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Abstract

This Licentiate thesis is focussed on some new questions in homogenization
theory, which have been motivated by some concrete problems in tribology.
From the mathematical point of view these questions are equipped with
scales of Reynolds equations with rapidly oscillating coefficients. In par-
ticular, in this Licentiate thesis we derive the corresponding homogenized
(averaged) equation. We consider the Reynolds equations in both the sta-
tionary and unstationary forms to analyze the effect of surface roughness
on the hydrodynamic performance of bearings when a lubricant is flowing
through it.

In Chapter 1 we describe the possible types of surfaces a bearing can
take. Out of these we select two types and derive the appropriate Reynolds
equations needed for their analysis.

Chapter 2 is devoted to the derivation of the homogenized equations
associated with the stationary forms of the compressible and incompressible
Reynolds equations. We derive these homogenized equations by using the
multiple scales expansion technique.

In Chapter 3 the homogenized equations for the unstationary forms of
the Reynolds equations are considered and some numerical results based on
the homogenized equations are presented.

In Chapter 4 we consider the equivalent minimization problem for the
unstationary Reynolds equation and use it to derive a homogenized mini-
mization problem. Finally, we obtain both the lower and upper bounds for
the derived homogenized problem.
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Preface

This Licentiate thesis is written as a monograph. A brief description of the
chapters are outlined in the abstract.

In particular the author’s contributions in the following papers are in-
cluded in this Licentiate thesis:

• A. Almqvist, E. K. Essel, L.-E. Persson and P. Wall, Homogenization
of the unstationary incompressible Reynolds equation, Tribol. Int. (in
press),(18 pages), 2007.

• A. Almqvist, E. K. Essel, J. Fabricius and P. Wall, Bounds for the un-
stationary incompressible Reynolds equation, Research Report (2007),
Department of Mathematics, Luleå University of Technology, Sweden,
submitted, (17 pages).

Also the following paper has influenced the ideas in my studies, but
the results are not included in this Licentiate thesis:

• E. K. Essel, Homogenization of the Stationary Compressible Reynolds
Equation by Two-scale Convergence (Constant Bulk Modulus Case),
Research Report 3 (2007), Department of Mathematics, Luleå Univer-
sity of Technology, Sweden, (16 pages ).
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Chapter 1

Introduction

1.1 Reynolds type equations

Reynolds type equations are applicable in the field of Tribology. Tribology
is a multidisciplinary field, which deals with the science, practice and tech-
nology of lubrication, wear prevention and friction control in machines. This
enable lubrication engineers to minimize cost of moving parts. In this way
machinery can be made more efficient, more reliable and more cost effective.
In the field of hydrodynamic lubrication, the flow of fluid through machine
elements such as bearings, gearboxes and hydraulic systems may be governed
by the Reynolds equation. The Reynolds type equations are often used in
analysing the influence of surface roughness on the hydrodynamic perfor-
mance of different machine elements when a lubricant is flowing through
it.

The two surfaces through which a lubricant flows, may have any of the
following characteristics:

(a) both surfaces are smooth and moving,

(b) both surfaces are smooth and stationary,

(c) both surfaces are rough and moving,

(d) both surfaces are rough and stationary,

(e) one surface is rough and stationary while the other is smooth and
moving,

(f) one surface is rough and moving while the other is smooth and moving,

1
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u2

u1

s2

s1

h(x)

Figure 1.1: Bearing with two smooth surfaces s1 and s2.

(g) one surface is rough and stationary while the other is rough and
moving,

(h) one surface is smooth and moving while the other is smooth and
stationary, etc.

In this Licentiate thesis we will mainly consider the cases (c) and (e).

In Case (e), the governing Reynolds type equation will be time indepen-
dent. This is due to the fact that the film thickness at any position x within
the machine element remains the same at any time t. In Case (c), due to
the motion of the rough surfaces, the governing Reynolds equation will be
time dependent. As a result of this motion, the film thickness h will be
changing rapidly with respect to position x and time t, thus giving rise to
a rapidly oscillating (changing) lubricant pressure within the machine ele-
ment. In both cases, due to the surface roughness, the coefficient h in the
Reynolds equation will be oscillating rapidly and therefore we may consider
the possibility of solving the problem by using an averaging process, and
here homogenization theory is a very useful method.

1.1.1 Various forms of the Reynolds equations

Figure 1.1 represent the flow of liquid through two smooth bearing surfaces
s1 and s2 with the governing Reynolds type equation given by
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hε(x)

s2

s2
u1

x

u2 = 0

Figure 1.2: One rough stationary surface and one smooth moving surface.

hε(x,t)

s2

s1

u1

u2

x

Figure 1.3: Both surfaces are rough and moving.
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∇ ·

[
ρ(p(x))h3(x))

12η
∇p(x)

]
=
u1 + u2

2

∂

∂x1
[ρ(p(x))h(x)] , (1.1)

where u1 and u2 are the velocities of s1 and s2, respectively, η is the viscosity
of the lubricant, which is assumed to be constant, whiles ρ represents the
density of the lubricant, see case (a) above. Moreover, h(x) is the film thick-
ness between the two surfaces, whiles p(x) is the pressure build up between
the surfaces when the lubricant flows through it. The bearing domain is
denoted by Ω and the space variable x ∈ Ω ⊂ R

2.

In general the density ρ of a lubricant is a function of the pressure, so
that with a converging film thickness, we expect the pressure to be changing.
This change in pressure will cause the density of the lubricant to change.
Figure 1.2 is a pictorial representation of case (e) above. Due to the periodic
roughness on s2, the film thickness will depend on the roughness wavelength
ε, where ε is a positive sequence converging to zero (for example ε = { 1

2n }
for n = 1, 2, · · ·). As a result of this dependence of h(x) on ε, we replace h(x)
in (1.1) with hε(x) to obtain the following equation:

∇ ·

[
ρ(pε(x))h

3
ε(x))

12η
∇pε(x)

]
=
u1 + u2

2

∂

∂x1
[ρ(pε(x))hε(x)] , (1.2)

where

hε(x) = h(x, x/ε) = h(x, y),

pε(x) = p(x, x/ε) = p(x, y), for y = x/ε.

The variable y = x/ε is called the local variable and ε obviously describes
how rapid the oscillations are. We will discuss this in detail later on in this
Licentiate thesis and also study what happens when ε → 0+ in a special
sense.

Equation (1.2) is then the Reynolds equation, which takes into account
the roughness contribution to the pressure build up in the bearing. If we
assume that the rough surface is stationary, while the moving surface is
smooth, then the film thickness hε(x) at any position x within the bearing
will remain the same at any time t and, hence, hε(x) will be independent of
time t. This explains why the Reynolds equation (1.2) does not involve time.

Figure 1.3 is a pictorial description of case (c) above. Here we consider
the case where both surfaces are rough and moving. As a consequence of
this motion, the film thickness will be changing rapidly, depending on the
relative positions of the corresponding rough surfaces.
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s2

s1
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s1

hε at time t1

hε at time t2
t2

t1

x

 u2

u1

u2

u1

Figure 1.4: Time dependent surfaces in motion.

In Figure 1.4, we see that the film thickness hε at the position x is differ-
ent for the two time steps t1 and t2. This is due to the relative positions of
the corresponding rough surfaces. This shows clearly that the film thickness
hε, which is dependent on ε, is a function of both x and t in case (c), i.e.,

hε(x, t) = h(x, t, x/ε, t/ε) = h(x, t, y, τ),

pε(x, t) = p(x, t, x/ε, t/ε) = p(x, t, y, τ),

where y = x/ε and τ = t/ε. The Reynolds equation describing such a time
dependent situation is given by

∂

∂t
[ρ (pε(x, t))hε(x, t)] = ∇ ·

[
ρ (pε(x, t)) h

3
ε(x, t)

12η
∇pε(x, t)

]
(1.3)

−

(
u1 + u2

2

)
∂

∂x1
[ρ (pε(x, t))hε(x, t)] .

In both the time independent and time dependent cases described above,
we can deduce that the pressure varies rapidly due to the rapidly changing
nature of the film thickness. As the roughness wavelength ε tends to zero,
we expect to have a rapidly oscillating pressure. This means that we will
need such a fine mesh that it is impossible to solve it directly with any
numerical method. This suggests some type of averaging. One rigorous
way to do this is to use the general theory of homogenization, which we
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will describe, develop and use in later chapters. This theory facilitates the
analysis of partial differential equations with rapidly oscillating coefficients,
see e.g. Jikov et al. [21]. A more engineering oriented introduction can also
be found in Persson et al. [27]. Homogenization has recently been applied
to different problems connected to lubrication, see e.g. [4], [5], [7], [9], [10],
[11], [13], [14], [15], [16], [19], [20], [22], [23], [25] and [28] with much success.
The main aim of this Licentiate thesis is to further develop and complement
these results.

The Reynolds equation can be described as being compressible or incom-
pressible depending on the definition of ρ (pε(x)) .

If the lubricant is assumed to be incompressible, i.e. ρ(p) is constant,
then the equations (1.2) and (1.3) are reduced to

∇ ·
[
h3

ε(x)∇pε(x)
]
= Λ

∂hε(x)

∂x1
, (1.4)

Γ
∂hε(x, t)

∂t
= ∇ ·

[
h3

ε(x, t)∇pε(x, t)
]
− Λ

∂hε(x, t)

∂x1
, (1.5)

where Γ = 12η, Λ = 6ηv and v = u1 + u2.

We note that the compressible equations (1.2) and (1.3) are non-linear.
This means that in general it is much more difficult to analyze the com-
pressible case. However, there is a relationship between the pressure and
the density which will transform (1.2) and (1.3) respectively, into the linear
forms below

∇ ·
(
h3

ε(x)∇wε(x)
)
= λ

∂

∂x1
(wε(x)hε(x)) , (1.6)

γ
∂

∂t
(wε(x, t)hε(x, t)) = ∇ ·

(
h3

ε(x, t)∇wε(x, t)
)
− λ

∂

∂x1
(wε(x, t)hε(x, t)) ,

(1.7)
where λ = 6ηvβ−1, γ = 12ηβ−1.

These linear forms of the compressible Reynolds equations are obtained
under the assumption that the dependence of density on pressure obeys the
relationship

ρ(pε(x)) = ρae
(pε(x)−pa)/β, (1.8)

where ρa is the fluid’s density at the atmospheric pressure pa and β is the
bulk modulus of the fluid, which is assumed to be a positive constant. This
assumption is valid for reasonably low pressures.
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1.1.2 Derivation of the linear forms (1.6) and (1.7)

To further facilitate the transformation of (1.2) and (1.3) to the linear forms,
we define a dimensionless density function wε(x) as

wε(x) = ρ(pε(x))/ρa. (1.9)

Substituting (1.8) into (1.9), we get that

wε(x) = e(pε(x)−pa)/β.

Hence we have that

∇wε(x) = e(pε(x)−pa)/β 1

β
∇pε(x)

=
1

βρa
ρae

(pε(x)−pa)/β︸ ︷︷ ︸
ρ(pε(x))

∇pε(x)

= β−1ρ−1
a ρ(pε(x))∇pε(x).

This implies that

ρaβ∇wε(x) = ρ(pε(x))∇pε(x). (1.10)

From (1.9) we see that

ρ(pε(x)) = ρawε(x). (1.11)

By substituting (1.10) and (1.11) into (1.2) we obtain that

∇ ·
(
h3

ε(x)∇wε(x)
)
= λ

∂

∂x1
(wεhε) on Ω,

where λ = 6ηvβ−1, and (1.6) is derived.

Making similar substitutions of (1.11) and (1.10) into (1.3), we obtain
the linear equation

γ
∂

∂t
(wε(x, t)hε(x, t)) = ∇ ·

(
h3

ε(x, t)∇wε(x, t)
)
− λ

∂

∂x1
(wε(x, t)hε(x, t)) ,

where γ = 12ηβ−1, λ = 6ηvβ−1 and also (1.7) is derived.

1.1.3 Outline of the homogenization procedure

Homogenization is a branch within mathematics that involves the study of
PDE’s with rapidly oscillating coefficients.
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In deriving the homogenized Reynolds equation, we will model the lubri-
cant film thickness in such a way that one part will describe the shape/geometry
of the bearing, while the other part describes the surface roughness. The ho-
mogenized Reynolds equation describes the limiting results when the wave-
length of the modelled surface roughness tends to zero (i.e. ε → 0+ in the
modelling described above).

