s) = hx(6(5))] — a()Q° (s, x(s — () (10.6)
+ G (5,x(s),3(5 — g(5))) [ eca(t,5) s

166



Proof. Let x € Py be a solution of (10.1). First we write (10.1) as
{x(t) — O (t,x(t — g(1))) }* = —a(t){x°(1) — Q° (t,x(t — g(1))) }
+a(t)[x°(t) — h(x(o(t)))]
—a(t)Q° (t,x(t —g(1))) + G(t,x(r),x(t — g(1))).

Multiply both sides by e,(¢,0) and then integrate from ¢ — 7T to ¢ to obtain

/ttT [ea(s,O){x(s) - Q(S,X(S —g(s))) }]AAS
= [ a6~ (o))~ a0 5.3~ 1))
+G(s5,x(5),x(s = g(s)))] ea(s,0)As.

Consequently, we have

ea(1,0) (x(0) — ()0 (1,3(t — ¢(1)))
—eqt=T,0)(x(r = T) —alt = T)Q(t ~ T,x(t— T — g(t = T))))
= [ a(s)(5) ~ h(x(o(5))] ~ als)0° s~ 8(5))
+G(s,x(5), x(s— g(5))) | eals,0) As.
After making use of (10.2), (10.3) and x € Pr, we divide both sides of the above
equation by e,(z,0) to obtain
x(1) = Q(t.x(t = g(0)) + (1= ecaltt =7)) '
< [ o) 6) = hato()] — a(s)Q° (5,505~ (5))
+ G (5,x(5),x(5 — g(5))) | eca(t,5) As.

Since each step is reversible, the converse follows. This completes the proof.

Define the mapping H : Pr — Pr by
(Ho)(1)
=0(r,9(t —g(1) + (1 —eca(t,t =T)) "
< [ a6 6) = hlxo(5)] ~ ()0 s.0(5 ~ 8(5))

1

(10.7)

+G(5,0(5),0(s — 8(5))) | ecalt,s) As.
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We express equation (10.7) as

(Ho)(1) = (Bo) (1) + (A9)(1)

where, A, B are given by

(BO)(0) = (1 —ecaltt=1)) " [ a)B®() = x(G(s)ecult ) A5, (103)

and
(AQ)(1)
= 0(1,9( — (1)) + (1 - ecalt,t = 1)) '
t (10.9)
< [ [-as)Q° (.00~ ¢(s))
+ G (5,0(5),0(s — 8(5))) | eca(r, ) As.
In the rest of the section we require the following conditions.
EiL+10Q(1,0)| < aL, (10.10)
E>L+E>,L+|G(1,0,0)| < Lya(t), (10.11)
and
Ja+y) <1, (10.12)

where o, v, L and J are constants with J > 3.

Lemma 10.2.7. Suppose (10.2)—(10.5) and (10.10)—(10.12) hold. Then A : Ml —
M, as defined by (10.9), is continuous in the supremum norm and maps M into a
compact subset of M.

Proof. We first show that A : Ml — M. Evaluate (10.9) atr+T.

(AQ)(t+T)=Q(t+T,0(t+T —g(t+T)))
T
+ (1—eca(t+T,1)) X/{ [—a(s)QG(s,(p(s—g(s))) (10.13)

+G(s,0(s),9(s — g(s)))] ecalt +T,5) As.
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With u = s — T and conditions (10.2) — (10.3) to get

(AQ)(t+T) = Q(1,0(t — (1)) + (1 —ecalt +T,1)) '

t
<[ [ alur )0 (u-T.0lu~T  glu~1)))
tf
+G(s,0u—T),Q(u—T — g(u— T)))] ecalt +T,u+T)Au.
But we have that ec, (1 +T,u+T) = ecq(t,u) and ecy (t +T,t) = ecy(t,t — T). Thus
(10.13) becomes

(AQ)(1+T) = Q(t,9(t — (1)) + (1 — ecalt,t —T)) "

<[ [~ atwee (ot gw)
+G (1, (), @(u — g(u)))} ecalt 4+ T,u) Au

= (A9)(2).

Note that in view of (10.4) and (10.5) we have

0(2,x)| = [Q(r,x) — O(¢,0) + O(z,0)|
< |Q(I,X) - Q(t70)| + |Q(t70)|

< Eqlxl[ +2(z,0)|-
Similarly,

|G(t,x,y)| = |G(t,x,y) — G(£,0,0) + G(¢,0,0)|
<|G(r,x,y) = G(2,0,0)[+|G(2,0,0)]

< Epf|x[| + Esl|y[| +G(2,0,0)].
Thus, for any ¢ € M we have

(49)(0)]

= |0t~ 1) + (1 - ecalt,t— 1))
« /jT |~ a(5)0% (5,0(s — 8(5)))
+G(5,9(5), 05 —8(5))) | eca(r.5) 4]

-1
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< 1000 —g0)]+ (1 —ecaltr 1) " [ [=a(s)][0°(s.0(5—£())
+|G(5,9(s),0(s —g(s))) |ecalt,s) As
< EiL+0(t,0)| + (1 —ecq(t,t =T))

X/ttr (a(s)(E1L+1Q(5,0)]) + (B2 + E3)L+ |G(s,0,0)[Jecia(t,5) As

-1

IA

oL+ (1—ecq(t,t —T))
X /ttT [uL—i—yL}a(s)e@a(t,s) As

L
< (2o+7y)L< 7 < L.

Thus showing that A maps M into itself.

To see that A is continuous, we let @,y € M and define

N := max |(1—e@a(t,t—T))7l|, p:= max |a(t)],

t€[0,T] t€[0,7]

vi= max eca(t,u), pi= max [(Q(tx(1),x(t — g())",

o:= sup |Q(#,0)], B:= sup |G(¢,0,0)|. (10.14)
t€[0,T] t€[0,T]

Given € > 0, take 6 = &¢/M with M = E| +n YT (p E| + E» + E3) where, E, E; and

E;5 are given by (10.4) and (10.5) such that ||@ — y]|| < 3. Using (10.9) we get
T
|Ag —Ay|| §E1||<p—l|f||+nv/0 10 E1llo = vl + (B2 + E3)llo — v | Au
<Mllo—v] <e

This proves that A is continuous.
We next show that A is compact. Consider the sequence of periodic functions

{®,} C M. Thus as before we have that

[A(@n) || <L,

showing that the sequence {A@,} is uniformly bounded. Now, it can be easily

checked that

(A (1) = (Q(1,x(1),x(t = g(1))))" — a()Q° (¢, 0( — £(1)))

+ G (1,00, 0( — g(1))) —a(){ (1~ ecalt,t = 7)) ™"
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< [ [=a(s)0% (5,005~ (5))) + G (5,0(5), 005~ £(5)))
X ecalt,s) As}

= (Q(t3(0),x(r — g(1)))* — a(1)Q (1, 0(t — 81(1)))
+ G(t.0(1). 9l — 8(1)) —a(t){ (1~ ecalr,t = T))
[T a0)0° (5.0~ 8(5)) + Gl 0(6). 005~ 8(5))|
X ecalt,s) s+ 01,00t — 8(1))) } +a(r) (1,0t — g(1)).

