
UNIVERSITY OF CAPE COAST

BY

ANTHONY KWABENA TWUM

THESIS SUBMITTED TO THE DEPARTMENT OF PHYSICS OF THE

SCHOOL OF PHYSICAL SCIENCES, UNIVERSITY OF CAPE COAST, IN

PARTIAL FULFILMENT OF THE REQUIREMENTS FOR THE AWARD

ACCESSION NO.

FINAL CHECKED
1

DECEMBER 201(

LASER INDUCED THERMOELECTRIC PROPERTIES OF CHIRAL 
CARBON NANOTUBES

THE LIBRARY 
UNIVERSIIY OF CAPE COAST

• -Af % C HtCKcD

OF DOCTOR OF PHILOSOPHY (PH.D) PHYSICS DEGREE.
CLASS KO.

&c Ql-T'H-

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



DECLARATION

Candidate’s Declaration

I hereby declare that, except for the references to other people’s work duly

cited, this work is the result of my original research and that no part of it has

been presented for any degree in this university or elsewhere.

0? O/IDate:

Anthony K. Twum

(Candidate)

Supervisor’s Declaration

supervised in accordance with the guidelines on supervision of thesis laid

;ape Coast.o

OS -02Date:

Professor S. Y. Mensah

(Principal Supervisor)

Date:

Dr. G. K. Nkrumah-Buandoh

(Co-Supervisor)

ii

We hereby declare that the preparation and presentation of this thesis were

down.by the Universi
'** -11 /1 4 /-----

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



ABSTRACT

An investigation of laser stimulated thermopower in chiral CNT in the

first Brillouin zone is presented. The electrical and thermal conductivities of a

done by solving the Boltzmann kinetic equation with energy dispersion

relation obtained in the tight binding approximation to determine the electrical

and thermal properties of chiral carbon nanotubes. The electroconductivity o

and the electron thermal conductivities %Cz, Xzz along the circumferential and

axial directions respectively of laser induced chiral CNT are calculated. The

resistivity p and differential thermoelectric power acz along the circumferential

parameters a, p and % are found to oscillate in the presence of laser radiations.

We have also noted that the presence of the laser source lowered the figure of

merit. The figure of merit is enhanced mainly by increasing As or decreasing

Az in the presence of the laser. At room temperature (300K) the value of ZT

recorded for the chiral CNT in the presence of laser was greater than one.

Based

monochromatic laser induced chiral carbon nanotube as a good quality and

highly efficient thermoelement.

iii

and axial are obtained. The results obtained are numerically analyzed. The

on our findings we propose the prospect of using a

chiral CNT were calculated using a tractable analytical approach. This was
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CHAPTER ONE

INTRODUCTION

History of Thermoelectricity

The thermoelectric effect is the direct conversion of temperature

differences to electric voltage and vice versa. A thermoelectric device creates

created between the two sides of the device. This effect is known as Peltier

effect. At atomic scale, an applied temperature gradient causes charged

carriers (i.e. electrons or holes) in the thermoelectric material to diffuse from

the hot side to the cold side, similar to a classical gas that expands when

heated; hence, the thermally induced current.

Traditionally, the term thermoelectric effect or thermoelectricity

encompasses three separately identified effects known as the Seebeck effect,

the Peltier effect, and the Thomson effect.

In 1821 Thomas Johann Seebeck found that a circuit made from two

dissimilar metals, with junctions at different temperatures would deflect a

compass magnet. Seebeck initially believed this was due to magnetism

induced by the temperature difference. However, it was quickly realized that it

was an electrical current that is induced, which by Ampere's law deflects the

magnet. More specifically, the temperature difference produces an electric

potential (voltage) which can drive an electric current in a closed circuit. The

voltage produced is proportional to the temperature difference between the

1

a voltage when there is a different temperature on each side. Conversely when

a voltage is applied to a thermoelectric device, temperature difference is
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two junctions. The proportionality constant 5 is defined as the Seebeck

coefficient or thermoelectric power and is obtained from the ratio of the

voltage generated AV and the applied temperature difference AT (i.e. S =

[I]. The Seebeck voltage does not depend on the distribution of

temperature along the metals between the junctions. This effect is the physical

basis for a thermocouple, which is used often for temperature measurement.

Jean-Charles Peltier, a French physicist in 1834 discovered the calorific effect

of an electric current at the junction of two different metals [2]. This effect

which is named after her discoverer as Peltier effect occurs when a current

passes through a wire. The current will carry thermal energy so that the

temperature of one end of the wire decreases and the other increases. The

current flow from conductor 1 to conductor 2. Therefore, this heat labeled Q,

is directly proportional to the current I, passing through the junction as

described by the relation dQ = n12dl. An interesting consequence of this

effect is that the direction of heat transfer is controlled by the polarity of the

current; reversing the polarity will change the direction of transfer.

Twenty years later, William Thomson (later Lord Kelvin) issued a

comprehensive explanation of the Seebeck and Peltier Effects and described

their interrelationship. The Seebeck and Peltier coefficients are related through

thermodynamics. The Peltier coefficient is simply the product of Seebeck

coefficient and the absolute temperature. This thermodynamic derivation led

Thomson to predict a third thermoelectric effect, now known as the Thomson

effect. In the Thomson effect, heat is absorbed or produced when current flows

in a material with a temperature gradient [3]. The heat is proportional to both

2

Peltier coefficient 7712 is defined as the heat emitted per unit time per unit
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the electric current and the temperature gradient. The proportionality constant,

known as the Thomson coefficient is related by thermodynamics to the

Seebeck coefficient. The Thomson effect was experimentally confirmed in

1856. The Thomson coefficient is positive if heat is generated when positive

current flows from a higher temperature to lower temperature [4]. The Peltier-

Seebeck and Thomson effects can in principle be thermodynamically

reversible, whereas Joule heating is not.

Figure of Merit

In 1912, Altenkirch [5,6] introduced the concept of a figure of merit

when he showed that good thermoelectric materials should possess large

Seebeck coefficients, high electrical conductivity to minimize Joule heating

and low thermal conductivity to retain heat at the junctions that will help

maintain a large temperature gradient. Ioffe in 1957 [7] provided a theory that

presented the figure of merit as Z /k which he used to qualify the

T/k, where S is the thermopower or Seebeck coefficient, a is the electrical

conductivity, k is the thermal conductivity, and T is the absolute temperature.

To be competitive compared with conventional refrigerators and generators,

one must develop materials with ZT > 3. Yet in five decades the room

temperature ZT of bulk semiconductors has increased only marginally, from

about 0.6 to I. Figure 1 shows progress over the years since the discovery of

the thermoelectric properties of B'^Tea and its alloys with Sb and Se in the

1950s [8]. The challenge lies in the fact that the parameters S, a, and k are

3

ranked by a dimensionless figure of merit, ZT, which is defined as ZT=S2a

efficiency of thermoelectric materials. Presently thermoelectric materials are
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alters the others, making optimization

extremely difficult. The only way to reduce k without affecting S’ and a in

bulk materials is to use semiconductors of high atomic weight such as Bi2Te3

and its alloys with Sb, Sn, and Pb. High atomic weight reduces the speed of

sound in the material, and thereby decreases the thermal conductivity.

Although it is possible in principle [9] to develop bulk semiconductors with

ZT> 3, there are no candidate materials on the horizon.

©

©

20CO 20 Wis so1970

Figure 1: Thermoelectric improvements. History of thermoelectric figure

of merit, ZT, at 300 K. Since the discovery of the thermoelectric

properties of Bi2Te3 and its alloys with Sb and Se in the 1950s, no bulk

material with (ZThooK > 1 has been discovered. Recent studies in

nanostructured thermoelectric materials have led to a sudden increase in

(Z7)3ook > !•

In 2002, Hideo Iwasaki et al [10] used the Harman method to evaluate

the figure of merit ZT of thermoelectric materials in the temperature region

below room temperature. In this method only resistance measurement by

direct current (de) and alternating current (ac) methods are required to obtain

4

1980
Year

Discover/ of compounds
<--------------- with ZT < 1-----------

wTi—g ■■ 1ri rr r f ■ vr?.*&.j vxu i •' <.

