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Abstract This paper is concerned with the analysis of a new stable space-
time finite element method (FEM) for the numerical solution of parabolic
evolution problems in moving spatial computational domains. The discrete
bilinear form is elliptic on the FEM space with respect to a discrete energy
norm. This property together with a corresponding boundedness property,
consistency and approximation results for the FEM spaces yield an a priori
discretization error estimate with respect to the discrete norm. Finally, we
confirm the theoretical results with numerical experiments in spatial moving
domains.
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1 Introduction

Parabolic initial-boundary value problems arise in many practical applications.
For instance, heat conduction and diffusion processes but also evolution pro-
cesses in life and social sciences can be modeled by parabolic evolution prob-
lems with a more general elliptic part, i.e, with convection-diffusion-reaction
terms or even non-linear terms. The standard discretization methods in time
and space are based on time-stepping methods combined with some spatial
discretization technique like the finite element methods (FEM). The vertical
method of lines discretizes first in space and then in time, whereas in the
horizontal method of lines, the discretization starts with respect to the time
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variable followed by the space variable, see e.g. [19]. Also time discontinuous
Galerkin methods have been presented and analyzed for linear and non-linear
parabolic initial boundary value problems [7]. We mention also space-time
wavelet methods [15] and other space-time schemes including the p and hp in
time versions of hp—finite element method to parabolic problems, see e.g., [1]
and [2] respectively. This was followed by hp dG time-stepping combined with
FEM in space, see [14].

Another approach to discretization of parabolic evolution problems are the
space-time methods. The approach is known to be a natural way of numeri-
cal discretization for problems requiring deforming and moving meshes. The
space-time schemes allow for discretization in time and space simultaneously
and are also applicable even for unstructured meshes see, e.g., [6]. In this
approach, the time variable ¢ is considered as just another variable zg4q if
r1,...,Tq are the spatial variables. In this sense, the time derivative acts as a
strong convection term in the direction 441, see e.g. [17,18,3,13]. Recently,
conforming space-time FEM approximations have been studied and presented
in [16]. By means of an upwind-stabilized single-patch space-time Isogeometric
analysis (IgA), a stable space-time scheme was developed in [10] for fixed and
moving spatial computational domain. For CP~! — basis functions, we derived
optimal approximation estimates for fixed and moving spatial computational
domains with p > 1 and p > 2 respectively. For multi-patch deforming com-
putational domains, we further derived a space-time multi-patch where dG
methodology was employed in space and in time, see [12] and also [11]. The
space-time approach allows for a posteriori error estimates, see e.g., [9].

In this paper, we generalize the results of moving spatial computational
domains from [10, Section 5] to the continuous basis functions i.e. C?, case. By
using a time upwind test function, we derive a discrete bilinear form ay(-,-) :
Von X Vor, — R that is elliptic on Vg, with respect to a discrete norm || - ||p.
The boundedness of the bilinear form is asserted in a product space V}, « X Vj,
where the vector space V}, .. has an associated norm ||- ||5,«. Using the ellipticity
and boundedness results together with consistency results, we derive a priori
discretization error estimates in the discrete norm || - ||. Finally, we present
numerical experiments that demonstrate the feasibility of proposed scheme.

The outline of the article is as follows: In Section 2, we present the standard
space-time variational scheme for the parabolic problem. Then, in Section 3,
we present the new stable space-time finite element scheme. Section 4 is de-
voted to the derivation of a priori discretization error estimates. In Section 5,
we present and discuss numerical experiments. We conclude the article with
remarks on the scheme.

2 Space-time variational formulation

Let Q C R¥*! d € {1,2,3} be a bounded and Lipschitz space-time domain.
Let o = (aq,...,aq) be a multi-index with non-negative integers asq, ..., ag
and |a] = a; + ... + ag. For the multi-index «, let 9%u := 9l*lu/dz™ =
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91l /0x (™ ... 0z denote the spatial derivatives with dfu := 9'u/0t" as time
derivatives. We denote the space of square-integrable functions by L2(Q) and
a corresponding norm || - [|z,(g). For positive integers s.,s;, we define the
Sobolev space H*=*t(Q) = {u € La(Q) : 0%u € L2(Q),Vawith0 < |a| <
Sz, Ofu € La(Q),i=0,...,5}, see e.g., [8].