-1

(Ag)(1) = (Q(t,x(2),x(t = 8(1)))))" — alt)(A¢n)° (1) — a(t) Q° (¢, 9(t — (1))
+G(t,0(1), 0t — (1)) +a(t)Q(t, o(r — g(1)))-

Consequently,
[(AQ@y)A(t)| < p+Lp+2p(E1L+ ) + (Ex + E3)L+B

for all n. That is ||(A@,)?|| < F, for some positive constant F. Thus the sequence
{A@,} is uniformly bounded and equi-continuous. The Arzela-Ascoli theorem im-
plies that there is a subsequence {A@,, } which converges uniformly to a continuous
T -periodic function @*. Thus A is compact.

Lemma 10.2.8. Suppose g: T — R is pre-differentiable with D. Suppose U is a
compact interval with enpoints r,s € T and g®(¢) > 0 for all € UXN D. Then we

have

. A
8(s)—g(r) > ls—r|{_inf ¢*(r)}. (10.15)

Proof. Let the function f : T — R be defined by

ft)= (t—r){ inf gA(t)} fort € T.

teUXND

Evidently, f is pre-differentiable with D and

PAOl=r20 ={ inf g0} <g0).

teU*ND

From (2.29) we derive

8ls) = 8(r) = 1f(s) ~ f( = ls—rl{ _inf ¢*()}.

teU*ND
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as desired. The proof is complete.

Corollary 10.2.9. Suppose g : T — R is pre-differentiable with D. Suppose U is a
compact interval with enpoints ,s € T and g*(¢) > 0 for all t € UXN D if and only
if g is non-decreasing on U.

Proof. If gA(t) > 0 for all t € UN D, then from (10.15), we have

8(&)—g(r) 2 ls—rl{ inf g0} >0

for s,r € U with s > r. Conversely, let g be non-decreasing on U. Forar € UND,

there are two possible cases:

u(t) =0oru(t) > 0.

If u(t) = o(t) —t > 0, then we have

This completes the proof.
In the next lemma we prove that H is a large contraction on M. To this end we

make the following assumptions on the function 4 : R — R.
(H1) his continuous on Uy, = [—L,L] and differentiable on Uf.
(H2) h is strictly increasing on Uy.

(H3) sup,cyxh®(s) < 1.

Lemma 10.2.10. Let #: R — R be a function satisfying (H1) — (H3). Then the
mapping H is a large contraction on the set M.
Proof. The function / satisfies the assumptions of Lemma 10.2.8 on the compact

interval Uy = [—L,L]NT. Thus it follows from (2.30) and (10.15) that

(s— r){ sup hA(t)} > h(s) — h(r) > (s — r){ inf hA(t)} >0 (10.16)

K
teUf teUf
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Let 0,0 € M with ¢ # @. Then ¢(¢) # ¢(t) for some ¢ € T. Define the set

D(0,9) = { 1€ T:0() #0(1)}.

Note that ¢(z) € Uy, for all t € T whenever @ € M. Since 4 is strictly increasing

h(o(1)) —h(9(r)) _ h(¢(r)) —h(e())
o —ot) oo (1017
holds for all t € D(¢,¢). By (H3) we have
1> sup h2(¢) > inf h2(s) > 0. (10.18)

t€UF sl
Define the set U; C Ur by U; = [@(2),d(¢)|NUL if §(¢) > @(2), and U; = [¢(¢), 9(¢)] N
Up if 0(¢) < ¢(t), for t € D(9, ). Hence, for a fixed 7o € D(¢,9) we get by (10.16)
and (10.17) that

(0(t0)) — h(9(0))
0(t0) — ¢(0)

Since U; C Uy for every t € D(¢,¢), we find

h
sup{h*(u) :u € US} > > inf{h®(u) : u € US}.

sup A (u) > sup{h®(u) 1 u € Ugt> inf{h*(u) 1 u € Ug} > inf WA (u),
ucUf ueUf

and therefore,

h(()) —h(0(t)) _ .
1zus€u[%hA(u)z o =00 ZulenL%hA(u)ZO (10.19)

for all r € D(¢,9). So, (10.19) yields

((HO)(1) = (HO)(1)| = [0(r) = h(0(2)) — ¢(t) +h(e(1))]

= o)~ 9| 1= (Z o
10(r) — ()] (1 — inf hA(u)) (10.20)

ueUyf

IN

for all + € D(¢,¢). Thus, (10.19) and (10.20) imply that H is a large contraction in
the supremum norm. To see this choose a fixed € € (0,1) and assume that ¢ and @

are two functions in M, satisfying

[0—¢ll = sup [0() —¢(t)| > &

te[—L,L]
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If |0(z) — @(t)| < €/2 for some ¢ € D(d, ), then from (10.20)

[(HO)(1) — (HO)(1)] < [0() — ()] < lH¢—<PH- (10.21)

Since A is continuous and strictly increasing, the function i (u+ 5) — h(u) attains its
minimum on the closed and bounded interval [—L,L]. Thus, if § < [¢(r) — ¢(¢)| for

some ¢t € D(¢,®), then from (10.19) and (H3) we conclude that

K1) — h(o(r))
L= M

and therefore,

(HO) — (HO)W)] < o)~ (0] {1~
< (1-Wlol) ~ 9. (10.22)

where

A= %min{h(u—l-;) —h(u),u e [—L,L]} > 0.

Consequently, it follows from (10.21) and (10.22) that

[(Ho(r) — (Ho)(1)] < 8[|0 — o],

where 0 = max { %, 1— 7»} < 1. The proof is complete.

The next result gives a relationship between the mappings H and B in the sense
of large contraction.
Lemma 10.2.11. If A is a large contraction on M, then so is the mapping B.
Proof. If H is a large contraction on M, then for x,y € M, with x # y, we have

|Hx — Hy|| < ||x — y||. Then it follows from the equality
a(u)ecy(t +T,06(u)) = [eca(t + T, u)]™,

where A indicates the delta derivative with respect to s () that

) -By0] < [ S RO ) a() — H )l

Hx_yH i () <I+T ( )A
S et ), a(u)ecy ,0(u))Au

= =yl
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Thus,
1Bx—=By|| < [x—yl.
One may also show in a similar way that
[Bx—By|| < dx—y
holds if we know the existence of a0 < & < 1, such that for all € > 0
[x,y €M, |lx—yll > &] = ||Hx—Hy| <8|x—yl|.