• •
BijTej and alloys with Sb. Se 

l 
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3.5- .

3.0-
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1950

interdependent so changing one
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the ZT values. The Harman method uses the formula ZT

where 7?^, RaC and x are the resistance value by the de and ac methods and x is

the rate of the heat flow to the heat bath, respectively. The heat effect is

experimentally confirmed to be negligibly small and so they used x=7 which

corresponds to a sufficient adiabatic condition.. They found Harman method

for determining ZT to be simple and precise.

Thermoelectric materials

Thermoelectric properties have been studied in many materials over

the past forty years with the understanding of determining good materials for

thermo devices. Unfortunately, these efforts have met with limited success

owing to an accompanying degradation in electrical properties [11].

Recently, attention has been refocused, owing to the appearance of

of semiconductors and semimetals are expensive for mass production, even

though, they show enhancement in the thermoelectric figure of merit Z, hence

the need to search for new materials.

Thermoelectricity is a widely used method for cooling and heating,

sensing, heat retention, and thermal management. In its core, it takes

advantage of materials and structures with a sustainable chemical potential

difference between the hot and cold ends of a given sample. Looking at the

widespread use of semiconductors in microelectronics and optoelectronics, it

is hard to imagine that the initial excitement was due to their promise in

refrigeration, but not in electronics [13]. The discovery in the 1950s that

semiconductors can act as efficient heat pumps led to premature expectations

5

new materials like the multiquantum wells and superlattices [12]. Superlattices

> -1 /x, 
ac /

Rde/
/R.
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of environmentally benign solid-state home refrigerators and power generators

containing no moving parts.

In semiconductors, electrons and holes carry charge, whereas lattice

vibrations or phonons dominate heat transport. Electrons (or holes) and

phonons have two length scales associated with their transport which are

wavelength, X, and mean free path, I. By nanostructuring semiconductors with

sizes comparable to wavelength A,, sharp edges and peaks in their electronic

density of states are produced, whose location in energy space depends on

size. By matching the peak locations and shape with respect to the Fermi

energy, one can tailor the thermopower 5. Furthermore, such quantum

confinement also increases electronic mobility, which could lead to high

values of electrical conductivity. Hence, quantum confinement allows

manipulation of S2 a that is otherwise difficult to achieve in bulk materials

[8]. Many bulk thermoelectric materials are alloys because alloy scattering of

the short-wavelength acoustic phonons suppresses thermal conductivity

without substantially altering S2 a. It is entirely possible, that the increase of

ZT may be less dependent on quantum confinement of electrons and holes, and

semiconductor is smaller than the mean free path of phonons and larger than

that of electrons or holes, one can reduce thermal conductivity by boundary

scattering without affecting electrical transport.

Over the past decade, these questions about quantum effects have

received increasing attention, and their answers hold promise [14, 15] in

increasing ZT. L. D. Hicks et al. [14] in their paper proposed that it may be

possible to increase ZT of certain materials by preparing them in quantum-well

6

more on phonon dynamics and transport. For example, if the size of a
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superlattice structures. They have done calculations to investigate the potential

for such an approach, and also evaluated the effect of anisotropy on the figure

of merit. Their calculations showed that layering has the potential to increase

* significantly the figure of merit of a highly anisotropic material such as

made in a particular

orientation. This result opens the possibility of using quantum-well

superlattice structures to enhance the performance of thermoelectric coolers.

Mensah et al [12] investigated the thermoelectric effect in a

semiconductor superlattice in a nonquantized electric field for electrons of the

lowest miniband in the linear approximation of temperature gradient VT. They

obtained analytical expressions for the thermopower a and the heat

conductivity coefficient % as functions of the superlattice parameters such as

its bandwidth A, period d, temperature T, concentration and electric field E.

Their results confirmed the fact that depending on the relation between A and

other characteristic energies of the carrier charge, the carrier charges can

behave either as a quasi-two-dimensional or as a three-dimensional electron

gas. They proposed the prospect of using a superlattice as a good-quality and

highly efficient thermoelement.

In the past few years, reports have suggested that nanostructured thin-

film superlattices [16] of Bi2Te3 and Sb2Te3 have ZT = 2.4 at room

temperature, whereas PbSeTe/PbTe quantum dot superlattices [17] have ZT

between 1.3 and 1.6. Currently the materials with the highest thermoelectric

figure of merit ZT are Bi2Te3 alloys. Therefore these compounds are the best

thermoelectric refrigeration elements. However, since the 1960s only slow

progress has been made in enhancing ZT, either in Bi2Te3 alloys or in other

7

Bi2Te3, provided that the superlattice multilayers are
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thermoelectric materials. So far, the materials used in applications have all

been in bulk form.

Over the past decade, researchers in thermoelectricity have leveraged

their knowledge of band gap engineering from electronics and optoelectronics

to create nanostructured thermoelectric materials and devices.

Hsu et al. [18] reported of the synthesis of a new class of materials that

could potentially be used for power generation. It is encouraging to see that

the new class of materials AgPbm SbTe2+/w has ZT — 2 at 800 K for m -18.

Although the temperature may be too high for refrigeration, it is appropriate

for power generation. However, what is interesting is the discovery that this

material contains regions 2 to 4 nm in size that is rich in Ag-Sb and is

epitaxially embedded in a matrix that is depleted of Ag and Sb. Presumably,

the electronic band structure and vibrational properties of these nano regions

confinement.

Lyeo el al. [19] have reported on an experimental technique called

Scanning Thermoelectric Microscopy (SThEM) that can probe thermoelectric

transport at nanoscales. By heating a sharp metallic tip to about 10 K above

the temperature of a sample and bringing them in contact under ultrahigh

localized region in the

sample right under the tip. The thermoelectric effect in this sample region

creates a potential difference, which can be measured between the tip and the

sample. By scanning the tip laterally, one can map out the thermopower

profile in a sample. Lyeo et al. demonstrated this by mapping out the

thermopower of a pn homojunction. Because p- and w-doped semiconductors

8

vacuum, they create a temperature gradient within a

are different from those of the surrounding material, suggesting quantum
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have positive and negative thermopowers, respectively, a pn homojunction

produces a large swing in thermopower over a length scale that is on the order

of the depletion region. What is remarkable is that they showed the spatial

resolution to be on the order of 2 to 4 nm in highly doped semiconductors,

which creates the possibility of probing semiconductor nanostructures for

thermoelectricity. Interestingly, this resolution is on the order of the

nanostructure size discovered by Hsu et al. [18] in AgPbigSbTeio- Lyeo et al.

[19] showed that through SThEM thermoelectricity could be used to facilitate

the next generation of electronics and optoelectronics.

Takashiri et al. [20] have investigated the structure and thermoelectric

properties of boron doped nanocrystalline Sio.sGeo.2 thin films for potential

application in micro thermoelectric devices. The nanocrystalline Sio.sGeo.2 thin

films were grown by low-pressure chemical vapor deposition on a sandwich of

Si3N4/SiO2/Si3N4 films deposited on a Si (100) substrate. The Sio.sGeo.2 film

film by means of atomic force microscopy, x-ray diffraction, and transmission

electron microscopy. It was found that the film has column-shaped crystal

lOOnm in diameter oriented along the thickness of the film. Thegrains

electrical conductivity and Seebeck coefficient are measured in the

temperature range between 80-300°K and 130-300 K, respectively. The

thermal conductivity was measured at room temperature. As compared with

bulk silicon-germanium and microcrystalline film alloys of nearly the same

Si/Ge ratio and doping concentrations, the Sio.sGeo.2 nanocrystalline film

exhibits a twofold reduction in the thermal conductivitity, an enhancement in

the Seebeck coefficient, and a reduction in the electrical conductivity.

9

was doped with boron by ion implantation. They studied structure of the thin
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Enhanced heat carrier scattering due to the nanocrystalline structure of the

films and a combined effect of boron segregation and carrier trapping at grain

boundaries are believed to be responsible for the measured reductions in the

thermal and electrical conductivities, respectively.