We consider a linear parabolic initial-boundary value problem: find u :
(@ — R such that

Ou—Au=f in Q u=0 on XUDJ, (1)

posed in the space-time domain @ := 2(t) x [0,T], where A is the Laplace
operator, J; denotes the partial time derivative, f is a given source function,
T is the final time, Q := §2(t) x (0,T), where 2(t) C R? for d = 1,2, 3, denotes
the deforming domain X' = 992(t) x (0,T'), Xy = £2(0) x {0}, X = 2(T) x{T'}
with the boundary 0Q := X U Xy U Xr.

The space-time variational formulation of (1) reads : find u € Hé,’g (Q) such
that

a(u,v) =L(v) Yv € H&%(Q), (2)

with the bilinear and linear forms given by
a(u,v) = —/ uOpvdzdt —|—/ Vaeu-Vyvdedt and £(v) = / fodxdt, (3)
Q Q Q

where the trial and test spaces are defined by H&}’S(Q) ={u e Ly(Q):Vyu e
[L2(@Q)]% u = 0on ¥ andu = Oon Xy} and Hé%(Q) ={u € Ly(Q) : Vyu €
[La(Q)]?, Ou € La(Q),u = 0on X, andu = 0Qon Y7 }. We denote the gradient

with respect to the spatial variables by V,u = (9u/0z1,...,0u/dz4)". The
variational problem (2) is known to have a unique weak solution, see e.g., [8].

3 Stable space-time finite element method

Let K, be a decomposition of the space-time domain @ € R4, d = 1,2, 3 into
non-degenerate (d 4+ 1)—simplices i.e. triangles if d = 1 or tetrahedra if d = 2.
Let the diameter of the simplex be denoted by hx and let h be defined by h =
max{hg : K € Kp}. It is assumed that the family of triangulations is quasi-
uniform, which means that there exists a positive constant C,,, independent
of h such that for all triangulations Kp, every simplex K € K, satisfies

hi <h<Cuhg, foral K €Ky, (4)

Let P, be the set of all polynomials of degree less or equal to p, i.e. degree
< p. Then V}, is the set of all continuous and piecewise polynomial functions
on @, i.e.

Vi = {UhEOO(Q):Uh|KEPp(K), VKG/C;L}. (5)
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Finally, we define discrete space-time space as follows
Vor == Vi N H(}QI(Q) (6)
For every two neighboring triangles or tetrahedra K;, K; € Ky, the interior
facet F;; is given by F;; := K;NK, i # j, if the set forms a (d+1)—dimensional
manifold, see Figure 1. We denote the set of all interior facets of the decom-
position K, by F; that is Fj := (Ufil 8K¢) \ 0Q.

t
S
K, K;
n; ; )
_’< ”7,t> > Q
Yo
0 x

Fig. 1 A representation of the interior facet Fj; (left) and a description of space-time
domain (right).

Definition 1 (Jump, average, upwind) Let F;; € F; be an interior facet
with the outer unit normal vector n; = (n; , ni_’t)—r with respect to K;. For a
given, sufficiently smooth scalar and vector-valued functions v and q, we will
denote by v;, q; the trace of the function v and q on Fjj;, and the jump across
the interior facets Fj is defined by

[v] :==vn; +vn;, [q] :=q; -n;+q;- n,,
The jump in space direction is given by
[v]e = vini e +vjn; ., [d]e = di 050 +qj -0y,
whereas the jump in time direction is defined by
[vlt == vini e +vjn e, lalt == qinic + a;njq,

The average of a function v on the interior facet F;; is nothing but

W} = gty fa)i= glai+ay)

and the upwind in time direction is given by

v; for m;, >0, q; for n;; >0,
{v} = {a}* = (7)
v; for m;: <O, q; for n;y <0,
whereas the downwind in time direction is given by

down ) Vi for n;: >0, down ) Qi for n;: >0, g
{v} = {a} = (8)
v, for mn;; <O, q; for n;; <O.

)



A Stable Space-Time FEM of Parabolic Evolution Equations 5

The next lemma provides us with some elementary formulas that are necessary
for the derivation of our variational space-time FEM scheme.

