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TWO RESULTS IN LESNIEWSKI'S MEREOLOGY

ROBERT E. CLAY

In section 1 we prove that a certain characterization of class can be

proved without the aid of auxiliary definitions. In section 2 we show that

the main results in [l] still hold in the weakened system constructed by

replacing the original definition of class by the characterization given in

section 1.1 In what follows we assume that the reader is acquainted with

the Ontological Preliminaries in [l].

1. In the proofs given in [3] of

[Aa]:.AεK\(a) m = :A ε A : [B]: a c e\(B) .=.Aεe\(B)2

and

[AB].\ A εe\(B) . = :AεA :[D]: Dεe\(A) .^> .[ΞF]. F εe\(D) .Fεe\{B)

Lesniewski's definition of set plays an important role. Sobociήski has

asked whether this definition is creative with respect to the above two

theorems, or, if not, whether some auxiliary definition is required. The

answer is no. The proof follows.

An axiom system for mereology, denoted Jί, is given by Al through A6

with Dl. (This is not an independent axiom set. (Al and A2 are derivable

from the rest).)

Al [A]:AεA.^.Aεe\(A)

A2 [AB]:Aεe\(B) .Bεe\(A) .^.A = B

A3 [ABC] :A εe\(B).Bε el(C) .^>.A ε el(C)

A4 [AB]:Aεe\(B).~3.BεB

Dl [Aa]:.AεK\(a) . = :AεA :[D]:Dεa .D. Dεe\(A) :[D]:D εe\{A) .^.[3EF].

Eεa.Fεe\{D) .Fεe\{E)

A5 [ABa]:AεK\(a) .BεK\(a) .D.A - B

A6 [Aa]:Aεa.Ώ.[3B].BεK\(a)

1. These two results have been included in the same paper because, though they are
very different, their proofs are related.

2. The theorem in [3] actually used [ j Lejewski remarked that d could be replaced

bye.
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A7 [ABDa]:ΛεK\(a) .Aεe\(B) .Dεa .-J.Dεel(B)

PR [ABDa]:Hp(3).o.
4) Dεe\(A). [Dl; 1; 3]

Dεe\{B) [A3: 4; 2]
A8 [Aa]:.AεK\{a) .^:[B]:Aεe\{B) .^.a c el(B) [A 7]

A9 [A]:AεA.~^.AεK\(A) [Dl, a/A, E/A, F/D Al]
A10 [AB]:.Aεe\(B) : [D] : Dεe\{B) . D . [ ? F ] . Fεel(fl) . Fεel(A) o . A = i?

PR [AB]:.Hp(2).3:
3) B c B : [A4; l]
4) [D]:DεA.D.Dεe\(B)\ [1]
5) [Z)] :Z)εel(5) .=).AεA.[z ; F].Fεel(Z)) .Fεel(/ l) : [1; 2]
6) [ Z ) ] : Z ) ε e l ( 5 ) .^.[^EF]. EεA . Fε e\(D). Fε e\(E): [5]
7) 5 ε K I ( A ) . [Z)i; 3; 4; βj

8) AεKI(A). [A9\ l]
A = J5 [A5; 7; 8]

A i i [AJ5]:: Aεe l (£) .~(A = B) .x*. [-D] Λ Dε e\(B) : [ F ] : Fεe\(D) ,D.
~(Fεe\(A)) [Aio]

A12 [AB):AεA.BεK\(A L B) .o.Aεel(B) [Dl]
A13 [Aa] :Aε Kl(r/) . - . [~β] .Bεa
PR [Aa]:. Hp(l) .=):
2) Aεel(A): [Ai; lj

3) [D]:Dεe\(A) .D,[~E].Eεa: [Dl; 1]

[Ξ J B].5εα [3; 2]
A i i jyLBαliAεKKα) .~(BεB) .^>.[Ξ D] . Dεa . ~(Dεe\(B))
PR [A5α]Hp(2).^.
3) el(5)cΛ. [Ai;2]
4) [ΞZJJ.DεΛ. [Ai3; l]