Carbon-based materials (diamond and in-plane graphite) display the

highest measured thermal conductivity of any known material at moderate

temperatures [21]. The discovery of carbon nanotubes in 1991 [22] has led to

speculation that this new material could have a thermal conductivity greater

than that of diamond and graphite [23]. Aside this material has found a lot of

application in electronic and mechanical devices. It is, therefore, not surprising

that the material has received a lot of attention over the past decade [24-31].

The thermal conductivity of materials in general is partitioned into charge

carriers (i.e., electron or hole) component Xe which depends on the electronic

band structure, electron scattering and electron-phonon interaction, and lattice

component Xl which depends mainly on phonon and phonon scattering. In

dielectrics, Xl » Xe while in metals Xe » Xl- semiconductors, the value of

the thermal conductivity x is strongly dependent on the composition of the

semiconductor, and the value of Xl is generally greater than the value of /e.

So far, all publications on the thermal conductivity of carbon

nanotubes have paid attention to only the lattice thermal conductivity and

completely neglected electron thermal conductivity. For example, Hone et al.

[23] found that the conductivity of carbon nanotubes was temperature

dependent, and was almost a linear relationship. They suggested that the

conductivity decreases smoothly with temperature, and displays linear

temperature dependence below 30 K. However, Berber et al. [32] suggested

10

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



that the graph of the temperature dependence of thermal conductivity looked

less linear and that it shows a positive slope from low temperatures up to 100

K where it peaks around 37000 W/mK. Then, the thermal conductivity drops

dramatically down to around 3000 W/mK when the temperature approaches

400 K. Similar relationship has been found by Mensah et al. [33] for electron

Mensah et al. [34] have also studied the electron thermal conductivity

of carbon nanotubes. They observed that the temperature dependence of xe *n

carbon nanotubes is similar to that obtained by Berber et al. and that Xe peaks

at unusually high values. They further observed the dependence of xe on the

geometric chiral angle 9h, temperature T, the real overlapping integrals for

and the base helix A5. Interestingly, they

again noted that varying these parameters could give rise to unusual high

electron thermal conductivity whose peak values shift towards higher

Xe occurs at 104K and is about 41000s W/mK which compares well withof

19that reported for a 99.9% isotropically enriched C diamond crystal.

Thermoelectric (TE) power has been reported for a random array of

carbon nanotubes (CNT) [35-37] as well as for individual tubes [38]. Similar

quantum wires [39, 40] and artificial

nanostructures, such as superlattices [41]. Past work on CNT was mostly made

on randomly dispersed tubes but Shamim M. et al. [42] reported on the TE

properties of cross aligned and co aligned junctions made between

functionalized single-wall CNTs (SWCNTs) multiwalland CNTs

(MWCNTs).

11

thermal conductivity Xe-

jumps along the tubular axis Az

temperatures. For example, atAz=0.020 eV and A5

investigations were made on

0.0150eKthe peak value
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Mensah et al. have studied the differential thermopower of the chiral

carbon nanotube [43]. They used the approach stated in [12] together with the

model developed in [44] to determine the thermopower a, of the chiral CNT.

The approach requires the creation of phenomenological models that yield

analytically tractable results [44]. The justification for this approach can be

established from the work of Miyamoto et al. [45], where they computed the

current excited in carbon and BC2N nanotubes immersed in an electrostatic

field. [43] They observed that the thermopower strongly depends on the

geometric chiral angle (GCA) Oh, electric field E, temperature Ty the real

overlapping integrals for jumps along the tubular axis Az and the base helix

As. Mensah et al. in their paper highly recommended that the manipulation of

the parameters E, T, Azand A5 can give rise to high thermopower values [43].

Using the semiclassical approach Mensah et al. [46] investigated and

reported on the giant electrical power factor in single-walled chiral carbon

nanotubes. They observed that the resistivity p, thermopower a, and power

factor P are all temperature dependent. Based on their findings they predicted

a giant electrical power factor and hence proposed the use of carbon nanotubes

as thermoelements for refrigeration.

In their studies Guo-Dong Zhan et al. [47] investigated the

thermoelectric properties of single-wall carbon nanotube (SWCNT)/ceramic

nanocomposites produced by spark-plasma-sintering. They found that the ZT

increases with increasing temperature and has a value of 0.018 at 850 K which

is two orders of magnitude higher than that of pure SWNTs. Therefore

CNT/ceramic composites exhibit thermoelectric properties, suggesting

potential for use as a promising thermoelectric material. As compared to other

12
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thermoelectric materials, however, the electrical conductivity of the

CNT/ceramic composites is low. This can be further improved if pure metallic

SWNTs can be applied, due to the much higher electrical conductivity of

SWCNTs. The researchers have earlier on discovered that incorporation of

single-walled carbon nanotubes into nanoceramics leads to a dramatically

improved electrical conductivity of the composites combined with a

significant decrease in thermal conductivity [48-51], suggesting that the

carbon nanotube reinforced nanoceramic composites might make promising

thermoelectric materials.

Mensah and Buah-Bassuah [52] have theoretically investigated the

photostimulated thermomagnetic effect by electrons in a semiconductor

superlattice (SL). In their work, they indicated the possibility of controlling

the thermopower a, the electron thermal conductivity %, and the

electroconductivity o of the SL with the help of laser radiation. They found the

parameters a, %, and o to oscillate in the presence of laser therefore are

amplitude dependent. Changing the amplitude of the laser source can result in

changes of the thermopower a, the electron thermal conductivity %, and the

electroconductivity o of the SL. Mensah and Buah-Bassuah proposed the

prospect of using laser induced SL as a good-quality and highly efficient

thermoelement.

13
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Objectives

The main objectives of this work is to investigate

How the chiral CNT parameters As Az, 0h, the d.c. electric field Eo and1.

the laser source Es affects the resistivity, thermopower and the electron

thermal conductivity of chiral CNT.

How the laser affects the resistivity, thermopower and the electron2.

thermal conductivity of chiral CNT.

Whether the laser can improve the figure of merit of the chiral CNT.3.

Justification and Relevance

Based on the good work done by Mensah and Buah-Bassuah [52] on a

Semiconductor Superlattice, this work seeks to use laser to control the

resistivity, thermopower and the electron thermal conductivity of Chiral

Carbon Nanotubes. Just as laser induced SL has been found to be a good

quality and highly efficient thermoelement, it is possible for laser induced

Chiral CNT to behave similarly.

Statement of Problem

Researchers are working extensively to find materials which can be used as

good thermoelements and are cheap to produce. This work seeks to determine

whether chiral carbon nanotubes which are now cheap and easy to produce can

be a good candidate.

14

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



Scope and Delimitation

In this work,

theoretically the laser stimulated thermopower and thermal conductivity in

chiral CNTs. The electrical and thermal properties of chiral carbon nanotubes

will also be considered with the aim of determining whether the figure of

merit can improve as a result of the presence of laser. Even though there are

different forms of carbon nanotubes, our investigations were carried

specifically on chiral CNT.

Structure of Thesis

The rest of the chapters are organized as follows:

Chapter two will be a review of the history and some of the physical properties

of CNTs. In Chapter three, the Boltzmann kinetic equation with energy

dispersion will be employed to determine the differential thermoelectric power

ctcz along the circumferential and axial directions of chiral CNTs. Results

obtained in the previous chapter will be discussed in Chapter four. Finally, we

draw our conclusions in Chapter five.

15

we have used semiclassical approach to investigate
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CHAPTER TWO
A REVIEW OF CARBON NANOTUBES

The History of Discovery of Carbon Nanotubes

Carbon nanotubes are cylindrical structures of nanometric size, based

allotropes of carbon whose structures can be thought of as rolled two-

dimensional graphene sheets [53]. Their dimensions are typically a few

nanometers across and up to 100 micrometers long.

In 1976, Endo from Japan collaborated with Oberlin in France to

research on carbon fibers using vapor-growth technique. In studies of

filamentous carbon fibers by electron microscopy, they reported on the

occasional observation of carbon nanotubes consisting of a single wall of

graphene [54, 55].

