Proyecciones Journal of Mathematics

Vol. 34, N° 3, pp. 229-241, September 2015.
Universidad Catdlica del Norte

Antofagasta - Chile

Stability in delay Volterra difference equations of
neutral type

Ernest Yankson
and
Emmanuel K. Essel
Unwversity of Cape Coast, Ghana
Received : March 2015. Accepted : June 2015

Abstract

Sufficient conditions for the zero solution of a certain class of neu-
tral Volterra difference equations with variable delays to be asymptot-
ically stable are obtained. The Banach’s fixed point theorem is em-
ployed in proving our results.
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1. Introduction

The study of the stability of the zero solution of difference equations has
gained the attention of many mathematicians lately, see [1], [2], [3], [5],
[7], [9], [11] and [12]. In this paper we consider the nonlinear difference
equation with variable delays

N

N
Az(n) = =) aj(n)z(n—7i(n) +_ AQj(n,z(n —7;(n)))
j=1 7j=1

N

n—1
(1.1) +>0 > ki) fils,a(s)),

Jj=1s=n—7;(n)

with the initial condition

x(n) = ¥(n) for n € [m(ng),no] N Z,

where 1 : [m(ng),no] N Z — R is a bounded sequence and for ng > 0,

mj(ng) = inf{n — 7j(n), n > no}, m(ng) = min{m;(ng), 1 <j < N}

Here A denotes the forward difference operator. That is, Azx(n) = x(n+
1) — z(n) for any sequence {z(n) : n € ZT}. We assume throughout this
paper that aj : ZT — R, kj : ZTx([m;(ng),00)NZ) —» R, f; : ZT xR — R,
Qj:Z"xR—Rand7j: Z" — Z", for j =1,..., N. Special cases of (1.1)
have been considered by a number of researchers in recent times.

For instance, Raffoul in [7] considered the equation

(1.2) Az(n) = —a(n)x(n—1),

where 7 is a positive constant. The first author in [11], extended the results
obtained in [7] to the equation

N

(1.3) Az(n) = — Z aj(n)xz(n — 7j(n)).

J=1
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The first author also in [12] considered the the following nonlinear
Volterra difference equation

n—1
z(n+1) = a(n)z(n)+c(n)Az(n —7(n)) + Z k(n, s)q(z(s)).

s=n—7(n)

(1.4)

Ardjouni and Djoudi in [1] considered the nonlinear Volterra difference
equation with variable delays

n—1
z(n+1) = a(n)z(n—71(n))+c(n)Az(n —m(n)) + Z k(n,s)q(z(s)).

s=n—72(n)

(1.5)

Moreover, Ardjouni and Djoudi in [2] considered the difference equa-
tions with variable delays

N

(16) Az(n) = =3 aj(n)z(n—r7i(n)+>_c;j(n)Az(n—7;(n)).

Jj=1 Jj=1

Motivated by the above mentioned papers, we obtain in this paper suf-
ficient conditions for the zero solution of (1.1) to be asymptotically stable.

2. Stability

Let ng € ZN[0,00), be fixed. We let D(ng) be the set of bounded se-
quences ¥ : [m(ng),no] N Z — R, with the norm [i|p = max{|(n)] : n €
[m(no),no] N Z}. Also, let (B,]].||) be the Banach space of bounded se-
quences x : [m(ng),o0) N Z — R with the maximum norm ||.||.

In this paper we assume that for j=1,...,N,

(2.1) 1Qj(n,z) — Qj(n,y)| < L[|z —yll,
and
(2.2) |fi(n,x) = fi(n,y)| < Lallz —yl|

for some positive constants L and Lo. Also, for j=1,...,N,
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and
(2.4) n —7;(n) — oo as n — oo.

Lemma 2.1 Let h; : [m(ng),00)NZ — R be an arbitrary sequence, for j =
1,..., N. Suppose that H(n) =1 — Zj-v:l hj(n) # 0, for all n € [n,y, 00) N Z.
Then z is a solution of equation (1.1) if and only if

no—1

N
o) = et - 20yt = 00) v % hi(s)a )]

J=1s=ng—7;(no)

1 7w

N

FY Q- m) Y T e
j=1 J=1s=n—m;(n)
n—1 N

+ 3 | Sthitn = m5(m) ~ asm)a(n = ()

N s—1 n—1
(2.5) +3 kj(s,u)fj(u,sn(u))] 1 Hw.
J=1u=s—1;(s) u=s+1
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N
+ 224y n = 75(m) - ay(m)}a(n — 75(n)
"y
+ Z AQj(n, x(n —7j(n)))

N n—1
+30 > ki(n,s)fi(s,a(s)),

Jj=1s=n—1;(n)

where A,, denotes the difference taken with respect to n.
The above equation is equivalent to

N n—1
z(n+1) = H(n)x(n)+ A, Z Z h;(s)x(s)

J=1s=n—7;(n)