[ Γ D ] . Z)ε«.-(Dεel( J B)) [4; 3]
A15 [ABa] :AεK\(a). -{A ε e\(B)) . B ε B .?.[Ξ D]. Dεa . - ( Z ) ε e\(B))
PR [ A 5 Λ ] : : H P ( 3 ) . 3 :

lFC]i !
4) CεKI(A L 5 ) . [A5; 1]
5) Bεe\(C). [Z>Z; 4; 3 j

6) ~ ( 5 = C ) : : [ A i 2 ; l ; 2 ; 4 ]

[ = ^ ] : :

8) [F]:Fεe\(D)^.~(Fεe\(B))ι: f l ^ ϋ , b , t>j

L-G//]::
9) GεA i J5. i

10) Hεe\(D). > [Z)i;4; 7]
11) //εel(G): )
12) G ε 5 . ^ . [ Ξ F ] . F ε e l ( Z ) ) . F ε e l ( J B ) : [3; 10; 11]

13) ~ ( G ε # ) . [12; 8]
14) G ε A . [9; 13]
15) Hεe\(A):. [11; 14; l]
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16) Kεa.

17) Lεe\(H) . [Dl; 1; 15]

18) Lεel(A').

19) Lεe\(D). [A3; 17; 10]

20) ~Lεe\(B): [8; 19]

21) Kte\(B).^.Lεe\(B): [A3; 18]

22) ~(Kte\(B)). [20; 21]

[ΞD].Dεa .~(Dεe\(B)) [16; 22]

A i 6 [ A J 3 α ] : A ε K I ( t f ) . ~ ( A ε e l ( 5 ) ) . ^ . [ = D ] . Z ) ε α . ~(Z)εel(£)) [Ai5; A i i ]

A i 7 [Aa].\AεKI(«) . = > [ # ] : « c el (5) .^>.A ε e\(B) [A 16]

A18 [Aa]:.AεK\(a) .^>:[B]:a c el(5) . = .A ε e\(B) [A 17; A8]

A19 [AB]:.AεA :[C]:A εe\(C) .=.Bεe\(C) o . A = B

PR [AB]:. Hp(2) o .

3) Aεel(Λ). [A7; l]

4) Bεel(Λ). [2; 3]

5) Bεe\(B). [Al;4]

6) Aεe\(B). [2; 5]

A - 5 [ ;̂6;4]

A^O [Art].-. [£]:tf = el(5) .Ξ.Aεel(^) D.AεKI(α)

PR U«]: :Hp(l) :^::
2) flCel(Λ).Ξ.Aεel(Λ): [1]

3) fl-Λ .Ξ.Aε Λ : [A4; 2]

4) ~ ( f l C Λ ) . [3]

5) [Ξ:D].Z)ε«. . [4]

[ - C ] Λ

6) CεK\(a) : [A^; 5]

7) [B]:o^e\(B).=.Cεe\(B): [A 18; 6]

8) [ £ ] : A ε e l ( 5 ) . Ξ . C ε e l ( β ) : [1 ; 7]

9) A = C . [AiP; 6; 8]

AεKI(α) [6; 9]

A 2 i [A«].-.A εKI(^) , = :[B]:a c el (5) . = . A ε el (5) [A7c9; A^o]

A22 [Aa].\ AεKI(rt) .=: A ε A : [ β ] : « - e\(B) m = .Aεe\(B) [A2l\

We now proceed to the characterization of element.

A24 [AB]:.AεA.~(BεB) .=); [ΞD\: Dε el (A) : [F]: Fεel(D) . ^ . ~(Fε e\(B))

PR [AB]/. Hp(2).^>:

3) Aεel(A). [Al; l]

4) [ F ] . ~ ( F ε e l ( β ) ) : [A i; 2]

5) [F]:Fεe\(A).^.~(Fεe\(B)): [4]

[ = Z ) ] : Z ) ε e l ( A ) : [ F ] : F ε e l ( / ) ) . = ) . ~ ( F ε e l ( 5 ) ) [3; 5]

A ^ 5 [ A 5 ] Λ A ε A . ~ ( A ε e l ( 5 ) ) . 5 ε 5 . >.[' D}: Dεe\(A) :[F\: Fεe\(D) .^.

~(Fεe\(B))

PR [AB]::Hp(3).3:.:

(Steps 4 through 15 are identical with A15)

16) [ F ] : F ε e l ( / / ) . ^ . ~ ( i ? ε e l ( # ) ) : [A3; 10; 8]

[=/)]: D ε e l ( A ) : [ F ] : F ε e l ( D ) . ^ . - ( F ε e l ( β ) ) [15; 16]
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A26 [AB] :.AεA. -(A ε e\(B)) .=>: [3D] :Dte\(A): [F]: Fεe\(D) . D .