In 1985, while Harry Kioto of the University of Sussex in the UK and

studying the nature of

interstellar matter to determine the forms of carbon-containing materials found

between the stars, they detected, for the first time (by mass spectroscopy) a closed

[56].

buckminsterfullerene after an architect R. Buckminster Fuller who pioneered the

fullerene, exhibits a very unique structure and stability [57, 58]. The original

observation of fullerenes in mass spectrometry was not anticipated, it was

16

Richard Smalley from Rice University in the US were

on a hexagonal lattice of carbon atoms. Carbon nanotubes (CNTs) are

use of geodesic domes in architecture. This cluster, which is called or

cluster containing precisely 60 carbon atoms It was named
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discovered by accident [56]. Studies on Ceo were hindered because there was no

known technique for producing it in appreciable quantities.

In 1990, Kratschmer and Huffman succeeded in using the arc

discharge technique to produce the famed Buckminster fullerene on a large

the first steps towards the era of carbon nanotubes.

Sumio lijima,

Research Laboratory in Tsukuba, Japan was the first to give experimental

evidence of the existence of carbon nanotubes in 1991. Using High

Resolution Transmission Electron Microscopy (HRTEM), he examined

electron microscope images of the soot deposited on the carbon cathode

during the arc- evaporation synthesis of fullerenes. lijima found that the

central core of the cathodic deposit contained a variety of closed graphitic

structures including nanoparticles and strange tube-like carbon structures [60]

of a type which had never previously been observed. The new found strange

tube-like carbon structures that consisted of several concentric tubes of carbon

atoms, cylindrical in shape, exquisitely thin and impressively long were later

called multiple-walled carbon nanotubes (MWCNTs). These early structures

had the form of cylinders within cylinders, nested inside each other like

Russian dolls. lijima’s discovery is considered to be the first citation of carbon

nanotubes (CNT).

Two years after his first observation of MWCNTs, lijima et al. [61] of

NEC Fundamental Research Laboratory in Tsukuba and Bethune et al. [62] of

Almaden Research Centre in California simultaneously and independently

observed single walled carbon nanotubes (SWCNTs). Although carbon

17

scale [59]. The discovery of fullerenes and their production in bulk in 1990 were

a Japanese electron microscopist of NEC Fundamental
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nanotubes were observed four decades ago, it was not until the discovery of

C6o and theoretical studies of possible other fullerene structures that the

scientific community realized their importance. Theoretical predictions about

structure and electronic properties of CNTs followed quickly [63-66].

Figure 2: The Observation of transmission electron microscopy of multi

walled coaxial CNT [18]. The cross section of each nanotube is illustrated.

The CNTs .consist of (a) five graphene sheets and an outer diameter of 6.7

seven sheets and an outer diameter of 6.5 nm.

Soon methods were developed to produce single-walled carbon

nanotubes (SWCNT) [67,68]. Since this pioneering work, carbon nanotube

research has developed into a leading area in nanotechnology expanding at an

extremely fast pace. Although lijima is credited with their official discovery,

18
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carbon nanotubes were probably already observed thirty years earlier by Roger

Bacon at Union Carbide in Parma, OH. Bacon began carbon arc research in

1956 to investigate the properties of carbon fibers. He was studying the

melting of graphite under high temperatures and pressures and probably found

carbon nanotubes in his samples. In his paper, published in 1960, he presented

the observation of carbon nanowhiskers under SEM investigation of his

material [69] and he proposed a scroll like-structure. Nanotubes were also

produced and imaged directly by Endo in the 1970’s via high resolution

transmission electron microscopy (HRTEM) when he explored the production

of carbon fibers by pyrolysis of benzene and ferrocene at 1000°C [55]. He

observed carbon fibers with a hollow core and a catalytic particle at the end.

He later discovered that the particle was iron oxide from sand paper. Iron

oxide is now well-known as a catalyst in the modem production of carbon

nanotubes.

Allotropes of Carbon

Carbon is the most versatile element in the periodic table, owing to the

type, strength, and number of bonds it can form with many different elements.

The diversity of bonds and their corresponding geometries enable the

existence of structural isomers, geometric isomers, and enantiomers. These are

found in large, complex, and diverse structures and allow for an endless

variety of organic molecules.

Carbon can bind in a sigma (<y) bond and a pi (it) bond while forming

of the carbon orbitals. An sp1 hybridized carbon atom can make two a bonds

19

a molecule; the final molecular structure depends on the level of hybridization
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and two 7t bonds, sp2 hybridized carbon forms three o bonds and one it bond,

and an sp3 hybridized carbon atom forms four o bonds. The number and nature

of the bonds determine the geometry and properties of carbon allotropes.

Due to the many possible configurations of the electronic states of a

carbon atom (which is known as hybridization of atomic orbitals), the carbon

atom can bond with itself and with other atoms in endlessly varied

combinations of chains and rings. Graphite and diamond are well known

naturally occurring allotropes of carbon.

(c)(b)

Graphite (metallic)
Diamond (insulator)

(d)

(b) Diamond (c) Graphite (d) Buckminsterfullerene Cso;

(e) Carbon nanotube.

The electronic configuration of isolated carbon atoms and the

allotropes of carbon are illustrated in Figure 3. The carbon atoms in diamond,

each of which is sp3 hybridized, are arranged in a rigid three-dimensional (3D)

structure and are bonded to each other by strong o-bonds (as indicated in

20

Carbon nanotube,
Nature, 354,56(1991)

crater 
titrtroa*
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Carbon atoms

Buckminsterfullerene C 6Q
or budky ball. Nature 318,162 (1985)

Figure 3: (a) Electronic configuration of isolated carbon atoms;
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Figure 3 (b)). The carbon atoms in graphite, each of which is sp2 hybridized,

are arranged in sheets of atoms called graphenes, and are bonded to each other

by strong o-bonds and weak 7i-bonds. The sheets in graphite are held together

by weak Van der Waal’s force, so these sheets can move over each other

fairly, but in diamond the atoms are held rigidly. Diamond is therefore hard

while graphite is soft. The free 71-electrons in the 7r-bonds of graphite explain

why graphite is a conductor. The valence electrons of carbon atoms in

diamond are held tightly in strong o-bonds and are therefore not available for

conduction. This explains why diamond is an insulator.

A third form of carbon, now known as buckminsterfullerene or simply

fullerene (C$o) was discovered in 1980 by Kroto et al. Cgo, also referred to as

bucky ball, is a tiny molecular cage of 60 carbon atoms that make up the

mathematical shape called a truncated icosahedron (Figure 3 (d)). The shape

of this structure happens to be the same as the shape of a football (12

pentagons and 20 hexagons).

The fourth allotrope of carbon is the tubular form of the fullerenes,

which are called carbon nanotubes (Figure 3 (e)). CNTs consist of graphene

sheets rolled into perfect cylinders with mind-bending aspect ratios; often

bring only a nanometer in diameter but many micrometers in length. These

tiny cylinders of grapheme are closed at each end with caps containing six

pentagonal rings. These cylindrical structures of carbon atoms take two forms:

single-walled nanotubes (SWCNTs) or multi-walled nanotubes (MWCNTs). A

SWCNT is basically a single layer of pure-carbon atoms rolled into a seamless

tube capped at each end by half-spherical fullerene structures. The diameter of

21

a SWCNT is of the order of 1 nm or 10'9m [61]. All of its atoms form a single
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the other hand, consist of a

larger structures than

SWCNTs. A MWCNT can be considered as a mesoscale graphite system,

whereas a SWCNT is a single large molecule.

Classification Of Carbon Nanotubes

Considering the cylindrical wall(s) of CNTs, they can be classified into

nanotubes (MWCNTs). A single-wall carbon nanotube (SWCNT) can be

described as a graphene sheet rolled into a cylindrical shape so that the

structure is one dimensional with axial symmetry, and in general exhibiting a

spiral conformation, called chirality [70]. On the other hand, a tube comprising

multi-walled carbon nanotube (MWCNT). In plates land 2, examples of a

SWCNT and a MCWNT are shown.

b)a)

Plate 2 : Multi-Walled CarbonPlate 1 : Single-Walled Carbon

Nanotubes with five walls.Nanotubes

www.azonano.com
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several, concentrically arranged graphene sheet cylinders is referred to as a

collection of concentric graphene cylinders and are

covalently bound network. MWCNTs on

single-walled carbon nanotubes (SWCNTs) and multi-walled carbon
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There are different types of CNTs each having their own different

synthesized a bunch of different types of CNTs

are produced. These CNTs can be well aligned or nestled depending on the

temperature [71-75].