Lemma 1 Let Fy; € F; be an interface, and let u and v be sufficiently smooth
functions on the interface. Then the following formulas hold:

[uv]e = {u}[v]s + {v}[u], 9)
[uv]e = {u} " [ol + {v} " [u].. (10)
Proof See e.g. [11]. O

The derivation of the scheme is as follows: we multiply our model problem
(1) with a test function of the form vy, + 6hd;vy, for an arbitrary v, € Vo, C
Hé”gl (Q) and a positive constant § which will be determined later,

/ fop + 6hoyvy,) dedt = / (8tu(vh + OhOpvy) — Auvy, — GhAuatvh> dxdt.
Q Q
(11)

Integration by parts with respect to x in the second term of the bilinear form
on the right-hand side of (11) gives

/ f o + 0hOwy,) dxdt
Q

= / ((%u(vh + 0howvp) + Vau - Vyup, — HhAuatvh> dxdt — / n, - Vyuvy ds,
Q oQ

where using the facts that v, € Vy, and n, are zero on Xy and X7 yields
/ f(vp + 0hOsvy,) dadt
Q
= / (&u(vh + OhOpvy) + Vau - Vaup — HhAuatvh) dxdt.
Q

Concerning the last term, we sum over each element and apply an integration
by parts with respect to the spatial direction

7/ Audyvy, drdt = — Z / Audyvy, dxdt
Q K

KeKy,
= Z / Vet - Vi 0y, dedt — Z / n, - V,udvy, ds
Kek, /K Kek, 7 OK
= Z / V- Vi 0ivp dodt — Z / [[VIuatvh]]mds—/ n, - Vyudvy, ds.
KeKy K Fi,€Fr Fij b

By an integration by parts with respect to the time direction for the first term
above and using the fact that v, € Vj, we obtain

> /atvru'vmvhdmdzﬂr >
K

Kekp Fi;eFr

— / Audyvy, dedt = — / [Vou- Vo] ds
Q Fij
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+/ V- Vavp ds — / [V udivp], ds —/ n, - Viudivy, ds.
ZUSr z

Fi;eFr

Now, considering the terms on the interior facets F;; € Fr, we use the identities
(9) and (10) from Lemma 1 to obtain

Z / ([[V u-Vaup]e = [Va uatvh]]z>d5

Fi;eFr

= > / (W u}? - [Vaonle + {Vavr} 0" - [Vauls

Fi,eF1
(Vi) - [Beonle — {Oron [Vl )ds

Assuming that our solution u belongs to H?(Q), the jumps of the derivative
of u are zero i.e. [Vyu], =0 and [V,u]y = 0, thus yielding

Z / [[V u-V Uh]]t - [[V Uatvhﬂmds

Fi;eFr

= > / (Vo)™ - [Vaonls — {Vou} - [Bron],)ds

Fi;eFr

Also, considering the terms on the boundary X', we have
/ Vu- (ntvxvh — naﬁtvh) ds =0,
=

since (n;V v — n,0pvy) are the tangential derivatives of v, and v, =0 on X
as discussed in [10]. Since the solution u is assumed to be smooth enough, we
have that [0;u], = 0. This enables us to add the consistent term

oh > / ({Vaun} - [Ovule + 8[0suls - [Ovn].) ds (12)
Fi;eFr

to the bilinear form where ¢ is a positive constant. Finally, we can write the
variational space-time FEM scheme as follows: find uj, € Vg, such that

ap(up,vp) = Ly (vp) VYo € Vo, (13)

where the bilinear form is given by

ap(up,vp) = / (8tuh(vh + 0hdyvp) + Veu - vah) dxdt
Q

—0h Z / OV pup - V. vhdxdtJrGh/ Vaup - Vyvp ds
KeKy, YT

+ 6h Z / <{V up PP - [Vaeor]e — {Vaur} - [Own]e + {Vavn} -

Fi;eFr

[[atuh]]m
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+ 0[Orun]y - [[é)tvh]]m) ds (14)
and the linear form

Eh(l}h> —/Qf ('Uh + ahaﬂ)h) dxdt. (15)

Remark 1 Although, we have considered homogeneous Dirichlet boundary and
initial conditions, it is also possible to consider other boundary conditions in-
cluding Neumann and Robin boundary conditions as well as non-homogeneous
Dirichlet boundary conditions. Particularly, the weak imposition of the Dirich-
let and initial boundary conditions will be an interesting consideration.