~(FεeltB)) [A24; A25]

A27 [AB]:.Aεe\{B) .^:AεA : [D] :Dεe\(A) . ^ . [ΞF] .Fεe\(D) .Fεe\(B)

[A3; Al]

A28 [AB]:.Aεe\(B) . = :AεA : [D] :Dεe\{A) .=). [ΞF]. Fεel(£>) . F ε el(5)

[A£7; A2ff]

2. We now construct the system -C by replacing Dl in Jέ with A22. j£ is

weaker than M, cf. [2], but the main theorems of section 1 of [l] still hold,

provided we alter the definition of set. However, the meta-theorem in

section 2 of [l] breaks down completely. (j£ is not an independent axiom

set; L2 and L5 are derivable from the rest.)

LI [A]:AεA .^.A εel(A)

L2 [AB];Aεe\(B). B ε el (A) . D . Λ = 5

L3 [A5C]:AεeltB).βεel(C).:3.Aεel(C)

L4 [AB]:Aεe\(B) .^.BεB

DL1 [Aa]:.AεK\(a) . = :AεA :[B]:a c el(J5) .Ξ.Λεel(5)

L5 [ABa]:AεK\(a) .BεK\{a) ,^>.A = 5

L6 [Aα]:A ε a .=>. [-5] . 5 ε Kl(α)

First we shall prove in -C some basic properties whose original proofs

given in M are not valid in £.

L7 [A]:AεA .o.AεKI(A) L#£-ϊ]

Lδ [Aα]:AεKI(fl).^.α c el(A) [DL1; Ll]

L9 [A5]:Aεel(5).^.,BεKI(A U B)

PR [A£].\Hp(l).^>:

2) 5 ε ΰ : [Ll; 1]

3) [C] :5εe l (C) .3 .Aεe l (C) : [L5; 1]

4) [c]:Bεe\(C).^>.A \J B - e l ( C ) : [3]

5) [C] :A u 5 c el(C) . ^ . B ε e l ( C ) : [2]

6) [C]:A iB c e l ( C ) . = . B ε e l ( C ) : [4; 5]

5 ε K I ( A IB) [DL1; 2; 6]

LiO [AB]:A εe\(B) . = .AεΛ .BεK\(A L 5 ) [LS; Lδ]

Lii [Aα]:A εK\(a) .^.[~B].Bεa

PR [Aα]/. H p ( l ) . ^ :

2) [B]:a c el(J5) . = .A ε el(5) : LZ)Li; l]

3) a ~ e l ( Λ ) . - . A ε e l ( Λ ) : [2]

4) a c Λ Λ / l ε A : [.Li; 3]

5) ~ ( « C Λ ) . [4]

\7B].Bεa [5]

L i ^ [r/] : ! {« } . = .}{K\(a)} [L6; Lll]

L13 ΛoKI(Λ) [L22]

L7/ [fl]:.'v(flcΛ).D:[5]:fl c el(5) .-. Kl(r/) c e\(B)

PR [fl]:.Hp(l).3:

2) [ΞAl.AεKI(«). [L6; l]

3) KI(fl)εKI(«): [L5; 2]

4) [B] :a c el(5) .=. KI(Λ) εel(JB) : [Z)Li; 3]

[B] :a c el(B) .=. Kl(«) c e!(J5) [3; 4]
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Llo [aB]:a c e\{B) ,=.K\(a) c e\(B) [L13; LU]

116 [i]:-^{A}AACel(A) [Ll]

L17 [a].a c el(KI(α)) [L15, B/K\(a); L5; L16]

L18 [ab]:a c δ . D . K\(a) c: el(KI(δ)) [L77, tf/δ; L75, 5/KI(δ)]

We now give a definition of set which differs from Lesniewsk i ' s .

DL2 [ A « ] : A ε s t ( « ) . = . A ε A .[Ξb].b C α . A ε K I ( δ )

Li.9 [Aα]:A εs t (α) . = .[Ξ6] .b c β . A ε K I ( δ ) [/)L2]

L ^ [ A a ] : , 4 ε s t ( t f ) . 3 . A ε K I ( α nel(A))

PR U«]:Hp(l).^.
[Ξ6].