In general the multi-walled carbon nanotubes (MWCNTs) have a

larger diameter than the single-walled carbon nanotubes (SWCNTs). Single

wall nanotubes with only one single layer generally have a diameter of 1 to 5

nm. The properties of SWCNT are more stable than MWCNT so it is more

favourable. MWCNT is a little bigger than SWCNT because MWCNT has

about 50 layers. MWCNT’s inner diameter is from 1.5 to 15 nm and the outer

diameter is from 2.5 nm to 30 nm. Distances between the walls are mostly

found to be between 0.1 and 0.4 nm [61]. Depending on the number of walls,

CNTs may have different conductive properties. For example, MCWNTs have

metallic conducting properties, whereas SWCNTs can have semi conducting

properties as well as metallic conducting properties. This depends on the so-

called chirality of the SWCNTs [76,77].

Both SWCNT and MWCNT are usually many microns long and hence

they can fit well as components in submicrometer-scale devices [53] and

nanocomposite structures that are very important in emerging technologies.

SWCNTs have better defined shapes of cylinder than MWCNTs, thus a

MWCNT has more possibilities of structure defects and its nanostructure is

less stable. Most researchers focus on SWCNT and develop applications based

The second form of classification is common among both MWCNTs

23

on SWCNT due to the physical stability of SWCNT [78-85].

properties. When CNTs are

synthesis method, the catalysts used and other reaction conditions such as
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tube or how the two-dimensional graphene sheet is "rolled up". The primary

symmetry classification of a carbon nanotube is that it can either be an achiral

(symmorphic) or chiral (non-symmorphic). An achiral carbon nanotube is

defined by a carbon nanotube whose mirror image has an identical structure to

the original one.

There are only two cases of achiral nanotubes:

a) armchair and

b) zigzag nanotubes

The names of armchair and zigzag arise from the shape of the cross-sectional

ring, as shown at the edge of the nanotubes in Figure 4 and 5. An armchair

(/?,«); and a zigzagnanotube corresponds to the case of n

Chiral nanotubesnanotube corresponds to the case of m

exhibit a spiral symmetry whose mirror image cannot be superposed on to the

original one. All (n,w) chiral vectors other than (n,ri) and (/?,0) correspond to

chiral nanotubes. Looking at the hexagonal symmetry of the lattice, we need to

consider only 0 < |w| < n in = (n,m) for chiral nanotubes. Plate 3 shows a

3D model of the three types of single-walled CNT.

www.dolcera.com

Plate 3. 3-D models of the three types of single-walled carbon nanotubes.
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m, that is

0 or

and SWCNTs and depends on the arrangement of carbon atoms in a given
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hence it is an (n, ri) tube

structure and the chiral angle ,0, is 30°. Zigzag nanotubes are formed when

either n or m is zero, hence it is referred to (n, 0) or (m, 0) tube structure and

chiral angle ,0, is 0°, also referred to as the zigzag axis . Chiral nanotubes are

formed when neither n nor m is zero and also n m., hence it is general chiral

(w, m) nanotube which corresponds to a chiral angle lying between O°<0<3O°.

Figure 4 : Structure of Armchair Carbon Nanotube: n = m, 0=30°.

Figure 5: Structure of Zigzag Carbon Nanotube: n or m = 0, 0=0°.

Figure 6: Structure of Chiral Carbon Nanotube: norm^O and also n

m, O°<0<3O°. www.cnx.org

There are two possible high symmetry structures for carbon nanotubes,

known as “zigzag “and “armchair” and these are illustrated in figures 4 and 5.

In practice it is believed that most carbon nanotubes do not have these highly
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Armchair nanotubes are formed when n = m,

ch
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symmetric forms but have structures in which the hexagons are arranged

helically around the tube axis as in figure 6.

Of course, a carbon nanotube is not visible by bare eye, and a bundle

of 100 of them is necessary to be spotted with the best optical microscope.

Using Scanning Tunnelling Microscopy (STM) [86-88], the crystalline

structure of the tubes was verified. Despite their small diameter, their length

anisotropic molecules in the world. The chiral angles of zigzag as well as

armchair carbon nanotube are shown in figure 7. Figure 8 shows a graphitic

sheet with (n,m) indices.

0°

Armchair tubeZigzag tube.

Figure 7: Zigzag and Armchair Carbon Nanotubes Showing Chiral

Angles

e=c

I nm diameter

(0.0) (2.0) (4.0) (6.0) (8.0)

Figure 8: Graphene Sheet with (n,m) indices
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Chiral vector

The structure of a SWCNT is specified uniquely by the chiral vector.

The chiral vector of a CNT is the vector that, when graphene is rolled to form

the CNT, lies along the circumference of the circular cross-section of the

CNT. Thus the magnitude of the chiral vector is equal to the circumference of

the cross-section of the CNT. The honeycomb lattice of graphene can be

considered as a hexagonal lattice with a basis of two inequivalent carbon

atoms, say A and B illustrated in Figure 9.

Figure 9: The honeycomb lattice of graphene showing the two hexagonal

sublattices, ai and ai are the basis vectors of any of the hexagonal

sublattices.

Therefore the carbon atom sites A and B form two distinct hexagonal

sublattices of the honeycomb lattice. The basis vectors of any of the hexagonal

sublattices are given by

(1)

(2)

27
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where i and j are the unit vectors along the x and y axes, and

vectors ai and a2 defined above are not orthogonal and the scalar product

between them gives

(3)and ax • a

If we cut open the carbon nanotube along the tube axis and through the

reference atom, we can imagine spreading out the nanotube into a graphene

sheet that could exactly match a portion of an infinitely large graphene sheet.

Figure 11 shows the hexagonal carbon network that can be thought of as the

infinitely large graphene sheet [65,90]. The dotted lines at the left and right

represent the cut made along the CNT. Location (0,0) represents the reference

atom and is the location that the chiral vector Ch starts from. The angles 0

and always combine to form 30° [91].

\

XBV

nflfT

C

armchair
Figure 10: Hexagonal network of a graphene sheet with some essential

lattice parameters
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In Figure 10, a model of a SWCNT with index (n.ni) = (4,2) is

way that point O

coincides with point A, and point B coincides with point B’. 6 denotes the

chiral angle of a specific tube and varies between 0< 0 <30° The chiral vector,

is perpendicular to the translational vector, Tr. Therefore the translational

vector Tr is parallel to the nanotube axis, while the chiral vector Ch lies along

the circumference of the cross section of the nanotube.

An armchair CNT corresponds to the case when n = m. In this case, the

chiral vector (n, n) bisects the angle between aj and a2 thereby making the

chiral angle to become 30°. A zigzag CNT corresponds to the case when m

0, and in this case the chiral vector (n, 0) lies along the vector aj so the chiral

angle become 0°. All other chiral vectors (n,m), where n^m,n or w 0

CNTs.

/(11.O)

(0,7)

Figure 11: Unrolled sheet of Graphite that can be rolled into the three

types of Carbon nanotubes.
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constructed when the dotted strip is rolled up in such a

with chiral angles intermediate between 0° and 30°, correspond to chiral
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The chiral vector Ch can be expressed in terms of the real space basis vectors

aiand a2 of the hexagonal lattice of graphene as follows,

Ch = na} + ma2 = (n, m) (4)

where n and m are integers. Due to the hexagonal symmetry of the honeycomb

lattice of graphene, n and m are such that 0 < |m| < n.

The magnitude |Ch| of the chiral vector is

N (5)

Therefore the diameter dt of a CNT in terms of the chiral vector (n,m), is

(6)

The chiral angle 9 shown in Figure 10 is the angle between the chiral vector Ch

and the vector ap Therefore, in terms of n and m, 9 is given by

ch-ai =|Qhlcos0 (7)

or

(8)cos 3 =

Because of the hexagonal symmetry of the honeycomb lattice of graphene, 9 is

restricted to values in the range 0 < 9 < 30°. The chiral angle 9 specifies the

orientation of the hexagons with respect to the nanotube axis as well as the

spiral symmetry of the nanotube. It can be seen from Eq (7) that an armchair

(n, n) CNT corresponds to a chiral angle of 30°, and a zigzag (n, 0) CNT

30

2n + m
2 . 2

7T

o 
corresponds to 9 = 0 .