Theorem 1 If the solution u € H&,’S(Q) of the variational problem (2) belongs
to H?(Q) then the solution satisfies the consistency identity

ah(u,vh) = Eh(vh), Y, € Von. (16)

An immediate consequence of consistency is the Galerkin orthogonality prop-
erty

ah(u — uh,vh) =0, Yo, € Von. (17)

Due to the assumptions on the mesh elements, the following Lemmata that
are required for the analysis of the scheme hold. We refer the interested reader
to [4] for the proofs.

Lemma 2 Let K € Ky. Then the scaled trace inequality

1/2 (

[Vl ooy < Corhie ™™ (Wl Loy + hic vl i) (18)

holds for all v € H'(K), where hx denotes the mesh size of K and Cy, is a
positive constant.

Lemma 3 Let K be an arbitrary mesh element from K. Then the inverse
inequalities

IVl Lo (i) < Cino,t B 10n] 1 (1) (19)
lonllzaor) < Cimuoli ol i), (20)
hold for all v, € Vi, where Ciny1 and Cipn, o are positive constants.

To show the coercivity of the bilinear form, we will need the following
lemma.

Lemma 4 Let F;; € Fr be an interior facet and v € Vg, be a function. Then
the following identity holds:

8 P s AT 1 (21)
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Proof See e.g. [11] or [12]. O

Next, we show that the discrete bilinear form (14) is Vy, —coercive with respect
to the mesh-dependent norm

1 0h
l[vnlln := <||vah||2L2(Q) + 9h||8tvh||2L2(Q) + §th||%2(2ﬂ + ?vavth@(zT)
oh ) ) 1/2
+ G 5 Mol ey + 000 3 BoLle,) - @2
FijE}-I FijE}-]

Remark 2 The equation above (22) is a norm. Indeed, if ||vy||, = 0 for some
v, € Vo, then Vyvp, = 0 and Qv = 0 in @, i.e., v, is a constant in Q.
Furthermore, v, € Vg, implies that vy, is zero on X and X, i.e. this constant
must be zero. Therefore, v, = 0 in the whole space-time computational domain
Q. The other norm axioms are trivial.

Lemma 5 Let 6 > 0 be sufficiently small such that 0 < (C3,, ,C2)~", where
Cinv,o s chosen as in Lemma 3 and C, as in Assumption (4). Then the
discrete bilinear form ap(-,-) : Von x Vor, = R, defined by (14), is Vop— coercive
with respect to the norm || - ||n, i.e.

an(vn,vn) > pellvnllz,  Yon € Von, (23)
with pe = 1/2.

Proof Let vy, = uyp, in (14), then we get

an(vp,vp) = / (8tvhvh + Oh(0,u)? + |vah\2) dxdt + 6h |V pon|? ds
Q Xr

—0h Z /(’%V vp, - Vgup, dedt + 6h Z / {V,op}P - [Veup]e ds

KeKy Fi;eFr

—0h Y / {Voon} - [Oson]zds +0h / {Voon} - [0vn]e ds

Fi;eFr Fi;eFr

+60h Y / [8,vn]? ds.

Fi;eFr

Using Gauss’ theorem, we obtain

an(vn, vn) / v+ OB 0onl2 o + IVa0n 12, 0y + ORIVan 12, ()
Z /at|v vp|? dadt + 0h / (Voo Y2 - [Vyup]e ds
KeKy, FijeFr

+60h Y / [8,v1]? ds

Fi;eFr
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1
= 5 /aQ vy + 0| 0wvn1 7,0y + IVevnlZ, o) + ORIVavnllT, (5

Z /at|v o dadt + 60 3 / (Voon P - [Vavn] ds

Kekn, Fi;€Fr
+66h Y (I0wnlelT -

Fi;eFr
Rewriting the boundary terms such that 0Q = XY U Xy U Xp and F; =

]i 0K;) \ 0Q with the interior facet F;; C F; and using vy, = 0 on X
=1 J
yields

1
an(vn, vn) = 5 /2 vjr ds + 0h||0onl|7 @) + IVavnllT, @) + ORIV evnlZ, (50
T

2y / [1920nl?]e ds — S | Vtn 5

ngE]'-I
Oh 2 U
3, ny|Vyup|* ds + 0h Z {V up 1P - [Vgup]e ds
Fi;eFr
+06h Y (IBonlalfr,)-
Fi;eFr