N
+Y {hj(n—75(n)) — a;j(n)}z(n — 7(n))
j=1

N
+> AQj(n, x(n — 7j(n)))

Jj=1

N n—1
(2.6) £ ks (s als):

J=1s=n—7;(n)

Rewrite equation (2.6) as

n—1 N n—1
A, [ 11 H(u)_lx(u)} _ [An 3 hy () (s)
U=no J=1 s=n—1;(n)

N

+>_{hj(n —75(n)) — aj(n)}a(n - 75(n))
=1
JN

(2.7) +> AQj(n, x(n — 7(n)))

j=1

N n—1 n
+Z Z kj(n,s)fj(s,m(s))} H H(u)™

J=1s=n—1;(n) u=ng



234 FErnest Yankson and Emmanuel K. Essel

Summing (2.7) from ng to n — 1 we obtain

Sl aw o] - S[a3 $ we

s=no U=ng s=no J=1r=s—m;(s)
N
+Y {hj(n —7j(n)) — aj(n)}z(n — 75(n))
j=1
N
+YAQj(n,z(n — 74(n)))
j=1
N s—1
+Z Z ki(s,u) fj(u, z(u ]HH
J=1u=s—1;(s) U=no
Consequently, we have
n—1 no—1
H H(u) tz(n) — H H(u)™t
u=ng Uu=no
n—1 N s—1
-y [AY ¥ meee
$=mn0 J=1lr=s—7;(s)

N
+Y {hj(n—75(n)) — a;j(n)}x(n — 7(n))
j=1

N
+> AQj(n, x(n — 7j(n)))

j=1
N s—1 s
(2.8) + Z Z kj(s,w)fj(u,x( } H H(u
J=lu=s—7;(s) uU=ng
Dividing both sides of (2.8) by [[},— ,110 H(u)~! we obtain
n—1 N
s = wt0) TLHO)+ 3 [0 5 w0t

uU=no s=ngo j= 1r=5— T](S

N
+ Z{hj(n = 7j(n)) = aj(n)}z(n —7(n))

N
+Y AQj(n, x(n— 75(n)))

J=1
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(2.9) +Z Z ki(s,u)fj(u, z(u ]HH

J=1lu=s—7;(s) u=s+1
Using the summation by parts formula, we obtain

n—1 n—1

> I A [ZAQ]nxm—n( )

s=ng u=s+1 7=1
N
_Zanx Z (0, z(no — 7j(no)) HH
n—1 N . n—1 0
210) = 3 3 Qsals—ry)L-HE) ][ Hw
s=np j=1 u=s+1
and
n—1 n—1 N s—1
Y I Hw [Asz > ()
s=ng u=s-+1 j=1 T—S*T]’(S)
N no—1
—Z Z hy(s)a( H Hw)), >, hi(s)a(s)
J=1s=n—7j(n) uU=no J=1s=ng—7;(no)
n—1
211) -3 [ HH Z Z hj(r)z(r).
s=ng u=s+1 J=lr=s—1;(s)

Substituting (2.10) and (2.11) into (2.9) gives the desired results.

Theorem 2.1 Suppose (2.1), (2.2), (2.3) and (2.4) hold and let h; :
[m(no),00) NZ — R be an arbitrary sequence, for j = 1,..., N, such that
H(n)=1- Z;-V:l hj(n) # 0, for all n € [n,,00) N Z. Suppose further that
there exist a constant a € (0,1) such that

N n—1
NLi+Y " > |hy(s)|

J=1s=n—7;(n)

) [Zm (0 73(m) — ag0)
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N s—1
HI=H()INLL+ 1= H(s) Y > [hy(r)]

J=1r=s—7;(s)

I #w

u=s+1

< a.

N s—1
(2.12) +LYy Y !kj(s,U)l}

J=lu=s—7;(s)

Moreover, assume that there exist a positive constant GG such that

n—1
(2.13) II Zw)| <G,
u=ng
and
n—1
(2.14) H H(u) — 0asn — oo.

u=ng
Then the zero solution of (1.1) is asymptotically stable.
Proof. Let € > 0 be given. Choose § > 0 such that
IG[1+ a]+ea<e.
Let 1 € D(ng) such that |1)(n)| < ¢ and define
S={p € B: pn)=(n)if ne€lm(no),nlNZ,
[lpl] < eand p(n) — 0asn — oo}.