A first step to introduce and understand the homogenization of the equa-
tions (1.4) and (1.6) ) is to assume multiple scale expansions of the solutions
in the following forms:

pε(x) = p0(x,
x

ε
) + εp1(x,

x

ε
) + ε2p2(x,

x

ε
) + ...

and
wε(x) = w0(x,

x

ε
) + εw1(x,

x

ε
) + ε2w2(x,

x

ε
) + ...

where the functions pi(x, y) and wi(x, y), (y = x/ε; and i = 0, 1, 2, ...) are pe-
riodic in y for every x ∈ Ω. This means that y is a “local” variable, describing
the behaviour of the solution on the unit cell scale. The “global” behaviour
of the solution is expressed through the variable x. The Y -periodicity means
that the function is periodic in each coordinate with a period equal to the
corresponding side length of Y. In this way we arrive at an equation, which
yields the approximation p0 of pε and w0 of wε. This (more engineering
oriented) approach is described in detail in chapter 2.



Chapter 2

Multiple scale expansion for
Reynolds equation (stationary case)

In this chapter we will present the details concerning the multiple scale
method (described in subsection 1.1.3) for deriving approximative solutions
of the time independent equations (1.4) and (1.6). In each case we end up
with concrete homogenization procedures, which can also be directly used
by non experts in the area.

2.1 The stationary compressible (constant bulk mod-

ulus) case

The time independent compressible Reynolds equation given by (1.6), i.e.

∇ ·
(
h3

ε(x)∇wε(x)
)
= λ

∂

∂x1
(wε(x)hε(x)) on Ω, (2.1)

is used to describe the flow of thin films of fluid between two surfaces in
relative motion. In this chapter we will use the method of multiple scale
expansion to derive a "homogenized equation" for (2.1), which is a good
approximation of (2.1) and which can be solved by using standard numerical
methods. We will assume that only the stationary surface is rough.

To express the film thickness we introduce the following auxiliary function

h(x, y) = h0(x) + h1(y),

9
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h0(x)

s2

hε(x)

u2 = 0

u1

s1

x1

x2 x

Figure 2.1: Bearing geometry and surface roughness.

where h1 is assumed to be periodic. Without loss of generality it can also
be assumed that for h1 the cell of periodicity is Y = (0, 1) × (0, 1), i.e. the
unit cube in R

2. By using the auxiliary function h we can model the film
thickness hε by

hε(x) = h(x, x/ε), ε > 0.

This means that h0 describes the global film thickness, the periodic func-
tion h1, represent the roughness contribution of the surface and that ε is
a parameter which describes the roughness wavelength. Further, since the
coefficients hε(x) of (2.1) are periodic functions of x/ε, it makes sense to
expect that the solution is also a periodic function of its argument x/ε. Thus
it is reasonable to assume a multiple scale expansion of the solution wε(x)
in the form

wε(x) = w0(x, x/ε) + εw1(x, x/ε) + ε2w2(x, x/ε) + ... (2.2)

where wi = wi(x, y), i = 0, 1, .... If yj =
xj

ε , then applying the chain rule on
the smooth function

ψε(x) = ψ(x, x/ε),

the partial derivatives with respect to xj becomes:

∂ψε

∂xj
(x) =

(
∂ψ

∂xj
+ ε−1 ∂ψ

∂yj

)
(x,

x

ε
), j = 1, 2. (2.3)
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Writing (2.3) in gradient form we have that

∇xψε = ∇xψ + ε−1∇yψ. (2.4)

Substituting (2.2) – (2.4) into (2.1) we obtain that(
∇x + ε−1∇y

)
·
[
h3
(
∇x + ε−1∇y

)
w0 + εw1 + ε2w2 + ...

]
(2.5)

= λ

(
∂

∂x1
+ ε−1 ∂

∂y1

)(
hw0 + εhw1 + ε2hw2 + ...

)
.

To make the simplification more clear, we introduce the following notations:

A0 = ∇y ·
(
h3∇y

)
,

A1 = ∇y ·
(
h3∇x

)
+∇x ·

(
h3∇y

)
,

A2 = ∇x ·
(
h3∇x

)
.

Using these notations in (2.5) we obtain that(
ε−2A0 + ε−1A1 +A2

) (
w0 + εw1 + ε2w2 + ...

)
= +ε−1λ

∂

∂y1
(hw0) + λ

(
∂

∂x1
(hw0) +

∂

∂y1
(hw1)

)
+ ελ

(
∂

∂y1
(hw2) +

∂

∂x1
(hw1)

)
+ ε2λ

∂

∂x1
(hw2) + ...

Equating the three lowest powers of ε, we obtain the following system of
equations:

A0w0 = 0, (2.6)

A1w0 +A0w1 = λ
∂

∂y1
(hw0), (2.7)

A0w2 +A1w1 +A2w0 = λ

(
∂

∂x1
(hw0) +

∂

∂y1
(hw1)

)
. (2.8)

In order to solve (2.6)- (2.8), we need the following Lemma:

Lemma 2.1. Consider the boundary value problem

A0Φ = F in the unit cell Y, (2.9)

where F ∈ L2(Y ) and Φ(y) is Y-periodic. Then the following holds true:
(i) There exists a weak Y - periodic solution Φ of (2.9) if and only if

1
|Y |

∫
Y Fdy = 0.

(ii) If there exists a weak Y - periodic solution of (2.9), then it is unique
up to a constant, that is, if we find one solution Φ0(y), every solution is of
the form Φ(y) = Φ0(y) + c, where c is a constant.
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Proof. See [27, p. 39].

The operator A0 involves only derivatives with respect to y so x is just
a parameter in the solution of (2.6). One solution of (2.6) is w0(x, y) ≡ 0.
By Lemma 2.1, the general solution is w0(x, y) ≡ constant with respect to
y, that is

w0(x, y) = w0(x). (2.10)

In the sequel below we let

w0 = w0(x); wi = wi(x, y) for i = 1 and 2.

From (2.7) it follows that

A0w1 = λ
∂

∂y1
(hw0)−A1w0, i.e.,

∇y · (h
3∇yw1) = λ

∂

∂y1
(hw0)−∇x ·

(
h3∇yw0

)
−∇y ·

(
h3∇xw0

)
.

According to (2.10), w0 is a function of only x and, hence, ∇yw0 is equal to
zero. Thus we have that

∇y ·
(
h3∇yw1

)
= λ

∂

∂y1
(hw0)−∇y ·

(
h3∇xw0

)
. (2.11)

Since the right hand side of (2.11) consists of three (by superposition) terms,
we expect that w1(x, y) should be a linear function of three terms. Hence,
we let

w1(x, y) =
∂w0

∂x1
v1(x, y) +

∂w0

∂x2
v2(x, y) + w0v3(x, y). (2.12)

In the sequel we let vi = vi(x, y) for i = 1, 2 and 3. Substituting (2.12) into
(2.11) we get that

∇y ·

(
h3∇y(

∂w0

∂x1
v1 +

∂w0

∂x2
v2 + w0v3)

)
= λ

∂

∂y1
(hw0)−∇y ·

(
h3∇xw0

)
.

(2.13)
But

∇y ·
(
h3∇xw0

)
= ∇y ·

(
h3∂w0

∂x1
e1 + h3 ∂w0

∂x2
e2

)
, (2.14)

where {e1, e2} is the canonical basis in R
2 and, hence, we can write (2.13)

as

∇y ·

[
h3∇y

(
∂w0

∂x1
v1 +

∂w0

∂x2
v2 + w0v3

)]
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= λ
∂

∂y1
(hw0)−∇y ·

(
h3 ∂w0

∂x1
e1 + h3∂w0

∂x2
e2

)
.

Comparing the corresponding terms we obtain the following three local (cell)
problems ⎧⎨⎩

∇y ·
(
h3∇yv3

)
= λ ∂

∂y1
(h) ,

∇y ·
(
h3∇yv1

)
= −∇y ·

(
h3e1

)
,

∇y ·
(
h3∇yv2

)
= −∇y ·

(
h3e2

)
.

(2.15)

Moreover, according to (2.8), we find that

A0w2 +A1w1 +A2w0 = λ
∂

∂x1
(hw0) + λ

∂

∂y1
(hw1).

Averaging over the period Y we have that∫
Y

(
A0w2 +A1w1 +A2w0 − λ

∂

∂x1
(hw0)− λ

∂

∂y1
(hw1)

)
dy = 0.

By periodicity,
∫
Y (A0w2) dy = 0 and, hence, we obtain that∫

Y

(
A1w1 +A2w0 − λ

∂

∂x1
(hw0)− λ

∂

∂y1
(hw1)

)
dy = 0,

or ∫
Y

[
∇x ·

(
h3∇yw1

)
+∇y ·

(
h3∇xw1

)
+∇x ·

(
h3∇xw0

)]
dy

=

∫
Y
λ
∂

∂x1
(hw0) + λ

∂

∂y1
(hw1)dy.

But h3∇xw1 and hw1 are periodic in Y so that
∫
Y ∇y ·

(
h3∇xw1

)
dy = 0,

and
∫
Y

∂
∂y1

(hw1)dy = 0. Therefore, by Lemma 2.1 the last equation reduces
to ∫

Y

{
∇x ·

[
h3∇y

(
w0v3 +

∂w0

∂x1
v1 +

∂w0

∂x2
v2

)]
+ (2.16)

∇x ·
(
h3∇xw0

)
− λ

∂

∂x1
(hw0)

}
dy = 0.

We note that ⎧⎨⎩
∇xw0 =

∂w0

∂x1
e1 +

∂w0

∂x2
e2,

λ ∂
∂x1

(hw0) = ∇x ·

(
λhw0

0

)
.

(2.17)
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Substituting (2.17) in (2.16) and rearranging we get that∫
Y
∇x ·

[
h3∇y

(
∂w0

∂x1
v1 +

∂w0

∂x2
v2

)]
dy

+

∫
Y
∇x ·

(
h3 ∂w0

∂x1
e1 + h3 ∂w0

∂x2
e2

)
dy

=

∫
Y

(
∇x ·

(
λhw0

0

)
−∇x ·

(
h3∇yw0v3

))
dy.

By simplifying we find that

∇x ·

{
∂w0

∂x1

∫
Y

(
h3e1 + h3∇yv1

)
dy

+
∂w0

∂x2

∫
Y

(
h3e2 + h3∇yv2

)
dy

}
= ∇x ·

∫
Y

[(
λhw0

0

)
−

(
h3w0

∂v3

∂y1

h3w0
∂v3

∂y2

)]
dy,

or

∇x ·

{
∂w0

∂x1

(
b11(x)
b21(x)

)
+
∂w0

∂x2

(
b12(x)
b22(x)

)}
= ∇x · w0

( ∫
Y λh− h

3 ∂v3

∂y1
dy∫

Y −h
3 ∂v3

∂y2
dy

)
,

or

∇x ·

{(
b11(x) b12(x)
b21(x) b22(x)

)( ∂w0

∂x1
∂w0

∂x2

)}
= ∇x · w0

(
c1(x)
c2(x)

)
.

We conclude that the homogenized equation for (2.1) is given by

∇x · [B(x)∇w0] = ∇x · [w0C(x)] , (2.18)

where B(x) is a matrix function defined by B(x) = (bij(x)), in terms of v1
and v2 by (

b11(x)
b21(x)

)
=

∫
Y

(
h3e1 + h3∇yv1

)
dy, (2.19)(

b12(x)
b22(x)

)
=

∫
Y

(
h3e2 + h3∇yv2

)
dy,
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and C(x) = (ci(x)) is a vector function defined in terms of v3 by(
c1(x)
c2(x)

)
=

( ∫
Y λh− h

3 ∂v3

∂y1
dy∫

Y −h
3 ∂v3

∂y2
dy

)
. (2.20)

Note that the equation (2.18) describes the global behaviour of the solutions
of (2.1) for small values of ε. Furthermore, the second term in (2.2), i.e.
εw1(x, x/ε) given by (2.7), yields important information about the local
variations of the solutions, via the cell problems in (2.15) for vi(x, y), i =
1, 2, 3., and the homogenized equation (2.18) for w0(x). We end this section
by summing up our investigations so far in the form of an algorithm.

Homogenization algorithm: An approximate solution of the equation
(2.1) can be obtained in the following way;

step 1: Solve the local problem (2.15).
step 2: Insert the solution of the local problem into (2.19) and (2.20)

and compute the homogenized coefficient B(x) and the vector function C(x).
step 3: Solve the homogenized equation (2.18), which corresponds to the

approximative solution we are looking for.
We remark that all steps in this algorithm are easy to perform and,

hence, we have a concrete algorithm which is easy to use in practice to solve
an initially complicated problem.

