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TWO RESULTS IN LESNIEWSKI'S MEREOLOGY

ROBERT E. CLAY

In section 1 we prove that a certain characterization of class can be
proved without the aid of auxiliary definitions. In section 2 we show that
the main results in [1] still hold in the weakened system constructed by
replacing the original definition of class by the characterization given in
section 1. In what follows we assume that the reader is acquainted with
the Ontological Preliminaries in [1].

1. In the proofs given in [3] of
[Aa].. AeKl(a) .=:AeA:[B]:a C el(B).=. Acel(B)?
and
[AB]..Acel(B) .=:AcA:[D]:Dcel(A).D.[2F].Feel(D).Feel(B)

Lesniewski’s definition of set plays an important role. Sobocifiski has
asked whether this definition is creative with respect to the above two
theorems, or, if not, whether some auxiliary definition is required. The
answer is no. The proof follows.

An axiom system for mereology, denoted #, is given by A1 through A6
with DI. (This is not an independent axiom set. (AI and A2 are derivable
from the rest).)

A1 [A]l:AgA D Asel( )

A2 [AB]:Acel(B).Beel(A).D.A=B
A3 [ABC): AseI(B) Beel(C).D.Acel(C)
A1 |[ABl:Acel(B).D.BeB

D1  [Aa).AeKl(@).=:AcA:[D]:Dea.D.Deel(A):[D]:Deel(A) .D.[2EF].
Eca.Feel(D).Feel(E)

A5 |[ABal:AeKl(@).BeKl@).D.A =B

A6 [Aa]:Aea.D.[3B].BeKl()

1. These two results have been included in the same paper because, though they are
very different, their proofs are related.

2. The theorem in [3] actually used [C; Lejewski remarked that [~ could be replaced
by C.
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[ABD(I]:A&KI(a) Agel(B).Dea.D.Deel(B)

|[ABDa] : Hp(3) .D
Deel(A). [DI1; 1; 3]
D g el(B) [A3: 4; 2]
[Aa]~ AeKl(a).2:[B]:Acel(B).D.a < el(B) [A47]
[A]:Aed.D. AeKIA) (DI, a/A, E/A, F/D; Al]
[AB]~ Acel(B):[D]:Deel(B).D.["F].Feel(D).Fecel(d):D.A=R
[AB] - Hp(2).D:
BeB: (A4 1]
[D]:DeA.D.Deel(B): [1]
[D]:Deel(B).D.AcA.["F].Feel(D).Feel(4d): [1; 2]
[D]:Deel(B).D.[FEF|.EeA.Feel(D).Feel(E): [5]
BeKI(A). [DI; 3; 4; 6]
AeKI(A4). [A9; 1]
A=B [A5; 7; 8]
[AB]:: Aeel(B).~(A = B).>.[=D]. Deel(B):[F]: Feel(D).>.
~(Feel(d)) [A10]
[AB]:AeA.BeKl(A L B).D.Acel(B) [p1)
[Aa]:AeKl(a).2. |7 B].Bea
[Aa] - Hp(1) .D:
Acgel(A): [A1; 1]
[D]:Deel(d).D.|"E].Eca: (D1 1]
[ B].Bea (3; 2]
|[ABal:AeKl(@) . ~(Be B).2.[=D].Dea.~(Deel(B))
[ABa]Hp(2) .2
el(B)<A. (A 2]
[=D).Dea. [A13; 1)
[=D].Dea.~(Deel(B)) [4; 3]
[ABa): AeKla). ~(Acel(B)).BeB.>.[=D].Dea.~(Deel(B))
[ABali Hp(3) .D::
(=cl:
CeKl(A . B). [A6; 1]
Beel(C). [D1; 4; 3]
~(B=C):: [A12; 1; 2; 4]
(=D)::
Deel(C): .
[F]: Feel(D).D. ~(Feel(B)):: } [411; 5; 6]
[ZGH]::
GeAlL B.
Heel(D). . (D1;4; 7]
Heelq): )
GeB.O.[=F].Feel(D).Feel(B): [3; 10; 11]
~(GeB). [12; 8]
GeA. [9; 13]
Heel(A) . [11; 14; 1]

[ KL]..
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16) Kea.

17) Leel(H). |DI; 1; 15]

18) Leel(K).

19) Leel(D). [A3; 17; 10]

20) ~Leel(B): [8; 19]

21) Keel(B).D.Leel(B): [A3; 18]

22) ~(K egel(B)). (20; 21]
[ZD].Dea . ~(Deel(B)) [16; 22]

Al6 [ABa]: AsKI(a) ~(A el(B) .>.[-D].Dea.~(Deel(B)) [A15; A11]

A17 [Aa]l~AeKl@).2:[B]:a Cel(B).D.Acel(B) [AT16]

A18 [Aad]: AsKla)D[ ]:a < el(B).=.Acel(B) [A17; A8]

Al19 [AB]~AgA:[C]:Acel(C).=.Beel(C):>.A =B

PR [4B]. Hp(2):>.