Using identity (21) and the fact that v, € Vo, we obtain

1 6h
an(vn,vn) = 5lIvnllL, () + OPNIOwRIT, Q) + IVavnllZ ) + 5 IVavrlT, (n)
6h
-5, n¢|Vpon|? ds + 6h E / ({V vp }UP - [Vauplle ds — f[[|V vn)*]e >

Fi;eFr
+30h > [0wnlal7,r,)

Fi;eFr

1 oh
= §||”h||2L2 (o) T 9h||3tvh||%2 + ||vah\|%2(Q) + *vavhH%Q(zT)

oh
=% [ v ds+— 3 / sl ([V0n]D ds + 360 S N0enlal?, o,

Fi;eFr FijeFr
By using |n;¢| > |ni,t|2 and Definition 1, we obtain

0h

an(vn,vn) > ||Uh||L2(zT) + 9h||6tvh||L2(Q) + ||VthHL2(Q) + = ||vah\|%2(zT)
oh
L AL S | S N T S X% R
Fi;eF: Fi;eF:

Oh
> |loallz - 7||vah||i2(2)~ (24)
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Now by applying (20) and the quasi-uniform assumption (4) to the term on
X, we have

eh/2”vz”h||2L2(2) < eh/2ci2nv,oczh_l||vah\|%2(cg) = (eciznv,OCZ)/2”V$vhH%Q(Q)'

(25)
By inserting (25) into (24), we have
an(vn, vn) 2 [lonllf = (0C%,, 0 C2) /20 Vavnll, )
> (1= (002, 0C2 DNl > 3l
since § < (C7,, (C2)~!. This completes the proof of the coercivity. 0

Remark 3 We observe that Lemma 5 is sufficient for well-posedness of the
discrete problem (13). The Lemma 5 implies the uniqueness of the solu-
tion up € Vop. Since the space-time FEM scheme (13) is posed in a finite-
dimensional space Vpp,, the uniqueness yields the existence of the solution.

We need uniform boundedness of the discrete bilinear form ap(-,-) on

Vons X Von, where the space Von. = Hy°(Q) N H2(Q) + Vo, is equipped
with the norm

1
[Vl = (”VWH%Q(Q) + 9h||3tv||%2(Q) + §HU||%2(2T) + 9hHVz”H2L2(2T)

+0h > IIVa]ellZ, (k) + 06R > 110c0n]all7, ()

Fi;€Fr Fi;eFr
+(0n) M ollZ,q) + (OR)?110:VavlT ) +0h D I{Va0} 17, ()
Fi;eFr
N 2
Y 0l on, ) (26)
i=1

Lemma 6 The discrete bilinear form ap(-,-), defined by (14), is uniformly
bounded on Vop .« x Von, i.e., there exists a positive constant uy, that does not
depend on h such that

lan (u, vn)| < o [[ullnllvnlln, Vu € Vons, Von € Von. (27)

with i, = max {671C; 2 (/2,4 + 5’1/2}1/2, where Cinpo is chosen as in
Lemma 3, § is a positive constant and € chosen as in Lemma 5.

Proof Let us estimate the bilinear form (14) as follows: for the first term, we
apply integration by parts and Cauchy-Schwarz inequality yielding

/ Oyuvy, dxdt = —/ uOyvp, dadt +/ un; vy, ds
Q Q 0Q

- 1/2 1/2
< ((Qh) 1||U||%2(Q)) ((ah)||atvh“2Lz(Q))
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) 1/2 ) 1/2
+ (Il ) (lonlfaen) (28)
By using Cauchy Schwarz’s inequality on the following terms, we obtain

1/2 1/2
Oh | Vou-Voonds < (00Vauld, ) (0RIVevnl3uom)
Xr

) 1/2 ) 1/2
oh / Dby dedt < (0h0ul3,)) (MO l)) -

1/2 ) 1/2
/v w- Vyop dedt < (||V, uHLz(Q)) (||Vmuh||L2(Q)) :