'G-C, =

+ m +nm
Ch'a\ =___

2+ m + nm

a\n2 + m2 +nm
71
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Translational vector

The translational vector Tr is parallel to the nanotube axis and

perpendicular to the chiral vector Ch in the unrolled honeycomb lattice of a

nanotube in Figure 10. The translational vector Tr can be expressed in terms of

the hexagonal basis vectors aj and a2 as

Tr = t,a} +t2a2 =(t},t2) (9)

where ti and t2 are integers. From Figure 10, the translational vector Tr is the

position vector (with respect to O) of the first equivalent lattice point B of the

divisor except 1. Using Eqs (4), (6), (9) and the fact that Ch T = 0, fi and t2 can

be obtained in terms of n and m as

(10), and t2 =

where dR is the greatest common divisor of (2m+n) and (2n+m). If d is the

greatest common divisor of n and m, then it can be shown that dR is given in

terms of d [90,92] as

(11)dR=\

obtained as

t = = (12)

From Eqs (11) and (12), T is greatly reduced when n and m have a common

divisor or when (n - m) is a multiple of 3d.

31

d if n - m is not a multipleof 3d 
3d if n - m is a multipleof 3d

Using Eqs (4), (9) and (10), the length T of the translational vector T is

2h + m

hexagonal lattice of graphene. Therefore ti and t2 do not have a common

V3|G| 
dR

2m+ n
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Unit cells

The vectors Ch and Tr (Figure 10) define the rectangle OAB'B, which

is the unit cell of the CNT. The unit cell of all SWCNTs has the shape of a

cylinder and forms a translational unit cell along the nanotube axis. The unit

cell of a SWCNT can be constructed by first drawing the chiral vector Ch

relative to an origin O in the graphene. Then a straight line that is normal to Ch

is drawn from O and extended until it passes exactly through a lattice point B

that is equivalent to O. The rectangle generated by Ch and OB gives the

unrolled unit cell of the SWCNT. The length of the unit cell in the direction of

the nanotube axis is the magnitude of the translational vector Tr given by Eq

(12). The unrolled unit cells for (4,4) armchair, (7,0) zigzag and (5,2) chiral

CNTs are shown in Figures 12, 13 and 14. For the (5,5) armchair CNT, the

width of the unit cell is Tr = a, while for the zigzag CNT the width of the unit

cell is Tr = ^/3a.

The area of a hexagon is equal to the area of a unit cell of the

hexagonal lattice of graphene defined by ai and a2, i.e., the area of a hexagon

is |ai

number of hexagons N per unit nanotube cell is

N =

2

(13)

32

area of nanotube unit cell 
area of a hexagon

x a2|. The nanotube unit cell has an area equal to |Ch x Tr|. Therefore the

dR

... 2N2

|Q x ?r\ _ 2(/?2 + w;+nm) 
|a,xa2|
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where |Ch| and dR are given by Eqs (5) and (11) respectively. Each hexagon

contains two carbon atoms, so there are 2N carbon atoms in each nanotube

unit cell.

T = a

(4=4)lcAl

Figure 12: Unit cell of (4,4) armchair nanotube. The width of the unit cell

for all armchair nanotube is T = |T| = a.

(0.0)

Figure 13: Unit cell of (7,0) zigzag nanotube. The width of the unit cell of

all zigzag nanotubes is ^/3a. The length is |Ch|.
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T

a_j

ICaI (5.2)(0.0)

Figure 14: The unit cell of (5,2) chiral nanotube. The width and length of

the unit cell is T and |Ch| respectively.

Symmetry vector

The symmetry vector R is the site vector (as indicated OA in Figure

10) that has the smallest component in the direction of the chiral vector Ch.

The coordinates of carbon atoms in a nanotube unit cell are represented by iR,

where i = 1 . . . N is an integer. When a carbon site vector iR goes out of the

nanotube unit cell, it is shifted to lie within the unit cell through translation by

expressed in terms of ai and a2 as [93]

R = pa} +qa2 = (p,q) (14)

where p and q are integers and have no common divisor except 1, and are such

that

Q<txq-t2p < N and Q<mp-nq<N (15)

34

ai

an integral number of Ch or Tr, using periodic boundary conditions. R can be
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N is the number of hexagons per unit cell of the CNT. The symmetry vector R

can be considered as a rotation about the nanotube axis by \|/ followed by a

translation t along the nanotube axis. This reflects the basic space group

symmetry operations of a chiral CNT denoted by R = (y|T ) and illustrated in

Figure 15. In this case, the component of R in the direction of the chiral vector

Ch gives the angle \|/ of rotation scaled by |Ch| /dt, while the component in the

direction of the translational vector Tr gives the translation t of the basic

symmetry operation of the one-dimensional space group of the CNT. The

integers (p, q) then represents the lattice vector obtained when the symmetry

operator acts on (0, 0),

i.e. (\|/|t )(0, 0) = (p, q),

and (v|t )2, (vlT )3> • • • » (vlT )N are all distinct symmetry operations of an

E is the identity operation.

T

Figure 15: Space group symmetry operation R = (\|/|t ) [93]. v|/ is the angle

of rotation around the nanotube axis and t is the translation in the

direction of Tr; N\g = 2n and Nt = MT.

It can be shown that t and the rotational angle are given as [93]

(16)T =

35

l^xCj  (mp-nq)Tr

Abelian group denoted by Cn, where (y|r )N =

1
) I
/ I
/ I
/ I ■
' I__________

i/j =

I 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
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(17)

The symmetry operator )n brings a lattice point to

point, where

(18)

and

(19)M = mp-nq

lattice point to its equivalent lattice point.

(b)(a)

bi

Figure 16: (a) The unit cell and (b) Brillouin zone of graphene are shown

inequivalent carbon atoms. The points T, K, and M are high symmetry

points in the Brillouin zone.

given (w,w) carbon

nanotubes is that depending on their structure and diameter, conducting or

semiconducting nanotubes are possible. The condition for metallic or

conducting nanotubes is that (2n+m) or equivalently (n-rri) is a multiple of 3.

That is for a given (n.m) nanotube, if 2w+w=3z or n-m=3i (where i is an

semiconductor [93]. This leads to the cases that all armchair nanotubes are

metallic or conducting, and zigzag nanotubes are only metallic or conducting

36

2.7T

~N
 |7r x

Tr 0

’L
& X

an equivalent lattice

One of the most remarkable properties of a

as the dotted rhombus and shaded hexagon respectively. A and B are

NR = Ch + MTr

integer), then the nanotube is metallic, otherwise the nanotube is a

is an integer. M is the number of Tr vectors that is necessary for bringing a

M

1 ,
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if n is a multiple of 3. Figure 17 shows which carbon nanotubes (n,ni) are

predicted to be metallic and which are semiconducting, denoted by the yellow

approximately one third of carbon nanotubes are metallic or conducting while

the other two thirds are semiconducting. These basic predictions from the

theory have been verified using Scanning Tunnelling Microscope studies

[94,95]

(0,0) (bQJ I (2,0) I (3,0) (4,0)

(3,1)

CNTs (n,m) which are denoted by the yellow and blue circles respectively

[96].

Synthesis of carbon nanotubes

In this section we describe some of the synthesis methods for

producing and purifying carbon nanotubes, with primary emphasis on single

wall nanotubes (SWCNT’s). After lijima’s discovery [22], various methods

where exploited to produce CNT’s in sufficient quantities to be further

studied. Some of these included arc-discharge, laser vaporisation of graphite

37
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I (4,4)To,4)
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, ■ I
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X

i (8,4)

M ] C7-5) I
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Figure 17: Graphene showing atoms of metallic and semiconducting

A J Zigzag 

(9,0) | (10,0)

and blue circles respectively. It can be seen from this diagram that
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and chemical vapour deposition (CVD). The general principle of nanotube

growth involves producing reactive carbon at a very high temperature; these

atoms then accumulate in regular patterns on the surface of metal particles that

stabilize the formation of fullerenes resulting in a long chain of assembled

carbon atoms. The CNT synthesis methods to be discussed are the arc

discharge of graphite, laser vaporisation of graphite and thermal synthesis.