3) Acel@). [A7; 1]

4)  Beel(d). [2; 3]

5) Beel(B). [AI; 4]

6) Acel(B). [2; 5]
A=B [A2; 6; 4]

A20 [Aa).|B):a Zel(B).=.Acel(B):2.AeKl(a)
PR [A«]:-iHp(1):D::

2) a Cel(A) .= . Agel(A): [1]
3) aZ A= AgA: [A4; 2]
4) ~la=A). (3]
5) [ZD].Dea-. [4]
[-c].
6) CeKl(a): [A6; 5]
7) [Bl:a “el(B).=.Ceel(B): [A18; 6]
8) [B]l:Acel(B).=.Ceel(B): [1; 7]
9) A=C. [A19; 6; 8]
AeKl(a) (65 9]
Azl [AalAeKl(a).=:[B]:a Z el(B).=. Acel(B) [A18; A20]
Azz [Aa)l: AeKla) .=:Ae A:[B]:a = el(B).=. Agel(B) [Az1|

We now proceed to the characterization of element.

A24 [AB]~AgA.~(BeB).2:|=D]|: Deel(A):[F]: Feel(D) .. ~(Feel(D)
PR [AB]. Hp(2).>:

3)  Acgel(A). [A1; 1]
4)  [F].~(Feel(B): [Ag 2]
5) [F]: Feel(A).D.~(Feel(B)): [4]
[=D]: Deel(A):[F]: Feel(D).>. ~(Feel(D)) [3; 5]
Az5 [AB]~ AgA.~(Acel(B).Be B.>:[=D|: Deel(A):| F]: Feel(D).>.
~(Feel(B))
PR [AB]::Hp(3).D::
(Steps 4 through 15 are identical with A15)
16) [F]:Feel(ll) .D.~(Feel(B): |A3 10; 8]

[=D]: Deel(A):[F]: Feel(D).2. ~(Feel(B)) [15; 16]
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A26 [AB].AgA.~(Acel(B).D:[2D]: Deel(A):[F]: Feel(D).D.

~(F¢el(B)) [A21; A25]

A27 [AB]..Acel(B).D:AeA:[D]:Deel(d).D.[ZF].Feel(D).Feel(B)
[A3; A1)

A28 [AB]-Acel(B).=:AeA:[D]:Deel(d).D.[=F]. Feel(D).Feel(B)
[A27; A26]

2. We now construct the system [ by replacing DI in M with A22, [ is
weaker than M, cf. [2], but the main theorems of section 1 of [1] still hold,
provided we alter the definition of set. However, the meta-theorem in
section 2 of [1] breaks down completely. (L is not an independent axiom
set; L2 and L5 are derivable from the rest.)

L1 [A]:AeA.D.Aceld)

L2 [AB):Acel(B).Bgel(A).D.A =B

L3 [ABC]:Aeel(B).Beel(C).D.Acel(C)

Li [AB]:Acel(B).D.BeB

DLI [Aa)-~AeKl(@).=:AgA :[Bl:a Zel(B).=.Acel(B)
L5 |ABa):AeKl@).BeKl@).D.A =B

L6 [Aa):Aea.D.[=B].BeKl(a)

First we shall prove in L some basic properties whose original proofs
given in M are not valid in (.

L7 [A]:AeA . D.AeKI(A) [DL1]
L8 [Aal:AeKl(@).D.a < el(A) [pL1; L1]
L9 [AB]:Acel(B).2.BeKI(A U B)
PR [AB].- Hp(1).2:
2) BeB: (L 1]
3) [C]:Beel(C).D.Acel(C): [L3; 1]
4) [c]:Beel(C).D.A LB CellC): [3]
5 [c]l:Au B CelC).D>.Beel(C): (2]
6) [C]:ALBZellC).=.Beel(C): [4; 5]
BeKl(A U B) [DL1; 2; 6]
LI10 |AB):Acel(B).=.AeA.BeKl(A . B) [L9; L8]
L11 [Aa):AeKla).2.["B].Bea
PR [Aa]. Hp(1).D:
2) [B] a Zel(B).=.Acel(B): |DL1; 1]
3) a Zel(A).=.Acel(A): 2]
4) aCTA.=Ach: [L#; 3]
5) ~(a T A). [4]
|“B].Bea (5]
L12 |a):Mat.=. 1 {Kl(@@)} lL6; L11]
L13 AoKI(A) [L12]
L1i1 la)o~(@oA) . D:[B]:a = el(B).=.Kl{a) C el(B)
PR [a].. Hp(1).>:
2)  [FA]l.AeKl(@). [L6; 1]
3) Kla)sKl ) [L5; 2]
4) [B]:a < el(B).=.Kl(@)cel(B): (DL1; 3]
[B]:a < el(B) .=.Kl() < el(B) [3; 4]
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L15 [aB]:a Cel(B).=.Kl@) C el(B) [L13; L14]
Li6 [A]: ={A}.D.A Cel(4) (L]
L17 [a].a T el(Kl(a)) (L15, B/Kl(a); L5; L16]
L18 [ab):a S b.2.Kla) < el(KI(D)) (L17, a/b; LZJ B/KI 5]