Then (S,]].]]) is a complete metric space where, ||.|| is the maximum norm.
Define the mapping P : S — S by

(Pp)(n) = ¢(n) for n € [m(ng),no] N Z,

and
N N no—1
(Peo)(n):[wmo)—ZQj<no,w<no—Tj<no>>>—Z 3 hj<s>w<s>]
Jj=1 J=1s=ng—7;(no)
n—1

II #(w)

u=ng
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N N  n-1
+Y Qi —7i(m))+> D hi(s)p(s)
j=1 J=1 s=n—7;(n)
n—1 N
+ 3 | Sohin = m3(m) = as()}eln 7))
" N N s—1
L= H(s)] Y Qj(s,p(s —7() —[L=H)I Y > hy(r)e(r)
=t J=lr=s—m;(s)
N s—1 n—1
Y b,y @)| TT Hw), 2o
J=lu=s—7;(s) u=s+1

(2.15)

Clearly, Py is continuous. We first show that P : S — S. Using (2.15)
we obtain

N n—1
(P < 8G1+al+{NL+> 3 |hyls)

J=1s=n—7;(n)

n—1 N
+ 3 |3 Iy = ri(m) — oy

s=no j:l

N s—1
HI=H()INLL+[1=H(s) Y > [hy(r)]

J=1lr=s—1;(s)

T1 #e| il

u=s+1

N s—1
LY Y rkj<sju>|]

J=1lu=s—7;(s)
OG[1 + a] + ae

€.

IN N

We next show that (Py)(n) — 0 as n — oo. The first term on the right
hand side of (2.15) goes to zero in view of condition (2.14). Since ¢(n) — 0
and n — 7j(n) — oo as n — oo, we have that Q;(n,p(n — 7;(n))) —
Qj(n,0) =0asn — oo for j =1,..., N. Thus showing that the second term
on the right hand side of (2.15) goes to zero as n — oo.
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Let ¢ € S be fixed. The fact that p(n) — 0 and n — 7j5(n) — oo
as n — oo, implies that, given €1 > 0 there exists Ny > n — 7j(n) for
j=1,...,N such that |p(s)| < e; for s > Nj. Thus

N n—1
< ay, Y. Ins)

J=1s=n—7;(n)
< e < €.

Z Z hj(s)e(s)

Jj=1s=n—7;(n)

Thus showing that the third term on the right hand side of (2.15) goes
to zero as n — oo. We next show that the last term on the right hand side
of (2.15) goes to zero as n — oo. Since p(n) — 0 and n — 7;(n) — oo as
n — oo, for each es > 0, there exists No > ng such that s > Ny implies
lo(s —7;(s))| < e for j =1,..., N. Thus for n > Na, the last term on the
right hand side of (2.15) satisfies

n—1 N
> | Sk = 7i0) - as(m) et = 7))

N

N s—1
s)] Z Qi(s,0(s —7i(s)) —[L=H()] Y D hi(r)e(r)

J=lr=s—m;(s)

+Z Z ki(s,u)fj(u } H H(u

J=lu=s—7;(s) u=s+1

No—1

<y [Zrh 5 73() ~ as()llpls — 73(5)

s=ng

N s—1
+1-H IleISDS—TJ W+IL=HEIY S > [h)lle)]

J=1lr=s—m;(s)

HH

u=s+1

PR Y el

J=1lu=s—7;(s)

5> [Zih = 73(5)) ~ as(5) o (s — 7(5)

s=No =1

N s—1
+1-H Ile\sos—Ta W+L=H)[ Y > [h)lle(r)]

J=lr=s—7;(s)
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HH

N s—1
FLY. X Iksu)llet ]

J=lu=s—7;(s) u=s+1
N2 1
< max hj(s —T;j —a;(s
< max 0l0) [Z| 1)) = as(s)]

+!1—H(S)!L1N+\1—H(8)\Z Z |12 (r)]

J=lr=s—m;(s)

HH

N s—1
—i—LgZ Z \kj(su]

J=1u=s—1;(s) u=s+1
n—1 N

v 3 | X ihyls = ni(s) —ays)
s=Na ~j=1

N s—1
HI=HE) LN+ 1= H(s) Y > |hy(r)l

J=1r=s—m;(s)

HH

u=s+1

N s—1
+L2Z Z |k:j(su]

J=1u=s—1;(s)
< e+ e < 2¢9.

Thus showing that the last term on the right hand side of (2.15) goes
to zero as n — oo. Therefore, (Py) — 0 as n — oo. It therefore follows
that P maps S into S.

We finally show that P is a contraction. Let ¢,n € S. Then

[(Pe)(n) = (Pn)(n)] < {NL1+Z Z |12 ()]

Jj=1s=n—m;(n)

S [Z\hj(n—fj(n)) — a;(n)|

sS=no j:l

N s—1
H1=H(s)INLL+[1=H(s)] D > [h(r)]

J=lr=s—71;(s)

)| it =

1:[ H(u

u=s+1

N s—1
+LY Y ]kj(s,u)q

J=1u=s—7;(s)
< aflp —nll.
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This shows that P is a contraction. Therefore, by the contraction map-
ping principle, P has a unique fixed point in S which solves (1.1) and for
any ¢ € S, ||Py|| < e. This shows that the zero solution of (1.1) is stable.
Moreover, (Pyp) — 0 as n — oo, showing that the zero solution of (1.1) is
asymptotically stable. This completes the proof.
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