The proof is complete.

Lemma 10.2.12. Suppose (10.2)-(10.5), and (10.10)-(10.12) hold. Suppose also

that

(J—1)L
.

(1=ecaltst =) [ a6)H((0(5))) ecalr,s) s <

(10.23)
For B, A defined by (10.8) and (10.9), if @,y € M are arbitrary, then
AQ+By: M — M.

Proof. Let @,y € M be arbitrary. Using the definition of B and the result of Lemma

1.6 we obtain

lA(@)+BW)II < Q0 —g(t) + (1 —esalt,t = T))

<[ ats)0° (5,00 5(6)

+ G(5.9(5), 95— 8())) |eclt.5) As

H—ecalt 1)) [ al)W7(5) ~h(w(o(s)))
X ecalt, ) s

L, (-1

< =L.
- J J

Theorem 10.2.13. Let (S, ||.||) be the Banach space of rd-continuous T-periodic real

functions. Suppose (10.2)-(10.5) and (10.10)-(10.12) hold. Then equation (10.1) has
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a periodic solution in the subset M.

Proof. By Lemma 10.2.6, ¢ is a solution of (10.1) if
¢ =A¢+Bo,

where B and A are given by (10.8) and (10.9) respectively. By Lemma 10.2.7, A :
M — M is completely continuous. By Lemma 10.2.12, A9 + By € M whenever
¢,y € M. Moreover, B : M — M is a large contraction by Lemma 10.2.11. Thus all
the hypotheses of Theorem 2.3.7 are satisfied. Thus, there exists a fixed point ¢ € M

such that ¢ = A@+ B@. Hence (10.1) has a T — periodic solution.
10.3 Stability of dynamic equations on time scale

Let T be a time scale which is unbounded above and below with 0 € T. Also,
let id —r: T — T be such that (id — r)(T) is a time scale. We consider the neutral

nonlinear Volterra dynamic equation
~ t
A1) = —a(t)x®(t) + c(t) x>t —r(r) + ( k(t,s)h(x(s)) As,t € T, (10.24)
t—r(t)

where, a : T — R, k: TxT — R, h: R — R are continuous and that ¢ : T — R
is continuously delta-differentiable. In order for the function x(r — r(z)) to be well-
defined and differentiable over T, we assume that r : T — R is positive and twice
continuously delta-differentiable, and that id —r : T — T is an increasing mapping
such that (id — r)(T) is closed where id is the identity function on the time scale T.

Here we assume that /4 is locally Lipschitz continuous in x. That is, there is an L > 0

so that if |x| < L, then
|h(x) —h(z)| < Li|x—z] (10.25)
for some positive constant L. Also, we assume that
h(0) = 0. (10.26)
We assume further that

() # 1, forallr € T. (10.27)
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Lemma 10.2.1. Suppose (10.27) hold. If x(¢) is a solution of (10.24) on an interval
[0,T)T,(T > 0) satisfying the initial condition x(¢) = y(z) for t € (—eo,0]T, then x(¢)

is a solution of the integral equation

x(t) = <w(0)—%x(—r(owe@a(t,ow%xa—r(z))(m.z&
= s r) - [k s)htets)Aseca(rwan

where

(A a) (1~ ) + A we(u)
L () %)) R

Conversely, if rd-continuous function x(¢) satisfies x(¢) = y(z) for t € (—oo, 0] and

is a solution of (10.28) on some interval [0,7)T, (T > 0), then x(¢) is a solution of
equation (10.24) on [0, 7).
Proof. Rewrite (10.24) as

XAt +a()x®(1) = c(t)x~ (r—g(t)+ t k(t,s)h(x(s)) As, t €T,

t—r(t)
Multiply both sides of the above equation by e,(7,0) and then integrate from O to ¢

to obtain

/Ot(ea(u,O)x(u))AAu
[c(u)xﬁ(u —g(u))+ /u:(u) k(u, s)h(x(s))] eq(u,0)Au.

t

B 0
As a consequence, we arrive at

ea(l,())x(t) _x<0)

= [ [etwrdu—gt +

' K(u,)h(x(s)) | a(ut, 0)Au

u—r(u)

Multiply both sides of the above equation to get

x(1)
= x(0)ecq(t,0) + /Ot [c(u)xé(u—g(u)) + /uur(u)k(u,s)h(x(s)) ecq(t,u)Au.
(10.30)
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But,

[ et guecalt,
_ c(w)
/ (u—g(u))(1—r*(u ))me@a(t,u)Au.

Using the integration by parts formula we obtain

/Ot c(u)xﬁ(u — g(l/t))e@a(t7 M)Au

/ q) ))eQa(t7u)Au7 (1031)

where ¢ is given by (10.29). Substituting the right hand side of (10.31) into (10.30)
we obtain (10.28).

Conversely, suppose that a rd-continuous function x(¢) satisfying x(¢) = y(t)
for t € (—oo,0]r and is a solution of (10.28) on an interval [0,7)y. Then it is A—

differentiable on [0, 7). By A— differentiating (10.29) we obtain (10.24).

Let y: (—o0,0]7 — R be a given A-differentiable bounded initial function. We
say x(t) := x(1,0,y) is a solution of (10.24) if x(z) = y(z) for r < 0 and satisfies
(10.24) for t > 0. We say the zero solution of (10.24) is stable at #y if for each
e > 0, there is a § = §(¢) > 0 such that [y : (—eo,79]r — R with ||y|| < 8] implies
|x(,10, )| <e.

Let C,q = C,4(T,R) be the space of all rd-continuous functions from T — R

and define the set S by
S={0cCu:lol| <E, () =y()ift <0,9(r) > 0as t — oo}.

Then, (S, -||) is a complete metric space where, || - || is the supremum norm. For

the next theorem we impose the following conditions.

ecq(t,0) = 0, ast — oo, (10.32)
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there is an o > 0 such that

C(l‘) t u
‘ =0 ‘ +/O [|¢(u)| +1 /H(u) |k(u,s)|As] ecaltu)Au<a < 1,t>0,
(10.33)
t—r(t) — o0 a8t — oo, (10.34)

Theorem 10.2.2. If (10.25)-(10.27) and (10.32)—(10.34) hold, then every solution
x(1,0,y) of (10.24) with small continuous initial function y(z), is bounded and goes
to zero as t — oo. Moreover, the zero solution is stable at 7o = 0.