(
Oh Z / O Vau - Vv dadt < (Wl [0: V2 UHLQ(Q)) v (“Vm”h”%z(Q)f/Q’

KeK,
1/2
son 3 / [0l - [Oonle ds < (600 3 [0l ||L2(F”)
Fi;eFr Fi;eFr
1/2
< (600 3 I0wLle,)
FijeFr

Next, we estimate the interface terms using the quasi-uniform assumption (4)
and the inverse inequality (20)

oh > {Vou}™ - [Voon]e ds

Fi;eFr Fij
1/2 1/2
< (00 X 1 Buey) (00 5 V.0l
Fij€Fr Fi;eFr
1/2 N 1/2
< (Hh Z {Vu}"?|3, FJ) (QQCUthnvmvh,iniz(@m)
Fi;eFr i=1
1/2 1/2
< (00 X T ny) (WOl Vanlia) €9
FijeFr
and
on Y / (Voon} - [0l ds
Fi;eFr
1/2 1/2
< (6‘19h > ||{vwvh}||2LQ(Fij)> (69h > ||[[6tu]]m||%2(Fij)>

FieFr Fi;eFr

1/2

) N 1/2
< <512 ” NV vn 2 ; > (59}1 Z ||[[8tu]]f“2L2(Fij)>
o1 FUE]:I
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19 ) ) 1/2 ) 1/2
< (50 Vel ) (00 X Ioalklr,) - 30

Fi;eFr

The final term is estimated using the quasi-uniform assumption (4) to arrive
at

oh > /F i;{vzu} - [0yvn] ds

Fy;eFr

1/2 1/2
< (5700 X HTaey) (900 S ML, )

FijeF; FijeF;

N
< (5—1ecu/2 > h,

=1

1/2 1/2
vxuiiwi)) (aeh T ||[[atvhnx||%2(pij)) .

Fi;eFr
(31)

Finally, substituting equations (29), (30) and (31) into (14), we get

|an(u, vp)| < ((eh)_1||u||2L2(Q) + ullZ, sy + OR10:ull () + IVa2ullZ,0)

+ 00| Vaul] 50y + OB 10V aul] o) + 00 D> I{Vau} I, (5,
Fi;eFr

N 1/2

+6710C,/2)  hie || VauilL, or,) +2560 Y uatuﬂwn%m))
=1 FijGJ:I

X (9h||3tvh||2L2(Q) + ||Uh||:£2(2T) + 9h||atvh||2L2(Q) + QHV:cUhH%Z(Q)

+ 0| VavnlZ, () + 200uCy 0l Vavn 12,0

1/2
+ (6710CuChh00) /20 VavnllZ ) + 286 ) ||[[5tvh]]m||%2(p,;j)>
FUEJ:I

< ]|l nx |V n,

with 1 = max {2(1 + C,C2,, o + 67100, C2,, o/4),6710C, /2}"? where 6 <

inv, n
1

(CuCl0) - O

4 A priori discretization error estimates

To derive a priori error estimates, we will require some interpolation results
for finite element. Let us recall the following interpolation result, see e.g. [4].

Lemma 7 Let l,d and s be positive integers such that 2 < s < p+ 1 with
s> (d+1)/2 and 0 <1 < s. Furthermore, let v € H*(Q) N Héy’gl(Q). Then
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there exists a projective operator Il from H&:Ql(Q) N H*(Q) to Von, and a
positive generic constant Cs such that

1/2
( > |vmv|%m<>) < Ch ol (), (32)
KeKy,

where h denotes the mazimum mesh-size parameter in the physical domain and
the constant Cs only depends on 1, s,p and the shape reqularity of the physical
domain Q.

The interpolation result enables us to derive estimates for terms on the
interior facets.

Lemma 8 Let the assumptions of Lemma 7 hold. Then the following estimates
hold

Y hlVeo = Lo)]eliZ, () < Csh* Vol () (33)
Fi;eFr
Z hI{Va(v — Hhv)}“”lli(pij) < C4h2(r_1)\|”||§w(@)a (34)
Fi;eFr
Y R0 (v — L0)]allE,ry) < Csh*O V0l ). (35)
FME]:I

where r = min{s,p + 1}, p denotes the underlying polynomial degree, § is a
positive constant and the generic constants Cs,Cy and Cs do not depend on
the mesh element size h.