We now give a definition of set which differs from Le&niewski’s.

DL2 [Aa]:Aest(@).=.AeA . [Z0].0 Ta.AcKI(D)

L19 [Aa]:Agst(a).=.[Zb].b Ta.AeKI(b) [DL2]
L20 [Aa]:Agst(a).D.AgKl(a nelA))
PR [Aa]:Hp(1).D.
(Zo].
2) bZTa.
3)  AeKI(). J [L19; 1]
4) b Zeld). [L8; 3]
5) b Zar elA). (2; 4]
6) KI(b) < el(Kl(a ~ el(A))). [L18;5]
7y Acel(Kl(a el(Ad))). [3; 6]
8) Kl el(d)eKl(ar el@)). (L4 7]
9)  Klai elA)eeld). [L15, a/a r el(A), B/A; 8]
AeKl(a ~ el(A)) (L2;7; 9]
L21 [Aa):Aest(a) =.AeKl(a " el(Ad)) [L20; LZ()]
L22 [Aa]:AeKl(a).D.Agst(a) [L19; b/a]
L23 [ab):a Z b.D.stla) = st(b) [Lw]
L24 [Aa]l:AeKl(a).=.Aest(a).a = el(A) [L22; LS; L21]
L25 |Aa):Aga.D.Ag st(a) [LZJ L7]
L26 [Aa]:Aest@).>.Agel(Kl(a)) [L21; L18, a/a el(A), b/a]

Although L3I is not needed in the present line of proof, we prove it
here since it shows that set still possesses one of the important properties
of the collective class in this weaker system.

L27 [a].st(a) = st(st(a)) [L23, b/st(a); L25]

L28 [ADa]:Dest(a) el(d).D. Deel(Kl(a i el(A)))

PR  [ADa]:Hp(1).D.

2) Dest(a). | 1]

3) Deel(4). )

4) DeKl(ar el(D)). [L21; 2]

5) aiel(D) Za eld). [L3; 3]
Deel(Kl(a =~ el(4))). [L18; 5; 4]

L29 [Ada].Kl(a i el(4) < el(Kl(st(«) . el(A))) [L18; L25]

L30 |Aal:Aest(st(a)).>. Aest(q)

PR [Aal:Hp(1).-.

2)  AeKl(st(a) " el(4)). (L2 1]

3)  AcelKl(e elA)). [L15; L28; 2]

4) Ki(a el(A) e Kl el(d)). [ L1 3]

5) Kl(a = el(A))eel(d). [L15; 4]

8)  AeKl(a el(A)). [L2; 3; 5]
Ag st(a) [L21; 6]

L31 la].st(a)-st(st(a)) [L27; L30]
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Next we show that the definition of set given here is equivalent in
mereology to Le§niewski’s definition.

A29 [Aal-Acest(a) .=:AcA:[D]:Deel(A).D.[ZEF]|.Eca.Ecel(A).
Feel(D).Feel(E)

PR [Ad]-

1) Acgst(a).=. AeKl(a n el(A)) [L21]

2) =:AcA.anelld) Celd):[D]: Deel(d) .DO.[ZEF].
EganellA).Feel(D). Feel(E) [DI1; 1]

3) =:AcA:[D]:Deel(4) .D.[FEF].Eca.Ecel(4).
Feel(D).Feel(E) 2]

Of the theorems in section 1 of [1], 79, T10, T12, T20, T21 are not
valid in .L. The proofs of two theorems must be altered slightly. In 729
replace 4) by

4a) BeKl((a - A) nel(B)). [L21; 2]
[=c].

4b) Cela - A)nelB). [L11;4a]

The reason for 6), 7) and 8) becomes [4b]. In 743 replace 6) and 11)

respectively by

6) AeKI(®reld)). [L21; 5]
11)  EeKla nel(E)). [L21; 10]

The reason for 7) and 8) becomes [L11; 6] and the reason for 12) and 13)
becomes [L11; 11]. Now except for the trivial properties of outside used in
T5, all the reasons that occur in the rest of the theorems have been proved

in L.
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