Proof. Let E > 0 be given. Choose 6 > 0 such that

c(0)
=9z r2(0)

Let y: (—o0,0]T — R be a given small bounded initial function with || y|| < 8. Define

0+0oE<E.

the mapping P: S — S by

and

_ (0)
(Po)0)) = (Wl0) = 7= g ¥(=r () Jecalt,0)+ 1= 550l = (1)

= 0007 —r) — [ k() Aseculr,

It is clear that for ¢ € S, P is continuous. Let ¢ € S, then

(PO < \w<o>—%w<—r<o>>1+\lf(r’ﬁ(t)wr—r(r)))
—|—/ u—r(u))’—f—/uur(u) k(u,s)h(o(s)) As)e@a(t,u)Au.
= ‘1_1—6(2(0)‘ ‘l—rA ‘E
+ /Ot ( O(u) .y k(u,s) As)e@a(t,u)Au
: !1—%\“{\%)
+/ +L1 /_r(u) k(u,s)‘As)e@a(t,u)Au}E
< ’1 ‘8+ocE

l—rA
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which implies that |(P@)(¢)| < E for the chosen 8. Thus we have ||Po|| < E.

Next we show that (P@)(r) — 0 as t — co. The first term on the right side
of (P(p) (t) tends to zero, by condition (10.32). Also, the second term on the right
side tends to zero, because of (10.34) and the fact that ¢ € S. We next show that the
integral term goes to zero as t — oo.

Let € > 0 be given and ¢ € S with ||@|| < E, E > 0. Then, there exists az; > 0
so that for t > 11, |@(t — g(¢))| < €. Due to condition (10.32), there exists a 1, > 1,
such that for z > 1, implies that ec,(7,11) < o%.

Thus for ¢t > t,, we have

= [ [owe—rw)— [ kushtot) et
< [Mflowl+Ly [ kws]as]ec(r) du
we [ flowl+n [ wslas]ecatr.uau
< Eecaft) [ [l0601+L [ K9l ecatrn ) u+ e
< 0Eecq(t,1)) + 0
< e+ 0.
Hence, (P9)(t) — 0 as 7 — oo.

Finally, we show that P is a contraction under the supremum norm. Let {,n €

S. Then

c(r)

PO - eow| < [l
+ [ (Jowree u—r(u))—n“(u—r(u)))]

[ ) )~ (o)) )t
= ﬂm\*/o o)

o[ ) lasecg(e A I |

< aflg—n].

Thus, by the contraction mapping principle, P has a unique fixed point in S which
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solves (10.24), is bounded and tends to zero as ¢ tends to infinity. The stability of
the zero solution at #y = 0 follows from the above work by simply replacing E by €.

This completes the proof.
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CHAPTER ELEVEN

SUMMARY, CONCLUSION AND FUTURE DIRECTIONS

11.1 Summary

In this thesis, as set out in the objectives of the research, we investigated the
qualitative properties of solutions of certain classes of neutral functional differen-
tial and difference equations. We also studied the qualitative properties of neutral
dynamic equations on time scale. The fixed point theory was used to investigate
the qualitative behaviour of classes of of first order and second nonlinear functional
differential equations. The same method was also used to study the qualitative be-
havoiur of neutral difference equations and neutral dynamic equations on time scale.

We inverted or transformed the equations into equivalent integral equations in
the case of neutral functional differential equations or dynamic equations on time
scale. In the case of difference equations however, the inversion resulted into equiv-
alent summation equations. The integral or summation equation was then used to
define a mapping that was used for the discussion of the qualitative behaviour of the
classes of equations considered. In some situations, the mapping was expressed as
a sum of a completely continuous map and a large contraction map. In those cases,
the reformulated version of Krasnoselskii’s fixed point theorem was used to prove
the main results. In particular, the periodicity, stability, and positivity of solutions
of totally nonlinear equations were proved with this theorem. Moreover, in some
other situations the mapping was expressed as a sum of a completely continuous
operator and a contraction. The Krasnoselskii’s fixed point theorem was then used

to establish the main results. Particularly, this was used to establish periodicity and
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positivity of neutral equations that are not totally nonlinear. Finally, in the cases
when the mappings were contraction mappings, the Banach’s fixed point theorem
was used. This theorem was mainly used to prove the asymptotic stability of the
zero solution of certain classes of difference equations and neutral Volterra dynamic

equations on time scale.

11.2 Conclusion

Sufficient conditions for the existence of periodic solutions of both functional
neutral first order differential, difference and dynamic equations have been estab-
lished. It has also been established that solutions of a system of functional differen-
tial equations with finite delay are periodic.

Criteria for the existence of positive periodic solutions of functional neutral
second order differential equations have been obtained. New results for the exis-
tence of positive periodic solutions for a system of neutral difference equations with
delay has also been obtained.

The zero solution of a certain class of neutral dynamic equation on time scale
has been proved to be asymptotically stable. Moreover, the zero solution of neutral
functional differential equations as well as neutral functional difference equations

have also been proved to be asymptotically stable.

11.3 Future Directions

In most of the problems studied by means of contractions we have first shown
that the mapping maps a bounded set into itself before we ever bring up the topic
contractions. We then assume a Lipschitz condition. Many of these problems can
fruitfully be studied again by dropping the Lipschitz condition and using a Schauder-

type fixed point theorem.

183



Bibliography

Adivar, M., & Raffoul, Y. N. (2009). Existence of periodic solutions in totally nonlinear
delay dynamic equations. Electronic Journal of Qualitative Theory of Differential

Equations, Spec. Ed. 1, 1-20.
Agarwal, R.P. (1992). Difference equations and inequalities. New York: Marcel Dekker.

Agarwal, R.P. (1998). Focal boundary value problems for differential and difference equa-

tions. Dordrecht: Kluwer Academic Publishers.

Agarwal, R.P., & Bohner, M. (1998). Quadratic functionals for second order matrix equa-

tions on time scales. Nonlinear Analysis, 33, 675-692.

Agarwal, R.P., & Bohner, M. (1999). Basic calculus on time scale and some of its appli-

cations. Results Math., 35(2), 3-22.

Agarwal, R.P., Bohner, M., & Wong, P.J. Y. (1999). Sturm-Liouville eigenvalue problems

on time scales. Appl. Math. Comput., 99, 153-166.

Agarwal, R.P., Bohner, M., Grace, S.R., & O’Regan, D. (2005). Discrete oscillation the-

ory. Hindawi Publishing Corporation.