2.2 The stationary incompressible case

In this section we consider multiple scale expansion of the incompressible
Reynolds equation. According to (1.4) we have that

∇ ·
(
h3

ε(x)∇pε(x)
)
= Λ

∂

∂x1
(hε(x)) , (2.21)

where Λ = 6ηv. The parameters in the above equation have the same mean-
ings as described in the previous section.

To express the film thickness we introduce the following auxiliary function

h(x, y) = h0(x) + h1(y),

where h1 is assumed to be periodic. Without loss of generality it can also
be assumed that for h1 the cell of periodicity is Y = (0, 1) × (0, 1), i.e. the
unit cube in R

2. By using the auxiliary function h we can model the film
thickness hε by

hε(x) = h(x, x/ε), ε > 0.
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This means that h0 describes the global film thickness, the periodic func-
tion h1, represent the roughness contribution of the surface and that ε is a
parameter which describes the roughness wavelength

We assume a multiple scale expansion of the solution pε(x) in the form

pε(x) = p0(x, x/ε) + εp1(x, x/ε) + ε2p2(x, x/ε) + ...

where pi = pi(x, y) for y = x/ε, and i = 1, 2, ... Then the chain rule (see
(2.3) and (2.4)) implies that (2.21) can be written as(

∇x + ε−1∇y

)
·
[
h3
(
∇x + ε−1∇y

)
p0 + εp1 + ε2p2 + ...

]
= Λ

(
∂

∂x1
+ ε−1 ∂

∂y1

)
h. (2.22)

For a simplification of (2.22), we introduce the following notations:

A0 = ∇y ·
(
h3∇y

)
,

A1 = ∇y ·
(
h3∇x

)
+∇x

(
h3∇y

)
,

A2 = ∇x ·
(
h3∇x

)
.

Substituting the above notations in (2.22) we obtain that

(
A2 + ε−1A1 + ε−2A0

) (
p0 + ε−1p1 + ε−2p2

)
= Λ

[
∂

∂x1
+ ε−1 ∂

∂y1

]
h.

Expanding we have that

ε−2A0p0 + ε−1 (A0p1 +A1p0) + (A0p2 +A1p1 +A2p0)

+ ε (A2p1 +A1p2) + ε2A2p2

= Λ

[
∂

∂x1
+ ε−1 ∂

∂y1

]
h.

By equating the three lowest powers of ε we get the following systems of
equations:

A0p0 = 0, (2.23)

A0p1 +A1p0 = Λ
∂h

∂y1
, (2.24)

A0p2 +A1p1 +A2p0 = Λ
∂h

∂x1
. (2.25)
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The operator A0 involves only derivatives with respect to y and, thus, x is
just a parameter in the solution of (2.23). One solution of (2.23) is p0(x, y) ≡
0. By Lemma 2.1 the general solution p0(x, y) ≡ constant with respect to y,
that is,

p0(x, y) = p0(x), (2.26)

where p0(x) is sufficiently differentiable. In the sequel we let

p0 = p0(x); pi = pi(x, y) for i = 1 and 2.

In view of (2.24) we see that

A0p1 = Λ
∂h

∂y1
−A1p0, i.e.,

∇y ·
(
h3∇y

)
p1 = Λ

∂h

∂y1
−∇x ·

(
h3∇yp0

)
−∇y ·

(
h3∇xp0

)
.

Moreover, ∇yp0 is equal to zero since, according to (2.26), p0 is a function
of only x. Thus, we have that

∇y ·
(
h3∇yp1

)
= Λ

∂h

∂y1
−∇y ·

(
h3∇xp0

)
. (2.27)

Since the right hand side consists of three linear terms we expect that p1(x, y)
should be a linear function of three terms. By linearity we let

p1(x, y) =
∂p0

∂x1
v1(x, y) +

∂p0

∂x2
v2(x, y) + v3(x, y). (2.28)

Substituting (2.28) into (2.27) we get that

∇y ·

(
h3∇y(

∂p0

∂x1
v1 +

∂p0

∂x2
v2 + v3)

)
= Λ

∂h

∂y1
−∇y ·

(
h3∇xp0

)
,

where vi = vi(x, y) for i = 1, 2 and 3. But

∇y ·
[
h3∇xp0

]
= ∇y ·

(
h3 ∂p0

∂x1
e1 + h3 ∂p0

∂x2
e2

)
,

and, hence, we obtain that

∇y ·

(
h3∇y(

∂p0

∂x1
v1 +

∂p0

∂x2
v2 + v3)

)
= Λ

∂h

∂y1
−∇y ·

(
h3 ∂p0

∂x1
e1 + h3 ∂p0

∂x2
e2

)
.
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Comparing the corresponding terms, we obtain the following periodic prob-
lems ⎧⎪⎪⎨⎪⎪⎩

∇y ·
(
h3∇yv3

)
= Λ ∂h

∂y1
,

∇y ·
(
h3∇yv1

∂p0

∂x1

)
= −∇y ·

(
h3 ∂p0

∂x1
e1

)
,

∇y ·
(
h3∇yv2

∂p0

∂x2

)
= −∇y ·

(
h3 ∂p0

∂x2
e2

)
,

(2.29)

where vi = vi(x, y) are their solutions.
Further, averaging over the period Y in (2.25) we obtain that∫

Y

(
A0p2 +A1p1 +A2p0 − Λ

∂h

∂x1

)
dy = 0.

By periodicity
∫
Y (A0p2) dy = 0, and, thus, we have that∫

Y

(
A1p1 +A2p0 − Λ

∂h

∂x1

)
dy = 0,

or ∫
Y

[
∇x ·

(
h3∇yp1

)
+∇y ·

(
h3∇xp1

)
+∇x ·

(
h3∇xp0

)
− Λ

∂h

∂x1

]
dy = 0.

Since h3∇xp1 is periodic, it follows that
∫
Y ∇y ·

(
h3∇xp1

)
dy = 0. Therefore

the last equation reduces to∫
Y

{
∇x ·

(
h3∇y

(
∂p0

∂x1
v1 +

∂p0

∂x2
v2 + v3

))
+

∇x ·
(
h3∇xp0

)
− Λ

∂h

∂x1

}
dy = 0.

Rearranging we get that∫
Y
∇x ·

(
h3∇y

(
∂p0

∂x1
v1 +

∂p0

∂x2
v2

))
dy+∫

Y
∇x ·

(
h3 ∂p0

∂x1
e1 + h3 ∂p0

∂x2
e2

)
dy

=

∫
Y

(
Λ
∂h

∂x1
−∇x ·

(
h3∇yv3

))
dy.

Simplifying we obtain that

∇x ·

{
∂p0

∂x1

∫
Y

(
h3e1 + h3∇yv1

)
dy
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+
∂p0

∂x2

∫
Y

(
h3e2 + h3∇yv2

)
dy

}
= ∇x ·

∫
Y

((
Λh
0

)
−

(
h3 ∂v3

∂y1

h3 ∂v3

∂y2

))
dy,

or

∇x ·

{
∂p0

∂x1

(
b11(x)
b21(x)

)
+
∂p0

∂x2

(
b12(x)
b22(x)

)}
= ∇x ·

( ∫
Y Λh− h

3 ∂v3

∂y1
dy∫

Y −h
3 ∂v3

∂y2
dy

)
,

or

∇x ·

{(
b11(x) b12(x)
b21(x) b22(x)

)( ∂p0

∂x1
∂p0

∂x2

)}
= ∇x ·

(
c1(x)
c2(x)

)
. (2.30)

In a more compact form we can write the homogenized equation (2.30) as

∇x · [B(x)∇p0] = ∇x · [c(x)] , (2.31)

where B(x) is a matrix function defined by B(x) = bij(x) in terms of v1 and
v2 as (

b11(x)
b21(x)

)
=

∫
Y

(
h3e1 + h3∇yv1

)
dy, (2.32)(

b12(x)
b22(x)

)
=

∫
Y

(
h3e2 + h3∇yv2

)
dy,

and the vector function c(x) =

(
c1(x)
c2(x)

)
is defined in terms of v3 as

(
c1(x)
c2(x)

)
=

( ∫
Y Λh− h

3 ∂v3

∂y1
dy∫

Y −h
3 ∂v3

∂y2
dy

)
. (2.33)

Summing up, in this section we have discussed the fact that it is possible
to use the method of multiple scale expansion to derive a "homogenized
equation" of (2.21), which easily can be solved numerically and which gives
the approximative solution we are looking for. More exactly, we can use the
following:

Homogenization algorithm: An approximate solution of the equation
(2.21) can be obtained in the following way;
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step 1: Solve the local problem (2.29).
step 2: Insert the solution of the local problem into (2.32) and (2.33)

and compute the homogenized coefficient B(x) and the vector function C(x).
step 3: Solve the homogenized equation (2.31), which corresponds to the

approximative solution we are looking for.
We remark that all steps in this algorithm are easy to perform and,

hence, we have a concrete algorithm which is easy to use in practice to solve
an initially complicated problem.

Remark 2.1. Also in this case it is possible to use two-scale convergence to
rigorously verify that this homogenization algorithm gives the correct approx-
imative solution we are looking for, for details see Wall [28].



Chapter 3

Homogenization of the unstationary
incompressible Reynolds equation

3.1 Introduction

To increase the hydrodynamic performance in different machine elements
during lubrication, e.g. journal bearings and thrust bearings, it is important
to understand the influence of surface roughness. To consider the surface
effects in the numerical analysis, a very fine mesh is needed to resolve the
surface roughness, suggesting some type of averaging. A rigorous way to do
this is to use the general theory of homogenization. This theory facilitates the
analysis of partial differential equations with rapidly oscillating coefficients,
see e.g. Jikov et al. [21]. Homogenization was recently applied to different
problems connected to lubrication with much success, see e.g., [4], [7], [9],
[10], [11], [13], [14], [15], [16], [19], [20], [22], [23], [25] and [28].

In general, the density of a lubricant is a function of the pressure. In this
paper we will consider two special cases, where the density is assumed to be
constant, i.e. an incompressible lubricant, and where the compressibility of
the lubricant is modelled, assuming that the lubricant has a constant bulk
modulus, see e.g. [18].

If only one of the two surfaces is rough and the rough surface is station-
ary, then the governing Reynolds type equation is stationary. When at least
one of the moving surfaces is rough, then the governing Reynolds type equa-
tions will also involve time. Most of the previous studies on the effects of

21
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surface roughness during lubrication are devoted to problems with no time
dependency.

One technique within the homogenization theory is the formal method
of multiple scale expansion, see e.g. [12] or [27]. Recently, the ideas in [7]
were used to study the compressible unstationary Reynolds equation under
the assumption of a constant bulk modulus. In this chapter, the method of
multiple scale expansion is applied to derive a homogenization result for the
incompressible unstationary Reynolds equation, see also [10]. In particular,
the result shows a significant difference in the asymptotic behaviors between
the incompressible case and the case with constant bulk modulus. More
precisely, the homogenized equation contains a fast parameter in the incom-
pressible case. Hence the pressure distribution oscillates rapidly in time,
while it is almost smooth with respect to the space variable. This is con-
trary to the case of constant bulk modulus where the homogenized pressure
solution does not contain any fast parameters, i.e. the pressure solution is
smooth in both space and time. Moreover, it is clearly demonstrated by nu-
merical examples that the homogenization result permits the surface effects
in lubrication problems to be efficiently analyzed.

We want to point out that in the more mathematical oriented works in
[10] and [13], Reynolds type equations modelling roughness on both surfaces
were analyzed by using the method known as two-scale convergence. Con-
cerning the concept of two-scale convergence, the reader is also referred to
e.g. [1], [24] and [26]. However, in this work we use the more engineering
oriented method of multiple scale expansions.

3.2 The governing Reynolds type equations

Let η be the viscosity of the lubricant and assume that the velocity of surface
i is Vi = (vi, 0), where i = 1, 2 and vi is constant. Moreover, the bearing
domain is denoted by Ω, the space variable is represented by x ∈ Ω ⊂ R

2 and
t ∈ I ⊂ R represents the time. To express the film thickness we introduce
the following auxiliary function

h(x, t, y, τ) = h0(x, t) + h2(y − τV2)− h1(y − τV1),

where h1 and h2 are assumed to be periodic. Without loss of generality
it can also be assumed that for both h1 and h2 the cell of periodicity is
Y = (0, 1) × (0, 1), i.e. the unit cube in R

2. By using the auxiliary function
h we can model the film thickness hε by

hε(x, t) = h(x, t, x/ε, t/ε), ε > 0. (3.1)
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Figure 3.1: Bearing geometry and surface roughness.

This means that h0 describes the global film thickness, the periodic functions
hi, i = 1, 2, represent the roughness contribution of the two surfaces and ε
is a parameter that describes the roughness wavelength, see Figure 3.1.