3) AεK\(b). ) VLU> i J

4) b~e\(A). [L8',3]

5) 6 C f t r e l ( Λ ) . [2; 4]

6) Kl(δ) c el(KI(α Γ; el(A))) . [L18; 5]

7) A ε e l ( K I ( « Γ ι e l ( A ) ) ) . [ 3 ; 6]

8) Kl(β r. e\(A))εK\(a r e\(A)) . [Li; 7]

9) Kl(α Γ el(Λ))εel(A). [L15, a/a π el(A), J5/Λ; 8]

/lεKKr/ r el(A)) [L2; 7; 9]

L^i [Afl]:Λεst(rt). = .AεKI(« r. el(Λ)) LL^O; LJp]

L2^ [Aβ]:AεKI(β).^.Aεst(α) [L19; b/a]

L23 [ab]:a C £ . D . s t ( « ) - s t (δ) [Li.9]

L^i [Aa]:AεK\(a) , = .Aεst{a) .a ^ e\(A) [L22; L8; L2l]

L25 [Aa]:Aεa.^>.Aεst(a) [L19; L7]

L26 [Aa] :Λ εst (a).^.Aεe\(K\ (a)) [L21; L18, a/a Γ e\{Λ), b/a]

Although LSI is not needed in the present line of proof, we prove it

here since it shows that set still possesses one of the important properties

of the collective class in this weaker system.

L27 [a].st((ή ~ St(st(tf)) [L23, b/st(a); L25]

L28 [ADa\:Dεs\{a) Γ el (A) . ^ . Dεe\(K\(a ί el(A)))

PR [AZto]:Hp(l).^.

2) Dεst(a). {

3) Z)εel(A). )' L J

4) DεK\(a r e\(D)) . [L21- 2]

5) a Γ el(Z)) ^ a r. el(A) . \L3\ 3]

Z)εel(KI(« Γ el(A))) . [L.18; 5; 4]

LZ9 [Ar/]. K\(a Γ, e!(A)) c el(KI(st(r/) , el(A))) [Lic9; 7.25]

L30 [Aa]:Aεst(st(a)) .^.Aεst(r/)

PR [A«]:Hp(l) .3.

2) AεKI(st(α) " el (A)). [L2I; 1]

3) Aεel(KI(α el (A))) . [L15; L28; 2]

4) Kl(« ,el(A))εKI(rt el(A)) . [L4; 3]

5) Kl(r/ ' el(A))εel(A). [Li5; 4]

6) AεKI(β r el (A)). [L2; 3; 5]

Aεst(r/) [L21;6]

L31 [a].s\(a)os\(sϊ(a)) [L27; L3θ]
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Next we show that the definition of set given here is equivalent in

mereology to Lesniewski's definition.

A29 [Aa] /. A ε st(α) .=:AεA: [D] :Dεe\(A) .=>. [3EF]. Eεa . Eεe\(A).

Fεe\(D).Fεe\(E)

PR [Aa] :.

1) Aεst(a)^.AεK\(aΠe\{A)) [L2l]

2) ^:AεA.a Π e\(A) c e\(A) :[D]: Dεe\(A) .^.[ΞEF].

Eεa n el(A).i^elU)).i^el(£) [ZλZ; 1]

3) =:AεA :[D]ι Dεe\{A) .^.[ΞEF]. Eεa . Eεe\{A).

F εe\{D).Fεe\(E) [2]

Of the theorems in section 1 of [1], T9, T10, T12, T20, T21 are not

valid in -f. The proofs of two theorems must be altered slightly. In T29

replace 4) by

4 a ) BεK\({a -A)ne\(B)). [L21; 2]

[Ξ?C].
4b) Cε(a - A) n e\(B). [Lli; 4a]

The reason for 6), 7) and 8) becomes [4b]. In T43 replace 6) and 11)

respectively by

6) AεK\(b ne\(A)). [L21; 5]

11) EεK\(a 0 e\(E)) . [L21; 10]

The reason for 7) and 8) becomes [Lll; 6] and the reason for 12) and 13)

becomes [Lll; 11]. Now except for the trivial properties of outside used in

T5, all the reasons that occur in the rest of the theorems have been proved

in.C.
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