Agarwal, R.P., Bohner, M., O’ Regan, D., & Peterson, A. (2002). Dynamic equations on

time scales: a survey. J. Comp. Appl. Math., 141, 1-26.

Agarwal, R.P., & O’Regan, D. (2000). Triple solutions to boundary value problems on

time scales. Appl. Math. Lett., 13(4), 7-11.

Agarwal, R.P., & Pang, P. Y. H. (1995). Opial inequalities with applications in differential

and difference equations. Dordrecht: Kluwer Academic Publishers.

Agarwal, R.P., & Wong, P. J. Y. (1997). Advanced topics in difference equations. Dor-

drecht: Kluwer Academic Publishers.

184



Ahlbrandt, C. D. (1993). Equivalence of discrete euler equations and discrete hamiltonian

systems. J. Math. Anal. Appl., 180, 498-517.

Ahlbrandt, C. D., Bohner, M., & Ridenhour, J. (2000). Hamiltonian systems on time

scales. J. Math. Anal. Appl., 250, 561-578.

Ahlbrandt, C. D., Heifetz, M., Hooker, J. W., & Patula, W. T. (1996). Asymptotics of dis-
crete time ricatti equations, robust control, and discrete linear hamiltonian systems.

Panamer. Math. J., 5, 1-39.

Anderson, D. (1997). Discrete trigonometric matrix functions. Panamer. Math. J., 7(1),

39-54.

Anderson, D. (1999). Normalized prepared bases for symplectic matrix systems. Dynam.

Systems Appl., 8(3), 335-344.

Anderson, D. (2000). Positivity of Green’s function for an n-point right focal boundary

value problem on a measure chain. Math. Comput. Modelling, 31(6), 29-50.

Arino, O., & Pituk, M. (1998). Asymptotic constancy for neutral functional differential

equations. Differential Equations Dynam. Systems, 6, 261-273.

Aronson, D.G., Chory, M. A., Hall, G. R., & McGehee, R.P. (1980). A discrete dynam-
ical system with subtly wild behavior. New approaches to nonlinear problems in

dynamics, SIAM, 339-359.

Atkinson, F., & Haddock, J. (1983). Criteria for asymptotic constancy of solutions of
functional differential equations. Journal of Mathematical Analysis and Applica-

tions, 91, 410-423.

Avramescu, C., & Vladimirescu, C. (2004). Fixed point theorems of Krasnoselskii type
in a space of continuous functions. Electronic Journal of Qualitative Theory of

Differential Equations, 3, 1-7.

185



Batchelder, P. (1927). An introduction to linear difference equations. Cambridge: Harvard

University press.

Becker, L. C., Burton, T. A., & Krisztin, T. (1988). Floquet theory for a Volterra equation.

Journal of London Mathematical Society, 37, 141-147.

Bellman, R. (1953). Stability theory of differential equations. New York: McGraw-Hill.

Beretta, E., Solimano, F., & Takeuchi, Y. (1996). A mathematical model for drug ad-
ministration by using the phagocytosis of red blood cells. Journal of Mathematical

Biology, 35, 1-19.

Bihari, 1. (1956). A generalization of a lemma of Bellman and its application to uniqueness

problems of differential equations. Acta. Math. Sci. Hunger., 7, 71-94.

Bohner, M., & Peterson, A. (2001). Dynamic equations on time scales: an introduction

with applications. Boston: Birkhauser.

Boyer, B. C. (1968). A History of Mathematics: Henri Poincar. John Wiley and Sons.

Burton, T. A. (1978). Uniform Asymptotic stability in functional differential equations.

Proc. Amer. Math. Soc., 68, 195-199.

Burton, T. A. (1980). An integrodifferential equation. Proc. Amer. Math. Soc., 79,
393-399.

Burton, T. A. (1983). Volterra integral and differential equations. Orlando: Academic

press.

Burton, T. A. (1984). Periodic solutions of nonlinear Volterra equations. Funkcial. Ekvac.,

27,301-317.

Burton, T. A. (1985). Stability and periodic solutions of ordinary and functional differen-

tial equations. Orlando: Academic press.

186



Burton, T. A. (1996). Integral equations, implicit functions, and fixed points. Proc. Amer.

Math. Soc., 124, 2383-2390.

Burton, T. A. (1998). A fixed-point theorem of Krasnoselskii. Appl. Math. Lett., 11,
85-88.

Burton, T. A. (2002). Liapunov functionals, fixed points, and stability by Krasnoselskiis

theorem. Nonlinear Studies, 9, 181-190.

Burton, T. A. (2003a). Stability by fixed point theory or Lyapunov theory: a comparison.

Fixed Point Theory, 4, 15-32.

Burton, T. A. (2003b). Perron-type stability theorems for neutral equations. Nonlinear

Anal., 55, 285-297.

Burton, T. A. (2004a). Fixed points and stability of a nonconvolution equation. Proc.

Amer. Math. Soc., 132, 3679-3687.

Burton, T. A. (2004b). Stability and fixed points: addition of terms. Dynam. Systems
Appl., 13, 459-478.

Burton, T. A. (2004c¢). Fixed points and differential equations with asymptotically constant

or periodic solutions. Electron. J. Qual. Theory Differ. Equ., 11, 1-31.

Burton, T. A. (2004d). Stability by fixed point methods for highly nonlinear delay equa-

tions. Fixed Point Theory, 5, 3-20.

Burton, T.A. (2006). Stability by fixed point theory for functional differential equations.

New York: Dover Publications.

Burton, T. A., & Furumochi, T. (2001a). Fixed points and problems in stability the- ory for
ordinary and functional differential equations. Dynamic Systems and Applications,

10, 89-116.

Burton, T. A., & Furumochi, T. (2001b). A note on stability by Schauders theorem. Funk-

cialaj Ekvacioj, 44, 73-82.

187



Burton, T. A., & Furumochi, T. (2002a). Asymptotic behavior of solutions of functional

differential equations by fixed point theorems. Dynam. Systems Appl., 11,499-519.

Burton, T. A., & Furumochi, T. (2002b). Krasnoselskii’s fixed point theorem and stability.

Nonlinear Analalysis, 49, 445-454.

Burton, T. A., & Furumochi, T. (2005). Asymptotic behavior of nonlinear functional

differential equations by Schauder’s theorem. Nonlinear Studies, 12, 73-84.

Burton, T. A., & Hatvani, L. (1993). Asymptotic stability of second order ordinary, func-
tional and partial differential equations. Journal of Mathematical Analysis Applica-

tions, 176, 261-281.

Burton, T. A., & Kirk, C. (1998). A fixed point theorem of Krasnoselskii-Schaefer type.