If the lubricant is compressible, i.e. the density ρ depends on the pressure,
the pressure p(x, t) satisfies then the unstationary compressible Reynolds
equation

∂

∂t
(ρ(pε)hε) = ∇ ·

(
h3

ε

12η
ρ(pε)∇pε

)
−
v

2

∂

∂x1
(ρ(pε)hε) , on Ω× I, (3.2)

where v = v1 + v2. If the lubricant is incompressible, i.e. ρ is constant, the
equation (3.2) is then reduced to the unstationary incompressible Reynolds
equation

∂hε

∂t
= ∇ ·

(
h3

ε

12η
∇pε

)
−
v

2

∂hε

∂x1
, on Ω× I. (3.3)

Note that equation (3.2) is non-linear and equation (3.3) is linear. This
means that in general it is much more difficult to analyze the compressible
case. The situation is rather simplified if the relation between density and
pressure is assumed to be of the form

ρ(pε) = ρae
(pε−pa)/β , (3.4)
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where the constant ρa is the density at the atmospheric pressure pa and β is
a positive constant (bulk modulus). This relation is equivalent to the com-
monly used assumption that the lubricant has a constant bulk modulus β,
see e.g. [18]. Note that this assumption is valid for reasonably low pressures.
Due to the special form of the relation (3.4) it is possible to transform the
nonlinear equation (3.2) into a linear equation. Indeed, if the function wε is
defined as wε(x, t) = ρ(pε(x, t))/ρa, then

∇wε = β−1e(pε−pa)/β∇pε = β−1ρ−1
a ρ(pε)∇pε

and the equation (3.2) is converted into the linear equation

γ
∂

∂t
(wεhε) = ∇ ·

(
h3

ε∇wε

)
− λ

∂

∂x1
(wεhε) , on Ω× I, (3.5)

where γ = 12ηβ−1 and λ = 6ηvβ−1.

For small values of ε, the coefficients, including hε, are rapidly oscillating
functions. This implies that a direct numerical analysis of the deterministic
problems (3.2), (3.3) and (3.5) becomes difficult for small values of ε, because
a very fine mesh is needed to resolve the surface roughness. This suggests
some type of averaging. In this work, the multiple scale expansion method
is used to homogenize the unstationary incompressible Reynolds equation
(3.3), where hε is defined as in (3.1). These results will also be compared
with known homogenization results for (3.5). A significant difference in
the asymptotic behavior between the incompressible case and the case with
constant bulk modulus will be seen.

Of note is that in the more mathematical oriented works [10] and [13] an-
other method known as two-scale convergence was used to analyze Reynolds
type equations modelling roughness on both surfaces. In particular, [13]
considers air flow, where the air compressibility and slip-flow effects are con-
sidered. More precisely, the following non-linear equation is homogenized

a
∂

∂t
(pεhε) = ∇ ·

((
h3

εpε + bh2
ε

)
∇pε

)
− c · ∇ (pεhε) , on Ω× I,

where a and b are positive constants and c ∈ R
2.

3.3 Homogenization (constant bulk modulus)

The focus of this work is the homogenization of the incompressible unsta-
tionary Reynolds equation. However, the results will be compared with the



Homogenization of the unstationary incompressible
Reynolds equation

25

corresponding homogenization results for the unstationary equation corre-
sponding to the constant bulk modulus case recently obtained in [7], see also
[3]. Therefore, for the readers convenience, we review the main conclusions
in [7].

Let χi, i = 1, 2, 3 be the solutions of the local problems

∇y ·
(
h3∇yχ1

)
= −

∂h3

∂y1
, on Y

∇y ·
(
h3∇yχ2

)
= −

∂h3

∂y2
, on Y

∇y ·
(
h3∇yχ3

)
= γ

∂h

∂τ
+ λ

∂h

∂y1
, on Y.

Moreover, let h(x, t), the vector function b(x, t) and the matrix function
A(x, t) = (aij(x, t)) be defined as

h(x, t) =

∫
T

∫
Y
h(x, t, y, τ) dydτ,

b(x, t) =

∫
T

∫
Y

(
λhe1 − h

3∇yχ3

)
dydτ,

A(x, t) =

⎛⎜⎜⎝
∫
T

∫
Y h

3

(
1 +

∂χ1

∂y1

)
dydτ

∫
T

∫
Y h

3 ∂χ2

∂y1
dydτ∫

T

∫
Y h

3 ∂χ1

∂y2
dydτ

∫
T

∫
Y h

3

(
1 +

∂χ2

∂y2

)
dydτ

⎞⎟⎟⎠ .

The main result in [7] states that the deterministic solution wε of (3.5)
can be approximated with high accuracy by w0(x, t), where w0 is the solution
of the homogenized (averaged) equation

γ
∂

∂t

(
hw0

)
= −∇ · (bw0) +∇ · (A∇w0). (3.6)

It was also clearly demonstrated that by using this homogenization result,
an efficient method is obtained for analyzing the rough surface effects in
problems where the lubricant has a constant bulk modulus and the governing
equation is the time dependent compressible Reynolds equation (3.2).

Remark 3.1. If h is independent of t, i.e. h = h(x, y, τ), then the homoge-
nized equation (3.6) has the form

0 = −∇ · (bw0) +∇ · (A∇w0). (3.7)
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3.4 Homogenization in the incompressible case

Consider the incompressible transient Reynolds equation

Γ
∂hε

∂t
+ Λ

∂hε

∂x1
−∇ ·

(
h3

ε∇pε

)
= 0, (3.8)

where Γ = 12η and Λ = 6ηv. Assume the following multiple scale expansion
of the solution pε

pε = p0 + εp1 + ε2p2 + · · · (3.9)

where pi = pi(x, y, t, τ). The chain rule then implies that

Γ

(
∂

∂t
+
1

ε

∂

∂τ

)
h+ Λ

(
∂

∂x1
+
1

ε

∂

∂y1

)
h

−

(
∂

∂xi
+
1

ε

∂

∂yi

)[
h3

(
∂

∂xi
+
1

ε

∂

∂yi

)
(p0 + εp1 + ε2p2 + · · · )

]
= 0.

Let A0, A1 and A2 be defined as

A0 =
∂

∂yi

(
h3 ∂

∂yi

)
= ∇y ·

(
h3∇y

)
,

A1 =
∂

∂xi

(
h3 ∂

∂yi

)
+

∂

∂yi

(
h3 ∂

∂xi

)
= ∇x ·

(
h3∇y

)
+∇y ·

(
h3∇x

)
,

A2 =
∂

∂xi

(
h3 ∂

∂xi

)
= ∇x ·

(
h3∇x

)
.

Then (3.8) may be written as

Γ

(
∂

∂t
+

1

ε1
∂

∂τ

)
h+ Λ

(
∂

∂x1
+
1

ε

∂

∂y1

)
h

−
(
ε−2A0 + ε−1A1 +A2

) (
p0 + εp1 + ε2p2 + · · ·

)
= 0.

The idea is now to collect terms of the same order of ε. For the homogeniza-
tion it is sufficient to consider the orders −2, −1 and 0.

−A0p0 = 0, (3.10)

Γ
∂h

∂τ
+ Λ

∂h

∂y1
−A0p1 −A1p0 = 0, (3.11)

Γ
∂h

∂t
+ Λ

∂h

∂x1
−A0p2 −A1p1 −A2p0 = 0. (3.12)



Homogenization of the unstationary incompressible
Reynolds equation

27

It is well-known that equations of the form A0u = f has a unique solution
up to an additive constant, if and only if the average over Y of the right
hand side is 0, see e.g. page 93 in [2]. Hence, it is clear from (3.10) that p0

does not depend on y, i.e. p0 = p0(x, t, τ). Using this fact and averaging
(3.11) with respect to y gives∫

Y

(
Γ
∂h

∂τ
+ Λ

∂h

∂y1
−∇y ·

(
h3∇yp1

)
−∇y ·

(
h3∇xp0

))
dy = 0.

By considering Y -periodicity, this is reduced to∫
Y

∂h

∂τ
dy = 0. (3.13)

Hence, the assumption that pε may be expanded as in (3.9) requires h to
satisfy (3.13). We observe that h fulfills this condition in our case. Physically
this means that the surface-to-surface volume does not depend on the relative
position of the surface roughness. The fact that p0 = p0(x, t, τ) implies that
the equation (3.11) is

∇y ·
(
h3∇yp1

)
= Γ

∂h

∂τ
+ Λ

∂h

∂y1
−∇y ·

(
h3∇xp0

)
,

where x, t and τ are parameters. By linearity, p1 is of the form

p1(x, y, t, τ) = v1(x, y, t, τ) +
∂p0

∂x1
v2(x, y, t, τ) +

∂p0

∂x2
v3(x, y, t, τ),

where vi is the solutions of the following local problems

∇y ·
(
Λhe1 − h

3∇yv1
)
= −Γ

∂h

∂τ
,

∇y ·
(
h3(e1 +∇yv2)

)
= 0,

∇y ·
(
h3(e2 +∇yv3)

)
= 0,

and {e1, e2} is the canonical basis in R
2.

Averaging the equation (3.12) with respect to y gives the equation

Γ
∂

∂t

∫
Y
hdy +∇x ·

∫
Y

(
Λhe1 − h

3∇yv1
)
dy− (3.14)

∇x ·

(
∂p0

∂x1

∫
Y
h3 [e1 +∇yv2] dy +

∂p0

∂x2

∫
Y
h3 [e2 +∇yv3] dy

)
= 0.
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If we introduce the notationh(x, t, τ) =
∫
Y hdy and define the homogenized

vector b(x, t, τ) and the homogenized matrix A(x, t, τ) = (aij(x, t, τ)) as

b =

∫
Y

(
Λhe1 − h

3∇yv1
)
dy,(

a11

a21

)
=

∫
Y
h3(e1 +∇yv2) dy and

(
a12

a22

)
=

∫
Y
h3(e2 +∇yv3) dy,

then (3.14) takes the following form:

Γ
∂h

∂t
(x, t, τ) +∇x · b(x, t, τ)−∇x · (A(x, t, τ)∇p0) = 0. (3.15)

Note that t and τ are just parameters. The appearance of the fast parameter
τ in the homogenized equation (3.15) means that for small wavelengths the
pressure will oscillate rapidly in time. This should be compared with the case
of liquid flow with a constant bulk modulus, see (3.6), where the pressure is
almost smooth with respect to time,. i.e. the amplitude of the oscillations
in time, in the deterministic pressure solution pε, are very small for small
wavelengths. In both cases, the pressure is almost smooth in the space
variable.

It should be noted that if h is independent of t, i.e. h = h(x, y, τ), then
the homogenized equation (3.15) has the form

∇x · (A(x, τ)∇xp0(x, τ)) = ∇x · b(x, τ). (3.16)

It should also be noted that if only one of the surfaces is rough (either the
moving or the stationary), i.e. h is of the form h(x, y, t, τ) = h0(x, t)+hi(y−
τVi), where i = 1 or i = 2, then h, b and A are independent of τ . This means
that the solution p0 of the homogenized problem (3.15) is independent of τ
and this simplifies the problem (3.15).

3.5 Numerical results

In this section we present some numerical results based on the homogenized
equations obtained in the previous sections. To perform the numerical analy-
sis, the algorithms presented in [7] and [4] are used. In all examples the solu-
tion domain Ω is a subset of R

2 such that 0 ≤ x1 ≤ L and −L/2 ≤ x2 ≤ L/2.
For simplicity, the global film thickness h0 is assumed to be time indepen-
dent. More precisely,

h0(x) =

⎧⎨⎩
hmin (1 + k) , x1 < L/2,

hmin , x1 > L/2,
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Parameter Value Unit

hmin 4 · 10−6 m
k 1/4
c1 = c2 1/8
L 1 · 10−1 m
v1 1 ms−1

v2 0 ms−1

η 0.14 Pa s
β 1 · 1011

Table 3.1: Common problem specific parameters.

and the roughness contribution is represented by

hi(y − τvi) = cihmin sin (2π (y − τvi)) .

This means that a step bearing with surface roughness is considered (in the
numerical simulations the discontinuity has been smoothened). The specific
parameters, common to all the numerical computations, may be found in
Table 3.1.

3.5.1 Incompressible case

Figure 3.2 depicts the deterministic solutions pε of (3.8) for a fixed ε and
time t. In Figure 3.3 the corresponding homogenized solution p0 of (3.16)
is plotted. It should be noted that the deterministic solution pε oscillates
rapidly, while the homogenized solution is smooth (fixed time t and ε).