Proof By using the quasi-uniformity assumption (4), the trace inequality (18),
and the approximation property (32), we obtain

Z h”[[vm(’U - Hhv)]]tH%Q(Fij)
Fi;eFr

N
< 20,02 3 huc it (1920 = T i0)l13, iy + e Va0 = i) s e, )

=1
N
< 4C,C,CERAY Z [0l e ey = C3h2(7’_1)||”||§1r(@),
i=1

where C5 = 4C;C,,C%.. Using the inequality |[{a}"?| < |a;| + |a;| and following
the proof above, we estimate the next term as follows

ST h{Valv - Do)y ?|2, )

Fi;eFr

N
< 20,CE " huchit (190 = i) [,y + W [ V(0 = v s )
i=1
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N
< 4C,C,CERA Y Z [0l e ey = C4h2(7’_1)||”||?{r(@),
i=1

where Cy = 4C’SCuC’,52,,. We obtain the final estimate following the techniques
in the proof above as follows

S 60n)|[0n(v — Tho)lall? yr,
FUEJ:I

N
< 200C,C% > hues it (190 = M) 13, sy + 1 100 (0 = M) i, )

=1

N
< 4660, CLLCh* ™D Y ol (k) = Csh*T V0l )
i=1

where C5 = 460C,C%.Cs. O
Lemma 9 Let d and s be positive integers with 2 < s < p+1,s > (d +

1)/2 and let v € H*(Q) N Hé)’gl (Q). Then, there exists a projection IIy from
HSQI(Q) N H*(Q) to Vo, and generic positive constants Cs and Cy such that

lo = Mylln < Csh™ vl e, (36)
v = ol < Coh"™ 0]l e ) (37)
where h is the mesh-size in the physical domain, r = min{s,p+ 1}, p denotes

the underlying polynomial degree, and the generic constants Cg and C7 do not
depend on h and v.

Proof Using the discrete norms as defined in (22) and (26) together with
Lemma 8, we complete the proof of the statement. a

Finally, we present the main result for the article, namely the a priori error
discretization error estimate in the discrete norm || - ||p.

Theorem 2 Let s and p be positive integers with 2 < s < p+ 1 and s >
(d+1)/2. Further, let u € H&’g(Q) NH*(Q) be the exact solution of our model
problem (2), and let u, € Voi, be the solution to the FEM scheme (13). Then
the discretization error estimate

lu = unlln < CB"M|ull g0, (38)

holds, where C' is a generic positive constant, r = min{s,p+1}, and p denotes
the underlying polynomial degree.

Proof By using the coercivity result of Lemma 5, the Galerkin orthogonality
(17) and the boundedness of the discrete bilinear form, i.e. Lemma 6, we can
derive the following estimates

pell Tnu — up||z < an(ITpu — up, Hpu — up) = ap(Hpu — u, I — up,)
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< o[ 1Inw = ul|p s [ I = |-
Hence, we have

[HTww = unlln < (uo/pe) [ Tnu — ulfp,«- (39)
Using (39) together with the estimates (37) and (36) from Lemma 9, we have

lu —unlln < llu = Hyullp + [ Hnu — uplln
<l — Hpulln + (po/ pe) |1 Tnu — ul|n
< (Cs + Cr(pp/pe))h" Hlul e ().
with C = (Cﬁ + C7(,ub/uc)). O

Remark 4 In practice, the assumption s > (d+1)/2 imposed on the regularity
is restrictive. In such a case, the domain decomposition of the space-time
cylinder is required as presented in [11,12] for the space-time discontinuous
Galerkin (dG) using Non uniform rational B-splines (NURBS). Also, the error
estimate in Theorem 2 can be further analyzed for the mesh element as follows

1/2
2(r—
ot — unlln sc( 32 ”nunzm) 7 (40)

KeKKy

where hg is the mesh size of the mesh element K. Such an error estimate
(40) is particularly relevant for developing Adaptive Finite Element Method
(AFEM) space-time scheme.