Math. Nachr., 189, 23-31.

Burton, T. A., & Mahfoud, W. E. (1983). Stability criteria for Volterra equations. Trans.
Amer. Math. Soc., 279, 143-174.

Burton, T. A., & Mahfoud, W. E. (1985). Stability by decompositions for Volterra equa-

tions. Tohoku Math. J., 37,489-511.

Burton, T. A., & Zhang, B. (1990). Uniform ultimate boundedness and periodicity in

functional differential equations. Tohoku Math. J., 42, 93-100.

Burton, T. A., & Zhang, B. (2004). Fixed points and stability of an integral equation:

nonuniqueness. Appl. Math. Lett., 17, 839-846.

Cesari, L. (1962). Asymptotic behavior and stability problems in ordinary differential

equations. New York: Springer.

Chan, T., & Williams, D. (1989). An excursion approach to an annealing problem. Math.
Proc. Camb. Philos. Soc., 105, 169-176.

Chen, F. D. (2005). Positive periodic solutions of neutral Lotka-Volterra system with

feedback control. Appl. Math. Comput., 162, 1279-1302.

188



Chen, S. (1984). On a class of fourth order linear recurrence equations. Int. J. Math. Sci.,

7, 131-149.

Chen, S. (1985). Sturmian comparison theorems for three-term recurrence equations. J.

Math. Anal. Appl., 111, 465-474.

Chen, S., & Cho, A. (1982). Convexity of nodes of discrete sturm-liouville functions.

Hokkaido Math. J., 11, 8-14.

Chen, S. S., & Li, H. J. (1993). Asymptotic monotone solutions of a nonlinear difference

equations. Tamkang J. Math., 24, 269-282.

Chen, S. S., & Li, W. T. (1998). Asymptotic linear solutions of a discrete Emden-Fowler

equation with singular nonlinear term. Far East J. Math. Sci., 6(4), 521-542.

Chen, S., Li, H., & Patula, W. (1989). Bounded and zero convergent solutions of second

order difference equations. J. Math. Anal. Appl., 141(2), 463-483.

Chen, F. D., & Shi, J. L. (2005). Periodicity in a nonlinear predator-prey system with state
dependent delays. Acta Math. Appl. Sin. Engl. Ser., 21, 49-60.

Chicone, C. (1999). Ordinary Differential Equations with Applications. New York: Springer-

Verlag.

Chuanxi, Q., Kuruklis, S., & Ladas, G. (1991). Oscillations of systems of difference

equations with variable coefficients. J. Math. Phys. Sci., 25(1), 1-12.

Coddington, E. A., & Levinson, N. (1955). Theory of ordinary differential equations. New

York-Toronto-London: McGraw-Hill.

Coffman, C. (1964). Asymptotic behaviour of solutions of ordinary difference equations.

Trans. Amer. Math. Soc., 110, 22-51.

Cooke, K., & Krumme, D. (1968). Differential difference equations and nonlinear initial-
boundary-value problems for linear hyperbolic partial differential equations. J. Math.

Anal. Appl., 24, 372-387.

189



Cooke, K., & Yorke, J. A. (1973). Some equations modeling growth processes and gonor-

rhea epidemics. Math. Biosciences, 16, 75-101.

Culmer, W., & Harris, W. (1963). Convergent solutions of ordinary linear homogeneous

difference equations. Pacific J. Math., 13, 1111-1138.

Davis, H. T. (1962). Introduction to nonlinear differential and integral equations. New

York: Dover.

Deham, H., & Djoudi, A. (2008). Periodic solutions for nonlinear differential equation

with functional delay. Georgian Mathematical Journal, 15, 635-642.

Deham, H., & Djoudi, A. (2010). Existence of periodic solutions for neutral nonlinear
differential equations with variable delay. Electronic Journal of Differential Equa-

tions, 127, 1-8.

Djoudi, A., & Khemis, R. (2006). Fixed point techniques and stability for neutral non-
linear differential equations with unbounded delays. Georgian Mathematical Jour-

nal,13,25-34.

Driver, R.D. (1984). A neutral system with state-dependent delay. J. Differential Equa-
tions, 54, 73-86.

Eloe, P. (1982). Difference equations and multipoint boundary value problems. Proc.

Amer. Math. Soc., 86, 253-259.

Eloe, P. (1983). A boundary value problem for a system of difference equations. Nonlinear

Anal., 7, 813-820.

Eloe, P. (1986). Criteria for right disfocality of linear difference equations. J. Math. Anal.
Appl., 120, 610-621.

Eloe, P. (1988). A comparison theorem for linear difference equations. Proc. Amer. Math.

Soc., 103, 451-457.

190



Eloe, P. (1988). Eventual disconjugacy and right disfocality of linear difference equations.

Bull. Canad. Math., 31, 362-373.

Eloe, P, Islam, M., & Zhang, B. (2000). Uniform asymptotic stability in linear Volterra
integrodifferential equations with application to delay equations. Dynamic Systems

and Applications, 9, 331-344.

Erbe, L., & Zhang, B. (1989). Oscillation of discrete analogues of delay equations. Dif-

ferential and Integral Equations, 2, 300-309.

Ergen, W. K. (1954). Kinetics of the circulating-fuel nuclear reactor. J. Appl. Phys., 25,
702-711.

Esser, H. (1980). Stability inequalities for discrete nonlinear two point boundary value

problems. Appl. Anal., 10, 137-162.

Fan, M., & Wang, K. (2000). Global periodic solutions of a generalized n-species Gilpin-

Ayala competition model. Comput. Math. Appl., 40, 1141-1151.

Freedman, H.I. (1971). Almost Floquet systems. J. Differential Equations, 10, 345-354.

Galbraith, A. S., McShane, E. J., & Parrish, G. B. (1965). On the solutions of linear

second-order differential equations. Proc. Nat. Acad. Sci. U.S.A., 53, 247-249.

Gopalsamy, K. (1992). Stability and Oscillations in Delay Differential Equations of Popula-

tion Dynamics. Dordrecht: Kluwer Academic Publishers.

Gopalsmay, K., & Zhang, B.G. (1988). On a neutral delay logistic equation. Dynamic
Stability Systems, 2, 183-195.

Graef, J. R. (1972). On the generalized Liénard equation with negative damping . J.

Differential Equations, 12, 34-62.

Gyori, 1., & Hartung, F. (2001). Preservation of stability in a linear neutral differential

equation under delay perturbations. Dynam. Systems Appl., 10, 225-242.

191



Gyori, 1., & Ladas, G. (1992). Positive solutions of integro-differential equations with

unbounded delay. J. Integral Equations Appl., 4, 377-390.