The convergence of the deterministic pressure towards the homogenized
pressure p0, as ε→ 0, was analyzed above by multiple scale expansions. This
convergence will now be illustrated by means of numerical solutions. Indeed,
Figure 3.4 represent part of the pressure distribution between the two rough
surfaces along the x2 = 0 line at a particular point in time for different
values of ε. As seen in the figure, the pressure distribution pε approaches
that of the homogenized pressure as ε tends to zero. Figure 3.5 represents
an enlargement of a portion of Figure 3.4, showing clearly the decrease in
the amplitude of the pressure distribution towards the homogenized pressure
solution as the roughness wavelength ε tends to zero.

As mentioned before in the analysis by multiple scale expansions, the
appearance of the fast parameter τ in the homogenized equations (3.15) and
(3.16) means that for small wavelengths the pressure will oscillate rapidly
in time. This fact is illustrated in Figure 3.6, which depicts the pressure
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Figure 3.2: Pressure distribution in the incompressible case for a fixed ε.
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Figure 3.3: Homogenized pressure distribution for the imcompressible case.
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Figure 3.4: Pressure solutions at x2 = 0 for various ε as well as the corre-
sponding homogenized solution at time t = 0 in the incompressible case.
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Figure 3.5: Zoomed portion of Figure 3.4.

distribution at some different times (within a period) for a fixed ε and the
corresponding homogenized solutions.

In addition to the visual illustration of the convergence of pε to p0, a
more quantitative convergence analysis is considered here. For this purpose
we consider what happens with the load carrying capacity as ε tends to 0.
The load carrying capacity lε corresponding to pε and l0 corresponding to
p0, are defined as

lε(t) =

∫
Ω
pε(x, t) dx and l0(τ) =

∫
Ω
p0(x, τ) dx. (3.17)

In Figure 3.7 we see that lε → l0 as ε approaches zero. The difference in
load carrying capacity at t = τ = 0, which is the worst case scenario, is
approximately 1%. It is also noted that, in the case with perfectly sinusoidal
surface roughness descriptions, for a specific value of ε between 1/64 and
1/32, a seemingly small variation of the load carrying capacity in time is
obtained, i.e. it is possible to optimize the surfaces to reduce vibrations.

3.5.2 Constant bulk modulus case

In the analysis by multiple scale expansions we observed a significant dif-
ference in the asymptotic behavior between the incompressible case and the
case with constant bulk modulus. No fast parameter τ is found in the ho-
mogenized equation of the constant bulk modulus case. This implies that
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Figure 3.6: Pressure solutions at x2 = 0 for three different ε as well as the
corresponding homogenized solution.
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Figure 3.7: Convergence of the load carrying capacity in the incompressible
case.
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Figure 3.8: The pressure solutions for a fixed ε at three different time steps
and the homogenized solution in the compressible case.

we only have one homogenized solution in our example where h0 = h0(x)
contrary to the incompressible case where we have different homogenized so-
lutions for different times t within a period. This fact is illustrated in Figure
3.8, which corresponds to the Figure 3.6 in the incompressible situation.

In Figure 3.9 we observe that, for perfectly smooth surfaces, as β is
increased, the pressure distribution in the constant bulk modulus case, ap-
proaches that in the incompressible case. However, this does not seem to be
the case for rough surfaces, due to the different asymptotic behavior between
the constant bulk modulus case and the incompressible case.

3.6 Concluding remarks

We have clearly demonstrated that homogenization may be used to efficiently
analyze the effects of surface roughness in incompressible thin film unstation-
ary lubrication flow. This has been done using the method of asymptotic
expansions and numerical examples where we visualize the convergence and
give a quantitative convergence analysis of the load capacity. One important
observation is that there is a difference in the asymptotic behavior between
the incompressible case and the case with constant bulk modulus. When
the lubricant is assumed to be incompressible, the homogenized (averaged)
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Figure 3.9: Comparison of the pressure distribution between the incompress-
ible and compressible case when the bearing surfaces are smooth for different
values of β.

equation contains a fast parameter that is connected to the time. This means
that for small wavelengths the pressure distribution oscillates rapidly in time,
while it is almost smooth with respect to the space variable. For liquid flow
of a lubricant with a constant bulk modulus, the pressure solution of the
homogenized equation does not contain any of the fast parameters. Thus,
for small wavelengths the pressure is almost smooth in both the space and
time variables. There are many interesting directions to deepen our study
of hydrodynamic lubrication, where both surfaces are assumed to be rough.
For example, to include a model that regards cavitation, another would be
to consider non-Newtonian lubricants.
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Chapter 4

Bounds for the unstationary
Reynolds equation

The Reynolds equation describes the behavior of a thin film of lubricant
separating two moving surfaces. Let Ω ⊂ R

2 be open and bounded and let
x = (x1, x2) be a cartesian coordinate system of R

2. If the movement of the
surfaces takes place in the x1-direction only, then the pressure p = p(x, t) is
known to satisfy

∇ ·

(
ρh3

12μ
∇p

)
=

∂

∂t
(ρh) +

∂

∂x1
(vρh) in Ω× (0, T ), (4.1)

where ρ denotes the density of the fluid, μ the viscosity, h = h(x, t) the film
thickness and v = (vU+vL)/2 the mean speed of the two surfaces, vU and vL
denote the speeds of the upper and lower surfaces, respectively. In machine
elements with rotating parts, e.g. slider bearings, polar coordinates (r, θ)
may be more appropriate.

The analogue of (4.1) for polar coordinates, p = p(r, θ, t), is

∂

∂r

(
ρh3

12μ
r
∂p

∂r

)
+

∂

∂θ

(
ρh3

12μ

1

r

∂p

∂θ

)
=

∂

∂t
(rρh) +

∂

∂θ
(ωrρh) in Ω× (0, T ),

(4.2)
where Ω is now an open bounded subset of the strip (0,∞) × [0, 2π), h =
h(r, θ, t) and ω = (ωU + ωL)/2 is the mean angular velocity of the surfaces.

37
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Figure 4.1: Schematics of a thrust pad bearing.

By renaming variables according to x1 = θ, x2 = r we can write (4.2) as

∇·

(
ρh3

12μ

(
1/x2 0
0 x2

)
∇p

)
=

∂

∂t
(x2ρh)+

∂

∂x1
(ωx2ρh) in Ω×(0, T ). (4.3)

Figure 4.1 depicts a smooth single pad in a thrust pad bearing. The lower
surface rotates with angular velocity ω1 whiles the distance between the two
surfaces is given by h(x).

In this chapter an incompressible isoviscous lubricant with constant den-
sity ρ and viscosity μ is considered. This is a substantial simplification, since
(4.1) and (4.3) then become linear equations.

In this work we consider (4.1) and (4.3) under the influence of periodic
surface roughness. The film thickness hε is modelled by

hε(x, t) = h(x, t, x/ε, t/ε),

where ε > 0 is a parameter representing the roughness wavelength, while the
auxiliary function h : Ω× (0, T )× Y × Z → R is given by

h(x, t, y, τ) = h0(x, t) + hU(y − τVU)− hL(y − τVL). (4.4)

It is assumed that h0 : Ω× (0, T )→ R is a contiuous function that describes
the global film thickness. Moreover hU and hL, which represent the roughness
contributions of the upper and lower surfaces, respectively, are assumed to
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be periodic w.r.t. the cell Y . Without loss of generality we may assume that
Y = (0, 1) × (0, 1). It is also assumed that vU and vL are such that h is
periodic in τ with period Z. For simplicity it is assumed that |Y | = |Z| = 1,
where | · | denotes the area or length of the corresponding periodic cell.
Replacing h by hε in (4.1) yields

∇ ·
(
h3

ε∇pε

)
= γ

∂hε

∂t
+ λ

∂hε

∂x1
in Ω× (0, T ), (4.5)

where λ = 6μ(vU + vL) and γ = 12μ. By making a similar substitution
in (4.3), i.e. hε(x, t) = h(x, t, x/ε, t/ε), where h is defined as in (4.4) with
VU = (ωU, 0) and VL = (ωL, 0), we obtain that

∇ ·

(
h3

ε

(
1/x2 0
0 x2

)
∇pε

)
= γx2

∂hε

∂t
+ λx2

∂hε

∂x1
in Ω× (0, T ), (4.6)

where λ = 6μ(ωU + ωL), and γ = 12μ.
In reality, ε is a very small number, so accurate numerical solutions of

(4.5) and (4.6) may be difficult to obtain, at least at a reasonable cost, due
to the rapid oscillations of hε, suggesting that one should study the limiting
behavior of (4.5) as ε→ 0. Homogenization theory consists of a wide range
of mathematical tools which have been devised for this purpose, see e.g.
Jikov, Kozlov, Oleinik [21] or Cioranescu, Donato [17] for a survey.

Reynolds type equations have been analyzed by homogenization tech-
niques in e.g. [6], [10], [13], [14], [15], [16],[18], and [20]. In composite engi-
neering, it has been known for a long time that sharp bounds on the effective
properties of certain composite materials exists, which can be proved by cer-
tain variational methods. In tribology, however, these techniques were only
recently addressed when the stationary Reynolds equation was considered in
[8] and [25]. Much work in this area still remains to be done.

The main result of this chapter is bounds for the unstationary Reynolds
equations (4.5) and (4.6), thereby extending the results in [8] and [25]. Note
that instead of considering (4.5) and (4.6) separately, it is more convenient
to consider the following generalized form of (4.5) and (4.6)

∇ · (Aε∇pε) = dε −∇ · bε in Ω× (0, T ), (4.7)

where Aε(x, t) = A(x, t, x/ε, t/ε), bε(x, t) = b(x, t, x/ε, t/ε) and dε(x, t) =
d(x, t, x/ε, t/ε). Here A is a diagonal matrix satisfying an ellipiticity condi-
tion, i.e. there exists C > 0 such that

ξ ·Aξ ≥ C |ξ|2 ∀ξ ∈ R
2.
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Moreover, it is a standard fact that pε solves (4.7) if and only if pε is also a
solution to the variational problem

Iε = min
p

∫ T

0

∫
Ω

1

2
∇p ·Aε∇p+ bε · ∇p+ dεp dx dt. (4.8)

By using the formal method of multiple scale expansions we are able to show
that Iε → I0 as ε→ 0, where I0 is the minimum of some integral functional.
More precisely,

I0 = min
p

∫ T

0

∫
Ω

∫
Z
f0(x, t, τ,∇p) + d0p dτ dx dt, (4.9)

where
f0(x, t, τ, ξ) = (4.10)

min
w

∫
Y

1

2
(ξ +∇w) ·A(x, t, y, τ)(ξ +∇w) + b(x, t, y, τ) · (ξ +∇w) dy,

and d0(x, t, τ) =
∫
Y d(x, t, y, τ) dy.

The bounds derived in this chapter apply to the function f0(x, t, τ, ·),
which implies bounds on I0. From the variational principle (4.10) an upper
bound for f0(x, t, τ, ·) is readily obtained. A lower bound is not so obvious,
but requires a dual variational principle. The explicit results for (4.5) and
(4.6) are stated at the end of this chapter.

4.1 Homogenization

By inserting the formal expression

pε(x, t) =

∞∑
i=0

εipi(x, t, x/ε, t/ε),

where the functions pi : Ω× (0, T ) × Y × Z → R are assumed to be smooth
and periodic w.r.t. Y and Z, into

Iε(pε) =

∫ T

0

∫
Ω

1

2
∇pε ·Aε∇pε + bε · ∇pε + dεpε dx dt,

and by applying the chain rule, one obtains the following expansion

Iε(pε) = ε−2

∫ T

0

∫
Ω

1

2
∇yp0 ·Aε∇yp0 dx dt
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+ ε−1

∫ T

0

∫
Ω
∇yp0 ·Aε(∇xp0 +∇yp1) + bε · ∇yp0 dx dt

+

∫ T

0

∫
Ω

1

2
(∇xp0 +∇yp1) ·Aε(∇xp0 +∇yp1)dx dt (4.11)

+

∫ T

0

∫
Ω
∇yp0 ·Aε(∇xp1 +∇yp2)

+ bε · (∇xp0 +∇yp1) + dεp0 dx dt +O(ε).

To proceed we need to impose some constraint on Iε(pε). The subsequent
analysis is based on the assumption that

lim
ε→0

Iε(pε) <∞. (4.12)

Consider the first term in the expansion (4.11), that is

ε−2

∫ T

0

∫
Ω

1

2
∇yp0 ·Aε∇yp0 dx dt.

Due to the ellipticity condition on the matrix Aε(x, t), there exists a constant
C such that∫ T

0

∫
Ω

1

2
∇yp0 ·Aε∇yp0 dx dt ≥ C

∫ T

0

∫
Ω
|∇yp0|

2 dx dt.