Arc-Discharge Method of Synthesizing Carbon Nanotubes

The arc-discharge methodology originally used by lijima [60]

produced large quantities of multiwalled carbon nanotubes MWCNTs,

typically greater than 5 nm in diameter, which have multiple carbon shells in a

structure resembling that of Russian doll. In recent years, single-walled

nanotubes (SWCNT’s) using this method also have been grown and have

become available in large quantities. The original arc-discharge apparatus,

shown in Figure 18, consists of two graphite electrodes closely placed to each

other (about 1 mm apart) in an atmosphere of helium at a 400 mbar and

enclosed in a chamber. When a de voltage is applied across the graphite

electrodes, an arc is struck between the electrodes, resulting in the evaporation

of the carbon from the anode to form plasma. Some of the plasma re

condenses as a hard cylindrical rod on the cathodic graphite. The central part

of this deposit contains both MWCNTs and nanoparticles. This method

produced very little amount of MWCNTs, making further progress in research

in CNTs rather slow.

The arc-discharge tube provides a simple and traditional tool for

generating the high temperatures of about 3000° C needed for the vaporization

of carbon atoms into plasma [67-68].

38
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Figure 18: Schematic diagram of the arc discharge apparatus.

Modifications to the arc-discharge method by Ebbeson and Ajayan [67]

greatly improved the quantity of CNTs obtained by the arc-discharge method.

The arc-discharge is done in a vessel through which an inert gas flows at a

controlled pressure (Figure 19). This technique has been used for the synthesis

of single-wall and multi-wall carbon nanotubes, and ropes of single-wall

nanotubes [97], Typical conditions for operating the arc-discharge tube for the

synthesis of carbon nanotubes include the use of carbon rod electrodes of 5-20

mm diameter separated by -1 mm with a voltage of 20-25V across the

electrodes and a de electric current of 50-120A flowing between the

electrodes. The arc is typically operated in -500 torr He with a flow rate of 5-

15ml/s for cooling purposes. When the arc is in operation, carbon deposits

form on the negative electrode. As the carbon nanotubes form, the length of

the positive electrode (anode) decreases (see Fig. 19). As the anode is being

consumed the electrodes are adjusted to keep them at approximately 1 mm or

less apart.
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used to synthesize carbon nanotubes.

If multi-wall carbon nanotube is to be produced, then the synthesis

requires no catalyst and the nanotubes formed are found in bundles in the

inner region of the cathode deposit where the temperature is a maximum

(3000°C). The nanotube bundles are roughly aligned in the direction of the

electric current flow [68, 98]. Surrounding the nanotubes is a hard grey shell

consisting of nanoparticles, fullerenes and amorphous carbon [99-101].

Adequate cooling of the growth chamber is necessary to maximize the

nanotube yield in the arc growth process.

The current that produces the arc, which is usually about 100A,

depends on the size of the rods, their separation and the gas pressure. Though

the purity and yield depend sensitively on the gas pressure in the vessel, very

high pressure does not improve the sample quality but results in a fall in total

yield. The current is another important factor which affects the yield [68,102].

Very high current will produce a hard sintered material with few free
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nanotubes. Therefore the current should be kept low, but high enough to

maintain a stable plasma. Also to produce good quality nanotube samples, it is

essential that the electrodes and the chamber are effectively cooled.

Catalysts used to prepare isolated single-wall carbon nanotubes include

transition metals such as Co, Ni, Fe and rare earths such as Y and Gd, while

mixed catalysts such as Fe/Ni, Co/Ni and Co/Pt have been used to synthesize

ropes of single-wall nanotubes.

Laser Vaporization Synthesis Method

The first large-scale production of SWCNTs was achieved in 1996

by the Smalley group at Rice University. This method of carbon nanotube

growth produced SWCNTs of excellent quality but requires high powered

lasers while producing small quantities of material. The Laser Vaporization

Synthesis also called Laser ablation has been found to be the most efficient

method for synthesizing bundles of single-wall carbon nanotubes with a

[103,104] revealed high yields with about 70%-90% conversion of graphite to

single-wall nanotubes in the condensing vapor of the heated flow tube

operating at 1200°C.

The laser ablation technique uses a 1.2 atom % of cobalt/nickel with

98.8 atom% of graphite composite target that is placed in a 1200°C quartz

tube furnace with an inert atmosphere of 500 Torr of Ar or He and

vaporized with a laser pulse. Two sequenced laser pulses are used to

evaporate a target containing carbon mixed with a small amount of transition

41
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metal from the target. Figure 20 shows the quartz tube furnace used for

producing CNTs.

furnace at 1200 °C

argon gas

nanotube felt

graphite target

Nd-YAG laser

Figure 20: Single-walled nanotubes produced in a quartz tube heated to

1200°C by the laser vaporization method, using a graphite target and a

cooled collector for nanotubes [105]

Flowing argon gas sweeps the entrained nanotubes from the high temperature

[104,106]. -The material thus produced appears in

microscope (SEM) image as a mat of “ropes” 10-20 nm in diameter and up to

100 pm or more in length. Under transmission electron microscope (TEM)

examination, each rope is found to consist primarily of a bundle of single-wall

carbon nanotubes aligned along a common axis. A detailed transmission

electron microscopy study of carbon nanotubes prepared by the laser

vaporization method [104] has shown that the carbon nanotube chiral indices

(n,m) are mainly 44% of (10,10), 20% of (9,9) and some (12,8). The single-
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wall nanotubes are held together by weak van der Waals inter-nanotube bonds

to form a two-dimensional triangular lattice with a lattice constant of 1.7 nm,

and an inter-tube separation of 0.315 nm at closest approach within a rope

[104]

Thermal synthesis

Thermal synthesis is considered a “medium temperature” method,

since the hot zone of the reaction never exceeds a temperature of 1200°C.

Thermal synthesis relies on only thermal energy and, in almost all cases, on

active catalytic species such as Fe, Ni, and Co to break down carbon feedstock

and produce CNTs. Depending on the carbon feedstock, Mo and Ru are

sometimes added as promoters to render the feedstock more active for the

formation of CNTs. CVD, HiPco, and flame synthesis are considered thermal

CNT synthesis methods.

Chemical vapor deposition (CVD)

Endo et al [107] were the first to report on the use of CVD method to

produce defective MWCNTs in 1993. Dai et al [108] successfully adapted

CO-based CVD to produce SWCNT at Rice University in 1996. The CVD

process encompasses a wide range of synthesis techniques, from the gram

quantity bulk formation of nanotube material to the formation of individual

aligned SWCNTs on SiC>2 substrates for use in electronics. CVD can also

produce aligned vertical MWCNTs for use as high-performance field emitters

[109]. Additionally, CVD in its various forms produces SWCNT material of

higher atomic quality and higher percent yield than the other methods

currently available and, as such, represents a significant advance in SWCNT
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production. The majority of SWCNT production methods developed lately

have direct principle related to CVD.

In a CVD fumance, gaseous carbon feedstock (CO) is flowed over

transition metal nanoparticles at temperatures between 550 and 1200°C.

Carbon reacts with the nanoparticles to produce SWCNTs as shown in Figure

21. The CVD method can be used to produce SWCNTs of diameters

between 0.4 and 5 nm, and depending on the conditions, feedstock, and

catalyst, the yield can exceed 99% (weight percent of final material) and

the final product can be completely free of amorphous carbon.

Figure 21: Schematic of a CVD furnace.

High-pressure carbon monoxide synthesis (HiPco)

One of the recent methods for producing SWCNTs in gram to

kilogram quantities is the HiPco process shown in Figure 22 [110,111].