Hafsia, D., & Djoudi Ahcene, D. (2010). Existence of periodic solutions for neutral non-
linear differential equations with variable delay. Electronic Journal of Differential

Equations, 127, 1-8.

Hahn, W. (1963). Theory and Application of Liapunov’s Direct Method. New Jersey:

Prentice-Hall, Inc.

Halanay, A. (1965). On the asymptotic behavior of the solutions of an integrodifferential

equation. J. Math. Anal. Appl., 10, 319-324.

Halanay, A. (1966). Differential equations: Stability, oscillations, time lags. New York-

London: Academic Press.

Hale, J.K. (1965). Sufficient conditions for stability and instability of autonomous functional-

differential equations. J. Differential Equations, 1, 452-482.

Hale, J.K. (1969). Ordinary Differential Equations. New York: Wiley.

Hale, J.K. (1977). Theory of Functional Differential Equations. New York: Springer.

Hartman, P. (1964). Ordinary Differential Equations. New York: Wiley.

Hatvani, L. (1992). Nonlinear oscillation with large damping. Dynamic Systems Appl., 1,

257-270.

Hatvani, L. (1997). Annulus arguments in the stability theory for functional differential

equations. Differential and Integral Equations, 10, 975-1002.

Hatvani, L. (2002). On the asymptotic stability for nonautonomous functional differential

equations by Lyapunov functionals. Trans. Amer. Math. Soc., 354, 3555-3571.

Hatvani, L., & Krisztin, T. (1995). Asymptotic stability for a differential-difference equa-

tion containing terms with and without a delay. Acta. Sci. Math., 60, 371-384.

192



He, X. Z. (1993). Oscillatory and asymptotic behavior of second order nonlinear differ-

ence equations. J. Math. Anal. Appl., 175, 482-489.

Hilger, S. (1990). Analysis on measure chains — a unified approach to continuous and

discrete calculus. Results Math., 18, 18-56.

Horn, W. A. (1970). Some fixed point theorems for compact maps and flows in Banach

spaces. Trans. Amer. Math. Soc., 149, 391-404.

Islam, M. N., & Yankson, E. (2005). Boundedness and stability in nonlinear delay dif-
ference equations employing fixed point theory. Electronic Journal of Qualitative

Theory of Differential Equations, 26, 1-18.

Jin, C., & Luo, J. (2009). Stability by fixed point theory for nonlinear delay difference

equations. Georgian Mathematical Journal, 16, 683-691.

Kaufmann, E. R. (2010). A nonlinear neutral periodic differential equation. Electron. J.

Differential Equations, 88, 1-8.

Kaufmann, E. R., & Raffoul, Y. N. (2006). Periodic solutions for a neutral nonlinear

dynamical equation on a time scale. J. Math. Anal. Appl., 319, 315-325.

Kaufmann, E. R., & Raffoul, Y. N. (2007). Periodicity and stability in neutral nonlinear
dynamic equations with functional delay on a time scale. Electronic Journal of

Differential Equations, 27, 1-7.

Kato, J. (1980). An autonomous system whose solutions are uniformly ultimately bounded

but not uniformly bounded. Tohoku Math. Journal, 32, 499-504.

Kelly, W. G., & Peterson, A.C. (2001). Difference Equations: An introduction with appli-

cations. San Diego: Academic press.

Kline, M. (1972). Mathematical Thought from Ancient and Modern Times. Oxford: Ox-

ford University Press.

193



Kolmanovski, V., & Myshkis, A. (1999). Introduction to the Theory and Applications of

Functional Differential Equations. Dordrecht: Kluwer Academic Publishers.

Krasovskii, N. N. (1963). Stability of motion. Applications of Lyapunov’s second method
to differential systems and equations with delay. Stanford: Stanford University

Press.

Kuang, Y. (1993a). Delay Differential Equations with Applications to Population Dynam-

ics.Boston: Academic Press.

Kuang, Y. (1993b). Global stability in one or two species neutral delay population models.

Canadian Appl. Math. Quart., 1, 23-45.

Kulik, T., & C. Tisdell, C. C. (2008). Volterra integral equations on time scales: basic
qualitative and quantitative results with applications to initial value problems on

unbounded domains. International Journal of Difference Equations, 3, 103-133.

Kun, L. Y. (1997). Periodic solutions of a periodic neutral delay equation. J. Math. Anal.

Appl., 214, 11-21.

Li, W. T. (1998). Positive solutions of second-order nonlinear differential equations. J.

Math. Anal. Appl., 221, 326-337.

Li, W.G., & Shen, Z.H. (1997). An constructive proof of the existence theorem for periodic

solutions of duffing equations. Chinese Sci. Bull., 42, 1591-1595.

Li, W. T., & Zhong, C. K. (2001). Unbounded positive solutions of higher-order nonlinear

functional differential equations. Appl. Math. Lett., 14, 825-830.

Liu, Y., & Ge, W. (2004). Positive periodic solutions of nonlinear duffing equations with
delay and variable coefficients. Tamsui Oxford Journal of Mathematical Sciences,

20, 235-255.

Lyapunov, A. M. (1892). The General Problem of the Stability of Motion. London: Taylor

and Franscis.

194



Maroun, M.R., & Raffoul, Y.N. (2005). Periodic solutions in nonlinear neutral difference

equations with functional delay. J. Korean Math. Soc., 42, 255-268.

Matsunaga, H., & Hara, T. (2001). Global Attractivity for a Nonlinear Difference Equation
with Variable delay. Comp. Math. Appl., 41, 543-551.

McClamroch, N. H. (1980). State models of dynamic systems, a case study approach.

New York: Springer-Verlag.

Migda, J. (2004). Asymptotic behavior of solutions of nonlinear difference equations.

Math. Bohem. Soc., 129, 349-359.

Muroya, Y., Ishiwata, E., & Guglielmi, N. (2007). Global Stability for Nonlinear Differ-

ence Equations with Variable Coefficients, J. Math. Anal. Appl., 334, 232-247.

Myshkis, A. D. (1951). Linear Differential Equation with a Retarded Argument. Gostekhiz-

dat.

Naito, M. (1984). Asymptotic behavior of solutions of second order differential equations

with integrable coefficients. Trans. Amer. Math., 282, 577-588.

Naito, M. (1992). Integral averages and the asymptotic behavior of solutions of second

order ordinary differential equations. J. Math. Anal. Appl., 164, 370-380.

Pandiyan, R., & Sinha, S.C. (1994). Analysis of quasilinear dynamical systems with pe-
riodic coefficients via Lyapunov-Floquet transformation. Internat. J. Non-Linear

Mech., 29, 687-702.