By the property of the mean value, we have that

lim
ε→0

∫ T

0

∫
Ω
|∇yp0(x, t, x/ε, t/ε)|

2 dx dt

=

∫ T

0

∫
Ω

∫
Z

∫
Y
|∇yp0(x, t, y, τ)|

2 dy dτ dx dt.

Thus, a necessary condition for (4.12) to hold is that,∫ T

0

∫
Ω

∫
Z

∫
Y
|∇yp0|

2 dy dτ dx dt = 0.

Hence ∇yp0 = 0, or equivalently p0(x, t, y, τ) = p0(x, t, τ). We see that
(4.11) reduces to

Iε(pε) =

∫ T

0

∫
Ω

1

2
(∇xp0 +∇yp1) ·Aε(∇xp0 +∇yp1)
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+ bε · (∇xp0 +∇yp1) + dεp0 dx dt +O(ε).

The mean value property implies that

lim
ε→0

Iε(pε) =

∫ T

0

∫
Ω

∫
Z

∫
Y

1

2
(∇xp0 +∇yp1) ·A(∇xp0 +∇yp1)

+ b · (∇xp0 +∇yp1) + dp0 dy dτ dx dt. (4.13)

We remark that it is assumed that |Y | = |Z| = 1, but if this is not the
case, then the right hand side of (4.13) must be divided by |Y ||Z|.

The idea now is to choose pε so that the limit (4.13) takes the smallest
possible value. Indeed, let

I0 = inf
p0,p1

∫ T

0

∫
Ω

∫
Z

∫
Y

1

2
(∇xp0 +∇yp1) ·A(∇xp0 +∇yp1)

+ b · (∇xp0 +∇yp1) + dp0 dy dτ dx dt, (4.14)

with the infimum taken over all p0 ∈ W0, p1 ∈ Wper, where W0 consists
of functions which are zero on the boundary and Wper consists of functions
which are Y -periodic. We may also write

I0 = inf
p

∫ T

0

∫
Ω

∫
Z
f0(x, t, τ,∇p) + d0(x, t, τ)p dτ dx dt,

where d0(x, t, τ) =
∫
Y d(x, t, y, τ) dy and f0 : Ω × (0, T ) × Z × R

2 → R is
given by

f0(x, t, τ, ξ) = inf
w∈Wper

∫
Y

1

2
(ξ +∇w) ·A(x, t, y, τ)(ξ +∇w)

+ b(x, t, y, τ) · (ξ +∇w) dy. (4.15)

Thus, the multiple scale analysis suggests that

min
p
Iε(p)→ min

p

∫ T

0

∫
Ω

∫
Z
f0(x, t, τ,∇p) + d0(x, t, τ)p dτ dx dt (4.16)

as ε→ 0. We remark that this is a result of Γ-convergence type.
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4.2 Preliminaries for deriving bounds

We proceed by writing f0 defined by (4.15) in a different form, which is
suitable for obtaining bounds.

Recalling the definition of f0

f0(x, t, τ, ξ) =

min
w∈Wper

∫
Y

1

2
∇w ·A∇w +Aξ · ∇w +

1

2
ξ ·Aξ + b · (ξ +∇w) dy, (4.17)

where

b = b(x, t, y, τ) and A = A (x, t, y, τ) .

We note that some of the integrals do not depend on w. Thus, if wξ is a
minimizer of (4.17), then wξ is also a solution of

min
w∈Wper

∫
Y

(
1

2
∇w ·A∇w + (Aξ + b) · ∇w

)
dy. (4.18)

This implies that the minimizer wξ also solves the Euler–Lagrange equation
corresponding to (4.18). That is

∇y · (A∇wξ + (Aξ + b)) = 0,

whose weak formulation is: Find wξ ∈Wper such that∫
Y
(A∇wξ + (Aξ + b)) · ∇φ dy = 0 ∀φ ∈Wper.

By linearity it follows that wξ is of the form wξ = vξ + v0, where vξ and v0
solve the following local problems∫

Y
A (ξ +∇vξ) · ∇φ dy = 0, (4.19)∫

Y
(A∇v0 + b) · ∇φ dy = 0. (4.20)

Hence, with wξ = vξ + v0 in (4.17) we have that

f0(x, t, τ, ξ) =

∫
Y

1

2
(A (ξ +∇vξ)) · ξ +

1

2
(A (ξ +∇vξ)) · (∇vξ +∇v0)

+ (A∇v0 + b) · ξ + (A∇v0 + b) · (∇vξ +∇v0)
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−
1

2
(A (ξ +∇vξ)) · ∇v0 −

1

2
A∇v0 · ∇v0 dy.

By choosing φ = vξ or φ = v0 in the local problems (4.19) and (4.20) we
obtain that

f0(x, t, τ, ξ) =

∫
Y

1

2
(A (ξ +∇vξ)) · ξ + (A∇v0 + b) · ξ −

1

2
A∇v0 · ∇v0 dy.

(4.21)
Let the matrix function A0(x, t, τ) and vector function b1(x, t, τ) be defined
via

A0(x, t, τ)ξ =

∫
Y

1

2
A (ξ +∇vξ) dy,

b1(x, t, τ) =

∫
Y
(A∇v0 + b) dy.

The above equations imply that

f0(x, t, τ, ξ) =
1

2
A0ξ · ξ + b1 · ξ −

1

2

∫
Y

A∇v0 · ∇v0 dy.

From (4.20) we see that for φ = v0

1

2

∫
Y

A∇v0 · ∇v0dy = −
1

2

∫
Y

b · ∇v0dy,

and, thus, we have that

f0(x, t, τ, ξ) =
1

2
A0ξ · ξ + b1 · ξ +

1

2

∫
Y

b · ∇v0dy. (4.22)

This gives us a formula, suitable for computation of f0(x, t, τ, ξ).

In view of (4.16), p0 is a solution to the minimization problem

min
p0

I0(p0) =

min
p0

{∫
Ω

1

2
A0∇p0 · ∇p0 + b1 · ∇p0 +

1

2

∫
Y

b · ∇v0dy + d0p0

}
dx

and the corresponding Euler equation

∇x · (A0(x, t, τ)∇p0(x, t, τ) + b1(x, t, τ, )) = d0 on Ω.
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4.3 Bounds

In this section upper and lower bounds on a function f : R
2 → R defined by

f(ξ) = min
w∈Wper

∫
Y

1

2
(ξ +∇w) ·A(ξ +∇w) + b · (ξ +∇w) dy (4.23)

are established, where

A(y) =

(
a1(y) 0
0 a2(y)

)
and b(y) = (b1(y), b2(y)).

An estimate of the type

1

2
ξ ·A−ξ + b− · ξ + c− ≤ f(ξ) ≤

1

2
ξ ·A+ξ + b+ · ξ + c+,

is proved, where A± is a diagonal matrix with constant coeffecients, b± and
c± are constants.

4.3.1 An upper bound

Let V = {φ ∈Wper : φ(y) = φ1(y1) + φ2(y2)}. Then clearly

f(ξ) ≤ min
w∈V

∫
Y

1

2
(ξ +∇w) ·A(ξ +∇w) + b · (ξ +∇w) dy. (4.24)

The right hand side of (4.24) will be denoted f+(ξ) and can be calculated
explicitly by solving the corresponding Euler–Lagrange equation:∫

Y
(A(ξ +∇w) + b) · ∇φdy = 0 ∀φ ∈ V. (4.25)

Indeed, by inserting w(y) = w1(y1) +w2(y2) and φ(y) = φ1(y1) + φ2(y2)
into (4.25), we obtain that∫ 1

0

{∫ 1

0

(
a1(ξ1 + w′1) + b1

)
dy2

}
φ′1(y1) dy1

+

∫ 1

0

{∫ 1

0

(
a2(ξ2 + w′2) + b2

)
dy1

}
φ′2(y2) dy2 = 0.

This means that the expressions within curly brackets must be constants.
Let us name these constants

k1 =

∫ 1

0

(
a1(ξ1 + w′1(y1)) + b1

)
dy2, (4.26)
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and

k2 =

∫ 1

0

(
a2(ξ2 + w′2(y2)) + b2

)
dy1. (4.27)

But (4.26) and (4.27) imply that

ξ1 + w′1 =
k1 −

∫ 1
0 b1 dy2∫ 1

0 a1 dy2

, (4.28)

ξ2 + w′2 =
k2 −

∫ 1
0 b2 dy1∫ 1

0 a2 dy1

. (4.29)

In order to ease notation somewhat, let

Ai(yi) =

∫ 1

0
ai(y) dyj and Bi(yi) =

∫ 1

0
bi(y) dyj ,

where i and j are complementary in {1, 2}. In this notation we have

k1 =
ξ1 +

∫ 1
0

B1

A1
dy1∫ 1

0 A
−1
1 dy1

,

and

k2 =
ξ2 +

∫ 1
0

B2

A2
dy2∫ 1

0 A
−1
2 dy2

.

Now, the right hand side of (4.24) can be calculated according to

f+(ξ) =
2∑

i=1

∫ 1

0

Ai

2
(ξi + w′i)

2 +Bi(ξi + w′i) dyi

=
2∑

i=1

∫ 1

0

Ai

2

(
ξi + w′i +

Bi

Ai

)2

−
B2

i

2Ai
dyi

=
2∑

i=1

∫ 1

0

k2
i

2Ai
−
B2

i

2Ai
dyi (by (4.28) and (4.29))

=

2∑
i=1

1

2

(
ξi +

∫ 1
0

Bi

Ai
dyi

)2

∫ 1
0 A

−1
i dyi

−
1

2

∫ 1

0

B2
i

Ai
dyi.

(4.30)

Hence, if we define the matrix M and the vector m as

M(y) =

(∫ 1
0 a1(y1, y2) dy2 0

0
∫ 1
0 a2(y1, y2) dy1

)
and m =

(∫ 1
0 b1(y1, y2) dy2∫ 1
0 b2(y1, y2) dy1

)
,
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then we can write f+ as

f+(ξ) =
1

2
(ξ + 〈M−1

m〉) · 〈M−1〉−1(ξ + 〈M−1
m〉)−

1

2
〈m ·M−1

m〉,

where 〈·〉 denotes the average with respect to Y . Or, one can write

f+(ξ) =
1

2
ξ · A+ξ + b+ · ξ + c+, (4.31)

with

A+ = 〈M−1〉−1, b+ = 〈M−1〉−1〈M−1
m〉 and

c+ =
1

2
〈M−1

m〉 · 〈M−1〉−1〈M−1
m〉 −

1

2
〈m ·M−1

m〉.

4.3.2 A dual variational principle

As a consequence of Young–Fenchel’s inequality the following is true for any
symmetric invertible matrix Q :

1

2
u ·Qu+

1

2
v ·Q−1v ≥ u · v ∀u, v ∈ R

2. (4.32)

Using (4.32) pointwise with Q = A(y), u = ξ+∇w(y) and v = σ(y)−b(y),
where σ is any vector field on Y , we obtain that

f(ξ) ≥ inf
w∈Wper

∫
Y
σ · (ξ +∇w)−

1

2
(σ − b) ·A−1(σ − b) dy. (4.33)

Let Wsol consist of the functions in Wper which have zero divergence. Then
it follows from (4.33) that

f(ξ) ≥ sup
σ∈Wsol

∫
Y
σ · ξ −

1

2
(σ − b) ·A−1(σ − b) dy. (4.34)

It turns out that the inequality (4.34) is actually an equality. Indeed, the
solution wξ of the

min
w∈Wper

∫
Y

1

2
(ξ +∇w) ·A(ξ +∇w) + b · (ξ +∇w) dy

is also the (unique) wξ ∈ Wper such that∫
Y
(A(ξ +∇wξ) + b) · ∇φdy = 0 ∀φ ∈Wper. (4.35)
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Let σ∗ = A(ξ +∇wξ) + b. From (4.35) it is clear that σ∗ belongs to Wsol.
By choosing σ = σ∗ in (4.34) it is clear that we have equality in (4.34), i.e.

f(ξ) = max
σ∈Wsol

∫
Y
σ · ξ −

1

2
(σ − b) ·A−1(σ − b) dy.

From the (orthogonal) decomposition Wsol = R
2 ⊕ S, where S denotes the

vector fields in Wsol with mean value zero we have that

f(ξ) = max
σ∈Wsol

∫
Y
σ · ξ −

1

2
(σ − b) ·A−1(σ − b) dy

= max
η∈R2

σ∈S

∫
Y
η · ξ −

1

2
(σ + η − b) ·A−1(σ + η − b) dy

= max
η∈R2

{
η · ξ −min

σ∈S

∫
Y

1

2
(σ + η − b) ·A−1(σ + η − b) dy

}
,

which shows that f is the Legendre transformation (w.r.t. the variable η) of
the function

F (η) = min
σ∈S

∫
Y

1

2
(σ + η − b) ·A−1(σ + η − b) dy.