5 Numerical Results

We present in this section some numerical experiments to validate the theoret-
ical estimates presented in Section 4. The examples considered are motivated
by [10, Section 5], where the authors used Isogeometric Analysis (IgA). The
numerical results have been performed in FreeFem++ [5]. We will consider a
deforming space-time domain with polygonal surface area X as illustrated in
Figure 2. By using unstructured mesh with p = 1 and p = 2 polynomial degree
continuous finite elements, we compute the error in the discrete norm || - ||5.
The resulting linear system is solved using GMRES without preconditioning.
We chose the positive parameters § = 0.1 and § = 10 in all our numerical
experiments.

5.1 Example |

We consider the space-time domain @ := 02(¢) x [0,1] C R? where 2(t) =
{r € R :alt) <z < bt)} witht = (0,1),a(t) = —t/2 and b(t) = 1+
t/2, see Figure 2. The exact solution for the model problem (1) is given by
u(x,t) = sin(mx) sin(mt). The volume density f and the initial data uwg = 0
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Fig. 2 Moving spatial domains with underlying unstructured mesh.

on X are resolved accordingly. By successive mesh refinements using piecewise
linear (p = 1) and piecewise quadratic (p = 2) continuous finite element, the
convergence behavior with respect to the discrete norm | - ||, can be seen
in Figure 3 (right). The solution contours u; can be seen in Figure 3. Since
the exact solution is smooth, we expect optimal convergence rate O(hP) for
polynomial degrees p > 1 as predicted by Theorem 2.

b=

is!é’aggsu
HEy

10°
Degree of Freedom

Fig. 3 Solution contours in the space-time cylinder @ (left) and the plot of the error
estimates for degrees p =1 and p = 2.

5.2 Example II

We consider again the space-time domain Q := §2(t) x [0, 1] C R? as described
in Example 5.1. In this example, the exact solution for the model problem
(1) is given by u(zx,t) = (1 — t)*/?sin(nz) and has a singularity at t = 1.
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The volume density f and the initial data uy are resolved accordingly. The
exact solution u(x,t) belongs to the space H!=¢(Q) for any ¢ > 0. By succes-
sive mesh refinements using piecewise linear (p = 1) and piecewise quadratic
(p = 2) continuous finite element, the convergence behavior with respect to
the discrete norm || - || can be seen in Figure 4 (right). The solution contours
up, can be seen in Figure 4 (left). Using Theorem 2, we expect a convergence
rate of zero i.e. O(hP). However, we observe a convergence rate of O(h%®)
for polynomial degrees p > 1. This is because the solution has a singularity
only in time and a full regularity in space. For the linear polynomial degree
(p = 1), we obtain a convergence rate of 0.75 while for the quadratic poly-
nomial degree (p = 2), we obtain the expected convergence rate of 0.5. For
the quadratic polynomial degree, we are in the asymptotic range faster than
the linear polynomial degree, thus yielding the expected rate in the numerical
experiments. The numerical results confirm similar results obtained by using
space-time discontinuous Galerkin FEM as presented in [13, Example 2.3.3].

Error Estimate versus Degree of Freedom
T T T

“0-p1
H %
] o
£
5 BN
w B 0.75
* i
\O‘
w0k T

Fig. 4 Solution contours in the space-time cylinder @ (left) and the plot of the error
estimates for degrees p =1 and p = 2.

Conclusion

In this article, we have presented a new stable space-time finite element scheme
for parabolic evolution problems on arbitrary space-time domains. We have
presented a priori error estimates and numerical examples in the space-time
domain @ C R? using continuous finite element approximations with poly-
nomial degrees p = 1 and p = 2. For the smooth solution u considered in
Subsection 5.1, we have observed the optimal convergence rates as predicted
by Theorem 2. However, for non-smooth input data, the solutions have less
regularity and thus the a priori error estimate obtained in Theorem 2 does
not yield the optimal convergence rate or cannot be applied as observed in
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Subsection 5.2. An appropriate understanding of the behavior of such non-
smooth solutions will be to consider anisotropic Sobolev spaces. The new re-
sults present the possibility for space-time adaptivity in moving domains, also
the possibility to use preconditioning, fast solvers like multi-grid and domain
decomposition solvers.
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