Papanicolaou, V.G., & Kravvaritis, D. (1998). The Floquet theory of the periodic Euler-

Bernoulli equation.J. Differential Equations, 150, 24-41.

Peterson, A. (1987). Existence and uniqueness theorems for nonlinear difference equa-

tions. J. Math. Anal. Appl., 125, 185-191.

Peterson, A., & Ridenhour, J. (1991). Oscillations of second order matrix difference equa-

tions. J. Diff. Eq., 89(1), 69-88.

195



Peterson, A., & Ridenhour, J. (1991). Atkinson’s superlinear oscillation theorem for ma-

trix difference equations. SIAM J. Math. Anal., 22(3), 774-784.

Poincar, H.J. (1899). Les mthodes nouvelles de la mcanique cleste. Paris: Gauthiers-

Villars.

Rabinovich, M. I. (1980). Strange attractors in modern physics. Ann. NYAS, 357, 435-452.

Raffoul, Y. N. (2003). Periodic solutions for neutral nonlinear differential equations with

functional delay. Electronic Journal of Differential Equations, 102, 1-7.

Raffoul, Y.N. (2004a). Periodicity in general delay non-linear difference equations using

fixed point theory. J. Difference Equ. Appl., 10, 1229-1242.

Raffoul, Y. N. (2004b). Stability in neutral nonlinear differential equations with functional
delays using fixed-point theory. Mathematical and Computer Modelling,40, 691-
700.

Raffoul, Y. N. (2006). Stability and periodicity in discrete delay equations. J. Math. Anal.
Appl., 324, 1356-1362.

Raffoul, Y. N. (2011). Discrete population models with asymptotically constant or peri-

odic solutions. International Journal of Difference Equations,6, 143-152.

Raffoul, Y. N., & Yankson, E. (2010). Positive periodic solutions in neutral delay differ-

ence equations. Advances in Dynamical Systems and Applications, 5, 635-642.

Reisig R., Sansone G., & Conti R. (1974). Nonlinear differential equations of higher

order. Leyden: Nourdhoff International Publishers.

Rouche, N., Habets, P., & Laloy, M. (1977). Stability Theory by Liapunov’s Direct

Method. Berlin: Springer-Verlag, Heidelberg.

Rouche, N., & Mawhin, J. (1980). Ordinary differential equations: Stability and peri-

odic solutions. Boston: Pitman (Advanced Publishing Program).

196



Schmitt, E. (1911). U bereine Klasse linearer funktionaler Differential-gleichungen. Math.

Ann., 70, 499-524.
Smart, D. R. (1974). Fixed point theorems. Cambridge: Cambridge University Press.

Smith, M. J., (1971). Mathematical Ideas in Biology. Cambridge: Cambridge University

Press.

Smith, R. (1966). Sufficient conditions for stability of difference equations. Duke Math.

J., 33,725-734.

Smith, B., & Taylor, W. (1986). Oscillatory and asymptotic behaviour of certain fourth

order difference equations. Rocky Mountain J. Math., 16, 403-406.

Sugiyama, S. (1971). On periodic solutions of difference equations. Bull. Sci. Eng. Res.

Lab Wasenda Univ., 52, 87-94.

Szmanda, B. (1978). Oscillation of solutions of second order difference equations. Port.

Math., 37,251-254.

Szmanda, B. (1981). Oscillation theorems for nonlinear second order difference equations.

J. Math. Anal. Appl., 79, 90-95.

Volterra, V. (1909). Sulle equazioni integrodifferenziali della teoria della elasticita. Atti

Rend. Naz. Accad. Lincei, 2, 295-301.

Volterra, V. (1928). Sur la theorie mathematique des phenom‘enes hereditaires. J. Math.

Pures Appl., 7, 249-298.
Volterra, V. (1931). Theorie Mathematique de la Lutte pour la Vie. Paris: Gauthier-Villars.

Wang, Q. (1999). The existence and uniqueness of almost periodic solutions for nonlinear

differential equations with time lag. Acta Math. Sinica, 42, 511-518.

Wang, Y., Lian, H., & Ge, W. (2007). Periodic solutions for a second order nonlinear

functional differential equation. Applied Mathematics Letters, 20, 110-115.

197



Wazewska-Czyzewska, M., & Lasota, A. (1976). Mathematical models of the red cell

system. Matematyta Stosowana, 6, 25-40.

Weikard, R. (2000). Floquet theory for linear differential equations with meromorphic

solutions. Electron. J. Qual. Theory Differ. Equations, 8, 1-6.

Willet, D., & Wong, J. (1965). On the discrete analogues of some generalizations of

Gronwall’s inequality. Monatsh. Math., 69, 362-367.

Wimp, J., & Luke, Y. (1969). An algorithm for generating sequences defined by non-

homogeneous difference equations. Rend. Circ. Mat palermos, 18(2), 251-275.

Wong, PJ.Y., & Soh, Y.C. (2005). Constant-sign solutions for a system of integral equa-

tions on time scales. Comput. Math. Appl., 49, 271-280.

Wong, PJ.Y., & Boey, K.L. (2004). Nontrivial periodic solutions in the modeling of infec-

tious disease. Appl. Anal., 83, 1-16.

Wouk, A. (1953). Difference equations and J-matrices. Duke Math. J., 1, 141-159.

Xu, W.,, & Li, J. (1998). Global attractivity of the model for the survival of red blood cells

with several delays. Ann. Differential Equations, 14, 257-263.

Yamaguti, M., & Matano, H. (1979). Euler’s finite difference scheme and chaos. Proc.

Japan Acad., 55, 78-80.

Yankson, E. (2009). Stability in discrete equations with variable delays. Electronic Jour-

nal of Qualitative Theory of Differential Equations, 8, 1-7.

Yankson, E. (2011). Positive solutions for a system of periodic neutral delay difference

equations, African Diaspora Journal of Mathematics,11( 2), 90-97.

Yankson, E. (2012a). Positive periodic solutions for neutral differential equations of the

second-order. Electronic journal of differential equations, 14, 1-6.

198



Yankson, E. (2012b). Periodic solutions for totally nonlinear neutral differential equations

with functional delay. Opuscula Mathematica, 32( 3), 617-627.

Yankson, E. (2012c¢). Existence and positivity of solutions for a nonlinear periodic differ-

ential equation. Archivum Mathematicum (BRNO), 48, 261-270.

Zeng, W. (1997). Almost periodic solutions for nonlinear Duffing equations. Acta Math.

Sinica., 13, 373-380.

199



	E Yankson_thesis