In other words f = F ∗. Since F is convex and lower semicontinuous, (·)∗∗

acts as the identity. Thus f∗ = F ∗∗ = F .
This proves the dual variational principle

f∗(η) = min
σ∈S

∫
Y

1

2
(σ + η − b) ·A−1(σ + η − b) dy. (4.36)

4.3.3 A lower bound

Define the vector field space S
∗ ⊂ S by

S
∗ = {σ ∈ S : σ = (σ1(y2), σ2(y1))}.

Obviously

f∗(η) ≤ min
σ∈S∗

∫
Y

1

2
(σ + η − b) ·A−1(σ + η − b) dy. (4.37)

We show that it is possible to calculate explicitly the right-hand side of (4.37)
by solving the corresponding Euler–Lagrange equations: find σ ∈ S

∗ such
that ∫

Y

(
φ1 0
0 φ2

)
A
−1(σ + η − b) dy = 0 (4.38)
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for all φ1, φ2 with mean value zero. From (4.38) we see that∫ 1

0

{∫ 1

0
a−1

1 (σ1(y2) + η1 − b1) dy1

}
φ1(y2) dy2 = 0.

By choosing φ1 = ψ′, where ψ ∈ C∞0 (0, 1), we can conclude that the expres-
sion between the curly brackets does not depend on y. A similar conclusion
is drawn from the equation involving σ2. Thus, we can write∫ 1

0
a−1

1 (σ1 + η1 − b1) dy1 = m1, (4.39)∫ 1

0
a−1

2 (σ2 + η2 − b2) dy2 = m2, (4.40)

where m1 and m2 are constants. However, (4.39) implies that

σ1 + η1 =

(∫ 1

0
a−1

1 dy1

)−1(
m1 +

∫ 1

0

b1
a1
dy1

)
= H1

(
m1 +G1

)
,

(4.41)

where H1 and G1 (introduced to ease notation) are self-explanatory. Inte-
gration of (4.41) w.r.t. y2 yields

η1 =

∫ 1

0
σ1 + η1 dy2

= m1

∫ 1

0
H1 dy2 +

∫ 1

0
H1G1 dy2,

whence

m1 =
η1 −

∫ 1
0 H1G1 dy2∫ 1

0 H1 dy2

. (4.42)

Similarly we can establish the relation

σ2 + η2 = H2(m2 +G2), (4.43)

where

m2 =
η2 −

∫ 1
0 H2G2 dy1∫ 1

0 H2 dy1

. (4.44)

Note that (4.42) and(4.44) imply that

∫ 1

0
Hi dyj m

2
i =

(
ηi −

∫ 1
0 HiGi dyj

)2

∫ 1
0 Hi dyj

,
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which will be used below.

In view of the fundamental theorem of calculus

(σi + ηi − bi)

2ai

2

−
b2i
2ai

=

∫ σi+ηi

0

(θ − bi)

ai
dθ.

Since∫
Y

∫ σi+ηi

0

(θ − bi)

ai
dθ dy =

∫ 1

0

∫ σi(yj)+ηi

0

∫ 1

0

(θ − bi)

ai
dyi dθ dyj

=

∫ 1

0

∫ Hi(mi+Gi)

0

θ

Hi
−Gi dθ dyj

=

∫ 1

0

[
θ2

2Hi
−Giθ

]Hi(mi+Gi)

0

dyj

=

∫ 1

0

1

2
Hi(mi +Gi)

2 −GiHi(mi +Gi) dyj

=
1

2

∫ 1

0
Hi dyj m

2
i −

1

2

∫ 1

0
HiG

2
i dyj

=

(
ηi −

∫ 1
0 HiGi dyj

)2

2
∫ 1
0 Hi dyj

−
1

2

∫ 1

0
HiG

2
i dyj ,

we find that

∫
Y

(σi + ηi − bi)

2ai

2

dy =

(
ηi −

∫ 1
0 HiGi dyj

)2

2
∫ 1
0 Hi dyj

−
1

2

∫ 1

0
HiG

2
i dyj +

∫
Y

b2i
2ai

dy.

Thus, we obtain that

f∗+(η) =
2∑

i=1

(
ηi −

∫ 1
0 HiGi dyj

)2

2
∫ 1
0 Hi dyj

+

∫
Y

b2i
2ai

dy −
1

2

∫ 1

0
HiG

2
i dyj .

Let

N(y) =

(∫ 1
0 a1(y1, y2)

−1 dy1 0

0
∫ 1
0 a2(y1, y2)

−1 dy2

)−1

=

(
H1(y2) 0
0 H2(y1)

)
,
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and

n(y) =
(∫ 1

0
b1
a1
(y1, y2) dy1,

∫ 1
0

b2
a2
(y1, y2) dy2

)
=
(
G1(y2), G2(y1)

)
.

Then

f∗+(η) =
1

2
(η − 〈Nn〉) · 〈N〉−1(η − 〈Nn〉) +

1

2
〈b ·A−1

b〉 −
1

2
〈n ·Nn〉.

The conjugate function of f∗+ is

f∗+∗(ξ) =
1

2
ξ · 〈N〉ξ + 〈Nn〉 · ξ +

1

2
〈n ·Nn〉 −

1

2
〈b ·A−1

b〉.

Hence, if A− = 〈N〉, b− = 〈Nn〉 and c− = 1
2 〈n ·Nn〉 − 1

2〈b ·A
−1

b〉, then f
is bounded from below by the function

f−(ξ) =
1

2
ξ · A−ξ + b− · ξ + c−. (4.45)

4.3.4 Reuss–Voigt bounds

To obtain a bound on f we choose w as a constant in the right hand side of
(4.23). Indeed

f(ξ) ≤

∫
Y

1

2
ξ ·Aξ + b · ξ dy =

1

2
ξ · 〈A〉ξ + 〈b〉 · ξ.

Similarly, in view of the dual variational principle (4.36),

f∗(η) ≤

∫
Y

1

2
(η − b) ·A−1(η − b) dy

=
1

2
η · 〈A−1〉η − η · 〈A−1

b〉+
1

2
〈b ·A−1

b〉.

We compute the Legendre transformation of

1

2
η · 〈A−1〉η − η · 〈A−1

b〉+
1

2
〈b ·A−1

b〉
∗
�→

1

2
(ξ + 〈A−1

b〉) · 〈A−1〉−1(ξ + 〈A−1
b〉)−

1

2
〈b ·A−1

b〉,

which we define as the lower Reuss–Voigt bound on f . Thus, the estimate
f−RV ≤ f ≤ f+

RV holds, where

f−RV(ξ) =
1

2
ξ · 〈A−1〉−1ξ + ξ · 〈A−1〉−1〈A−1

b〉

+
1

2
〈A−1

b〉 · 〈A−1〉−1〈A−1
b〉 −

1

2
〈b ·A−1

b〉,

and

f+
RV(ξ) =

1

2
ξ · 〈A〉ξ + 〈b〉 · ξ.
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4.4 Application to a problem in hydrodynamic lu-
brication

In this section the Reuss–Voigt and the arithmetic-harmonic bounds are
applied to a lubrication problem, i.e. the hydrodynamic lubrication of a
thrust pad bearing, see Figure 4.1 for a schematic description of a single
pad.

By the chain rule and (4.4), it follows that the function hε in (4.6) satisfies

∂hε

∂t
(x, t) =

∂h0

∂t
(x, t) + ωL

∂

∂x1
hL(x/ε, t/ε) − ωU

∂

∂x1
hU(x/ε, t/ε). (4.46)

Define an auxiliary function h̃ as

h̃(x, t, y, τ) = h(x, t) +
γ

λ
(ωLhL(x/ε, t/ε) − ωUhU(x/ε, t/ε)) . (4.47)

A physical interpretation of h̃ is more apparent if it is expressed as

h̃(x, t, y, τ) = h0(x, t) + S
hL(x/ε, t/ε) + hU(x/ε, t/ε)

2
, (4.48)

where the slide-to-roll ratio S, defined by

S = 2
ωL − ωU

ωL + ωU
,

has been introduced. The right hand side of (4.6) may be expressed in terms
of h̃ according to:

λ
∂hε

∂x1
+ γ

∂hε

∂t
=

= λ
∂h̃

∂x1
+ γ

∂h0

∂t
=

= λ
∂h0

∂x1
+ γ

∂h0

∂t
+ S

∂

∂x1

(
hL + hU

2

)
.

From this expression it is clear that the contribution from surface roughness
to hydrodynamic pressure build-up acts through the x1-direction. More pre-
cisely, it acts through the x1-direction derivative of the mean value of the
rough surfaces and the slide-to-roll ratio S.

Thus (4.6) may be written in the general form (4.7) by taking

A(x, t, y, τ) = h(x, t, y, τ)3
(
1/x2 0
0 x2

)
,
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b(x, t, y, τ) = −λx2h̃(x, t, y, τ)e1,

d0(x, t) = γx2
∂h0

∂t
(x, t).

Define

A+(x, t, τ) =
〈
A+(x, t, ·, τ)

−1
〉−1

,

b+(x, t, τ) = A+(x, t, τ)
〈(
A+
)−1

β+(x, t, ·, τ)
〉
, (4.49)

c+ =
1

2
〈
(
A+
)−1

β+(x, t, ·, τ)〉

· 〈A+(x, t, ·, τ)
−1
〉−1〈

(
A+
)−1

β+(x, t, ·, τ)〉

−
1

2
〈β+ ·

(
A+
)−1

β+(x, t, ·, τ)〉

A−(x, t, τ) =
〈
A−(x, t, ·, τ)

〉
,

b−(x, t, τ) =
〈
β−(x, t, ·, y)

〉
,

c− =
1

2
〈β− · A−β−(x, t, ·, τ)〉 −

1

2
〈b ·A−1

b(x, t, ·, τ)〉

where

A+(x, t, y, τ) =

(∫ 1
0 a1(x, t, y, τ) dy2 0

0
∫ 1
0 a2(x, t, y, τ) dy1

)
,

A−(x, t, y, τ) =

(∫ 1
0 a1(x, t, y, τ)

−1 dy1 0

0
∫ 1
0 a2(x, t, y, τ)

−1 dy2

)−1

,

β+(x, t, y, τ) =

(∫ 1
0 b1(x, t, y, τ) dy2∫ 1
0 b2(x, t, y, τ) dy1

)
,

β−(x, t, y, τ) = A−(x, t, y, τ)

(∫ 1
0

b1
a1
(x, t, y, τ) dy1∫ 1

0
b2
a2
(x, t, y, τ) dy2

)
.

The bounds (4.31) and (4.45) imply that I−0 ≤ I0 ≤ I+
0 , where

I±0 = min
p

∫
Ω

1

2
∇p ·A±∇p+ b± · ∇p+ c± + d0 p dx. (4.50)

The Euler–Lagrange equations corresponding to (4.50) are given by

∇ ·
(
A±∇p±

)
= d0 −∇ · b

±. (4.51)
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The relation

∂hε

∂t
(x, t) =

∂h0

∂t
(x, t) + vL

∂

∂x1
hL(x/ε, t/ε) − vU

∂

∂x1
hU(x/ε, t/ε)

is easily verified by using the chain rule.
It is observed that (4.5) is a special case of (4.7) by taking

A(x, t, y, τ) = h(x, t, y, τ)3
(
1 0
0 1

)
,

b(x, t, y, τ) = −λh̃(x, t, y, τ)(1, 0),

h̃(x, t, y, τ) = h0(x, t) +
vL − vU
vL + vU

(hU(y, τ) + hL(y, τ)),

d0(x, t) = γ
∂h0

∂t
(x, t).

If we define A± and b± as in (4.49), then we find that, results similar to
(4.50) and (4.51) holds.

Note: The coefficients in the Euler–Lagrange equation corresponding to
the Reuss–Voigt bounds are:

A−RV(x, t, τ) = 〈A(x, t, ·, τ)
−1〉−1, b−RV(x, t, τ) = A−RV(x, t, τ)〈A

−1
b(x, t, ·, τ)〉,

A+
RV(x, t, τ) = 〈A(x, t, ·, τ)〉, b+RV(x, t, τ) = 〈b(x, t, ·, τ)〉.

4.4.1 Numerical results and discussion

All numerical simulations performed relies on the assumption that h =
h (x, y, τ), is of the following form:

h (x, y, τ) = h0 (x) + hU (y, τ)− hL (y, τ) . (4.52)

Further, the results are dimensionless, i.e., the following dimensionless vari-
ables are used:

X2 = x2/x2r, H = h/hr , P = p/pr.

Since the simulations concern a thrust pad bearing, the radius of the inner
pad R1 is used as the scaling parameter (i.e. x2r = R1; 1 ≤ X2 ≤ R2/R1).
The film thickness h00 at the trailing edge is also used to represent the
scaling parameter hr (i.e. hr = h00). If the surfaces are perfectly smooth
then h00 represents the minimum film thickness. The dimensionless global
film thickness H0 is given by

H0 (X) = 1−KX2
R1

R2

sinX1 − sin θ2
sin θ2 − sin θ1

,
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where R1/R2 = 3/7, θ2 = −θ1 = 27.5
◦

and K = 1/4. These values are used
in simulating a single pad in a thrust pad bearing which is assumed to have
6 pads separated by an angle of 5

◦

and operating at 1/4 inclination with
R1/R2 = 3/7.

To make the pressure dimensionless we introduce the following scaling
parameter

pr =
6μ (ωL + ωU)R1

h2
00

.

This choice together with the film thickness given by (4.52) transforms (4.6)
to

∇ ·

(
H3

ε

(
1/X2 0
0 X2

)
∇wε

)
= X2

∂H̃ε

∂X1
, (4.53)

where ∇ = (∂/∂X1, ∂/∂X2) . This is a convenient form, since it does not
contain any reference or input parameters. By solving this equation once,
for a given R1/R2, k and for a specific surface roughness representation
(hU (y, τ)−hL (y, τ)) we have simulated a 6 pad bearing, with pads separated
by an angle of 5

◦

for any given choice of parameters μ, (ωL + ωU) , R1 and
h00.

In the next section we present some illustrative cases of the simulations
performed using the above equations.

4.4.2 Sinusoidal roughness

In the first problem to be considered, both the upper and lower surfaces have
a one-dimensional sinusoidal roughness and the upper surface is assumed to
be stationary i.e ωU = 0. More precisely, the roughness is described by

HU (y1, τ) = −
c

2
(sin (2πy1)− 1) ,

HL (y1, τ) =
c

2
(sin (2π (y1 − ωLτ))− 1) , (4.54)

where c = 1/8 and ωL = 100 RPM = 100π/30 rad/s. In Figure 4.2 the di-
mensionless deterministic pressure distribution corresponding to the surface
roughness representation (4.54) is visualized. The bounds pressure solutions
numerically coincides with each other as expected, when the roughness only
depends on one of the variables. We now introduce a measure of the differ-
ence between the upper/lower bound and the homogenized solution which
may be used to quantify the accurracy. We remark that the solution(s) are
periodic in τ.
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Figure 4.2: The dimensionless pressure distribution, Pε, ε = 1/24, due to
the surface roughness described by (4.54) at an intermediate time step tk.

Figure 4.3 represents a plot of∫
Ω

∣∣P± (x, τk)− P0 (x, τk)
∣∣ dx/∫

Ω
P± (x, τk) dx,

(i.e. the relative difference between the solutions) against the discrete τ step
(τk) for an eight step full overtaking cycle. In this simulation a single period
of the sinusoids were discretely represented by 64 spatial nodes and this lead
to a maximum relative difference.

The deterministic load carrying capacity lε(tk) =
∫
Ω Pε (x, tk) dx and

the load carrying capacity l0(τk) =
∫
Ω P0 (x, τk) dx associated with the ho-

mogenized solution is depicted in Figure 4.4.
It is observed that for ε = 1/26 the difference between the load carrying

capacities associated with the deterministic solution pε and the homogenized
solution p0 is small. In fact it attains a maximum value which is less than
2.5%, half way through the overtaking cycle (i.e. at time τk for k = 4).

In Figure 4.5 the pressure solution Pε (x1, Rm, t7) , where Rm = (R1 +R2) /2
for three different choices of ε = 1/24, 1/25 and 1/26 are shown, whilst Fig-
ure 4.6, depicts the area within the bearing, where the maximum pressures
of the deterministic solutions and that of the of the homogenized solution
(dashed line) may be observed. For clarity, an enlarged portion of the inlet
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Figure 4.3: The relative difference between the aritmetic-harmonic bounds-
and the homogenized- solution in terms of load carrying capacity as functions
of τ.
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Figure 4.4: The deterministic-, for three choices of ε, and the homogenized-
load carrying capacity in τ. Film thickness given by (4.54).
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Figure 4.5: The pressure solution at x2 = Rm, for three different choices of
ε.
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Figure 4.6: An enlarged portion showing the maximum pressure zone of the
pressure solutions found in Figure 4.5 that also includes the homogenized
solution (dashed line).
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zone from Figure 4.5 is displayed in Figure 4.7.
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Figure 4.7: An enlarged portion showing the inlet zone of the pressure solu-
tions found in Figure 4.5 that also includes the homogenized solution (dashed
line).

Figure 4.8 is a display of an enlarged portion of the determinstic pressure
solution Pε, for ε = 1/26 and the homogenized solution P0 at three different
τ steps. In particular, this Figure illustrates the unstationary behavior of
the Reynolds equation. Finally, the Reuss-Voigt bounds are compared to the
homogenized solution. In Figure 4.9 the Reuss-Voigt bounds pressure solu-
tions P±RV and the homogenized solution P0 are displayed at an intermediate
τ step (τ2) and Figure 4.10 visualizes the measure of the relative differ-
ences

∫
Ω

∣∣P±RV (x, τk)− P0 (x, τk)
∣∣ dx/ ∫Ω P0 (x, τk) dx, seen as functions of

τk. From this figure it may be observed that the Reuss-Voigt bounds ap-
proximates the homogenized quite well, however, the maximum difference
between the upper and the lower bound is approximately 5%.

4.4.3 Bisinusoidal roughness

Next we consider bisinusoidal surface roughness (i.e roughness in both direc-
tions) by defining HU and HL as

HU (y1, τ) = −
c

2
(cos (2πy1) cos (2πy2)− 1) , (4.55)

HL (y1, τ) =
c

2
(cos (2π (y1 − ωLτ)) cos (2πy2)− 1) .
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Figure 4.8: The determinstic pressure solution Pε, for ε = 1/26 and the
homogenized solution P0 at three different τ steps.
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enized solution P0 at an intermediate τ step.
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Figure 4.10: The relative difference between the Reuss-Voigt bounds solu-
tions, upper bound (+)- filled squares, lower bound (−)- filled circles, and
the homogenized- solution in terms of load carrying capacity as functions of
τ

We again choose c = 1/8 and ωL = 100 RPM = 100π/30 rad/s. The pres-
sure distribution Pε, ε = 1/24, is shown in Figure 4.11. The ε-convergence
measured in terms of load carrying capacity (being a function of τ) is shown
in Figure 4.12. We note that, each period of the deterministic, bisinusoidal,
roughness representation is resolved with only 8 discrete grid nodes, mean-
ing a total number of 513 × 513 grid nodes for ε = 1/26. In this case the
arithmetic-harmonic bounds pressure solution is not equal to the homoge-
nized one but Figure 4.13 reveals that the difference between the upper- and
the lower- bound pressure solution is small, if measured in terms of load
carrying capacity. In the case of bisinusoidal surface roughness, we also ob-
serve that the Reuss-Voigt bounds are close, with the difference between the
upper and the lower bound almost as small as for the arithmetic-harmonic
bounds, with the maximum difference being less than approximately 2.40%
as compared to (≈ 1.03 + 1.35 =) 2.38% for the arithmetic-harmonic bounds
.

4.4.4 A realistic surface roughness representation

In Figure 4.14, a surface originating from an optical interference measure-
ment is shown. The ground original surface was coarsened by resampling
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Figure 4.11: The dimensionless pressure distribution, Pε, ε = 1/24, due to
the surface roughness described by (4.55) at an intermediate time step tk.
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load carrying capacity in τ. Film thickness given by (4.54).
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the homogenized- solution in terms of load carrying capacity as functions of
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Figure 4.14: A surface roughness representation originating from a surface
measurement.
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on a 17 × 33 grid and then normalized. Note that the reason for coarsen-
ing, is to enable succesive linear interpolation in order to be able to reduce
the discretization errors of the homogenized pressure solution to a tolera-
ble level. For the results presented here, each period was interpolated onto
65 × 129 discrete nodes. Let us define this surface roughness representa-
tion function fr, as the periodic extension of the measured specimen to
the whole of R

2. This makes it possible to state the dimensionless forms
of surface roughness contribution to the the upper and the lower, in a way
similar to what was done in the two previous model problems (c = 1/8 and
ωL = 100 RPM = 100π/30 rad/s), as

HU (y1, τ) = −c (f (y1, y2)− 1) , (4.56)

HL (y1, τ) = c (f (y1 − ωLτ, y2)− 1) .

Solving the deterministic problem for ε = 1/23, corresponding to the surface
roughness representation (4.56) with fr as in Figure 4.14, yields the pressure
distribution at an intermediate time step tk as shown in Figure 4.15. This
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Figure 4.15: The dimensionless pressure distribution, Pε, ε = 1/23, due to
the surface roughness representation (4.56) with fr as in Figure 4.14 at an
intermediate time step tk.

model problem, of course, causes much more trouble while being solved nu-
merically, than the two having well defined mathematical surface roughness



Bounds for the unstationary Reynolds equation 65

descriptions that was previously considered. First of all the numerical error
in the deterministic solution is greater, even though the problem was solved
with 5 extra grid nodes (17 × 33 −→ 65 × 129 which is then repeated 8
times in each direction, meaning a solution domain consisting of 513× 1025
grid nodes) linearly interpolated in between the points on the sampled sur-
face. The homogenized solution is based on computations of local problems
(4.19) and (4.20) represented on 65 × 129 and 129 × 257 grid nodes, i.e., 5
and 9 additional points linearly interpolated in between the sampled ones.
Figure 4.16 displays the deterministic- and the homogenized- pressure solu-
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Figure 4.16: Display of the deterministic- and the homogenized- pressure
solutions at x2 = Rm (at an intermediate τ -step).

tions at x2 = Rm (at an intermediate τ -step) and Figure 4.17, where both
types of bounds pressure solutions have also been added, is an enlargement
of the maximum pressure zone. It is evident from this Figure that the ho-
mogenized pressure solution, at Rm, is bounded by the arithmetic-harmonic
pressure solutions, which also holds for the other model problems. How-
ever, the integrated absolute difference between the homogenized pressure
obtained by solving the local problems at these two different resolutions, i.e.,
the discretization errors in the homogenized solution, is of the same magni-
tude, in fact less than 0.5%, as the difference between the upper and lower
arithmetic-harmonic type bounds solutions. At another τ -step the homoge-
nized pressure is not bounded by the bounds pressure solutions as shown in
Figure 4.18.
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Figure 4.17: An enlarged portion showing the maximum pressure zone of the
pressure solutions due to the surface roughness representation (4.56) with fr

as in Figure 4.14 at an intermediate τ -step τk.
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Figure 4.18: Similar to Figure 4.17 but at the following τ -step τk+1.
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4.5 Concluding Remarks

The numerical results presented here confirms that homogenization is very
useful in the analysis of hydrodynamically lubricated rough surface prob-
lems. In particular the recently introduced concept of bounds is shown to
yield accurate estimates on the homogenized solution. A direct numerical
computation of the homogenized pressure p0 will require quite a lot of com-
putational time since it involves solving cell problems. The bounds obtained
make it possible to estimate p0 at a significantly lower cost.

It has been demonstrated clearly, how the formal method of multiple
scales expansion may be used to homogenize an unstationary problem for-
mulated in terms of a variational principle. The homogenized results ob-
tained by this method agrees with those obtained by Bayada et. al. in [10],
where the method of two-scale convergence was used. The different types of
bounds results obtained in this paper were based on the formulation of the
Reynolds equation as a minimization problem.

It was proved in [8] that the arithmetic-harmonic type of bounds we have
derived here, are sharp (or precise), in the sense that they coincide in the
case of transversal or longitudinal surface roughness representations which
is proved numerically by the model problem with sinusoidal roughness.

The model problem with bisinusoidal surface roughness representation
shows that the Reuss-Voigt bounds pressure solutions may fairly well ap-
proximate the arithmetic-harmonic ones.

Finally, the numerical results from the more realistic model problem, hav-
ing the surface roughness as depicted in Figure 4.14, shows even more precise
bounds pressure solutions than for the previous problems. The numerical
discretization error of the homogenized solution was even larger than the
difference between the bounds for the case of a combined surface roughness
amplitude (2c) being 1/4 of the minimum film thickness of the corresponding
smooth problem.
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