Though related to CVD synthesis, HiPco deserves a separate mention,

source of high-quality, narrow

diameter distribution SWCNTs around the world. The metal catalyst is

formed in situ when Fe(CO)5 or Ni(CO)4 is injected into the reactor along

pressure of 30 to 50 atm. The reaction to make SWCNTs is the
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disproportionation of CO by nanometer-size metal catalyst particles. Yields

of SWCNT material from HiPco process are claimed to be up to 97%

atomic purity. The SWCNTs made by this process have diameters between

0.7 and 1.1 nm. Tuning the pressure in the reactor and the catalyst

composition, it is possible to tune the diameter range of the nanotubes

produced [112].

Cooling Water
Furnace

SWCNT grc *th zone
Hot CO

L

Figure 22: Schematic of a HiPco furnace. The CO gas + catalyst

precursor is injected cold into the hot zone of the furnace, while excess

CO gas is “showered” on it from all sides. Empirically this leads to the

highest yield and longest individual nanotubes formed by this process.

Flame synthesis

Though still not a viable method for the production of high-quality

SWCNTs, the so-called flame synthesis has the potential to become an

extremely cheap and simple way to produce nanotubes. Flame synthesis has

been shown to produce MWCNTs since the early 1990s [113]. Vander Wai et

al.[ 114] were the first to exhibit the production of SWCNTs by using flame

synthesis method. In this method, a hydrocarbon flame composed of 10%

ethylene or acetylene with Fe or Co (cobaltacene, ferrocene, cobalt
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acetylacetonate) particles interspersed and diluted in H2 and either He or Ar

was ignited.

Since then, many other groups have been able to produce SWCNTs

using similar methods, [114-119] and there has been a brief review written by

Height et al [120] on the specifics of various methods for both MWCNT and

SWCNT production. The current yields are low, but it is extremely attractive

and potentially very cheap to be able to produce nanotubes with technology

which is no more complicated than fire.

Plasma

Purification

In many of the synthesis methods that have been reported, carbon

nanotubes are found along with other materials, such as amorphous carbon and

carbon nanoparticles. Purification generally refers to the isolation of carbon

nanotubes from other entities.
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Three basic methods have been used with limited success for the

purification of the nanotubes: gas phase, liquid phase, and intercalation

methods [121]. The classical chemical techniques for purification (such as

filtering, chromatography, and centrifugation) have been tried, but not found

to be effective in removing the carbon nanoparticles, amorphous carbon and

other unwanted species. Heating preferentially decreases the amount of

disordered carbon relative to carbon nanotubes. Heating could thus be useful

for purification, except that it results in an increase in nanotube diameter due

to the accretion of epitaxial carbon layers from the carbon in the vapor phase

resulting from heating.

The gas phase method removes nanoparticles and amorphous carbon in

the presence of nanotubes by an oxidation or oxygen-burning process

[98,122]. Much slower layer-by-layer removal of the cylindrical layers of

multi-wall nanotubes occurs because of the greater stability of a perfect

graphene layer .to oxygen than disordered or amorphous carbon or material

with pentagonal defects [122,123]. This method was in fact first used to

synthesize a single-wall carbon nanotube. The oxidation reaction for carbon

nanotubes is thermally activated with an energy barrier of 225 kJ/mol in air

[123]. The gas phase purification process also tends to bum off many of the

nanotubes. The carbon nanotubes obtained by gas phase purification are

generally multi-wall nanotubes with diameters in the range 20-200A and 10

nm-ljim in length [98] since the smaller diameter tubes tend to be oxidized

with the nanoparticles.

Using a potassium permanganate KMnO4 treatment method, the

removal of nanoparticles and other unwanted carbons has been carried out in
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the liquid phase with some success. This method tends to give higher yields

than the gas phase method, but results in nanotubes of shorter length

[121,124].

Finally, the intercalation of unpurified nanotube samples with CuCfe -

KC1 results in intercalation of the nanoparticles and other carbon species, but

not the nanotubes which have closed cage structures. Thus subsequent

chemical removal of the intercalated species can be carried out [125].

A method for the purification of samples containing single-wall

nanotube ropes in the presence of carbon nanoparticles, fullerenes and other

contaminants has also been reported in [126].

In chapter three, the Boltzmann kinetic equation with energy

dispersion will be employed to determine the electrical resistivity p, the

differential thermoelectric power a and the electron thermal conductivity %

along the circumferential and axial directions of chiral CNTs.
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CHAPTER THREE

LASER INDUCED THERMOELECTRIC PROPERTIES OF CHIRAL

CARBON NANOTUBES

The carrier (electron or hole) current density j, electrical conductivity

a, thermopower a, electrical power factor P, the thermal current density q, the

electron thermal conductivity & of a chiral SWCNT are calculated as

functions of the geometric chiral angle Oh, temperature T, the real overlapping

integrals for jumps along the nanotube axis Az and along the base helix As. The

calculation is done using the approach in reference [12] together with the

phenomenological model of a SWNT developed in references [127] and [44].

This model yields physically interpretable results and gives correct qualitative

descriptions of various electronic processes, which are corroborated by the

first-principle numerical simulations of Miyamoto et al [45].

The dependence of these thermoelectric functions on T, Qh, Az and As

The MATLAB is a simulation tool which can handle mathematical

expressions with complex variables better and give detail results. Analysing

the results obtained numerically help to give physical interpretation to the

parameters of chiral CNT.

Carrier current density

Consider a SWCNT under a temperature gradient VT placed in an

electric field applied along the nanotube axis. The carrier current density in the

49

are analysed numerically in chapter four, using MATLAB (Student Edition).
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SWCNT is calculated in the semiclassical approximation [12] by starting with

the Boltzmann kinetic equation

(20)

where f(r, p, t) is the distribution function, fo(p) is the equilibrium distribution

function, v(p) is the electron velocity, E is the magnitude of the constant

electric field, r is the electron position, p is the electron dynamical momentum,

t is time elapsed, r is the electron relaxation time and e is the electron charge.

The collision integral is taken in the t approximation and further assumed

constant. The exact solution of Equation (20) presents some difficulties;

therefore it is solved using perturbation approach where the second term is

treated as the perturbation. In the linear approximation of VT and Vg, the

solution to the Boltzmann kinetic equation is

(21)

e(p) is the tight-binding energy of the electron, and |i is the chemical potential.

The carrier current density j is defined as

(22)

Substituting Eqn. (21) into Eqn. (22) we have

50

J=^v(p)/(p)
p

+ v(p)
dt

^Zz| ,.[eo + Es coswZ ]t/z )

df(r>p,t) 
dr

/(p)=^ fexp ---

£expf--L/^v(p)/0
\ p

-A —+ VA

x v^p - eCOS wt

j -er 1

£ , [eq + Es cos wt" ]cZz"

'0 + Es coswZ ]e/Z )

r* i z+L expC7

£ . [eo + Es cos wZ ]<7z

.ppdf(^Pd)_^^Pd)-fAp)+ ----------- —--------------------
dp t

t

T
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p

(23)

Making the transformation

we obtain for the current density

j = er

p

(24)x s

Using the phenomenological model [44,127,128], a SWCNT is

considered as an infinitely long periodic chain of carbon atoms wrapped along

a base helix as shown in Figure 24, and the real honeycomb crystalline

structure of graphite is ignored.

ur

4 E

*‘d,
d,

n-1n

Figure 24: The schematic of the carbon nanotube geometry. All carbon

atoms are numbered consecutively. Adapted from |44, 127].
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4

expf--\z^
\ T J p

v(p)

4/’~e£/[£(+ e£exp^-0?/]Tv(p}

d/ofc)' 
de

" 0 (p ~e £'■ +Es cos wt 0

5 
a.

&

IVT V7 
-'-T+V"

•J'_. [£0 + Es coswt" \it (p)

f',[£o+£scosw/ ]<7z

•Kp)-A]y- + Vp-

xv^p- ef-,[£o+^ cos wt

’0 + A5cosw/ ]tZ/

P~ elJ£o + ^ coswz ]dz —> P ,
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^4

with u(

The motion of electrons in the SWCNT is resolved along the nanotube

axis in the direction of the unit vector uz and unit vector us tangential to the

base helix. The unit tangential vector us in turn makes an angle of 0h with the

circumferential unit vector uc. uc is defined to be the unit vector tangential to

the circumference of the nanotube. 0h is the geometric chiral angle (GCA).

The current density in the phenomenological model is in the form

j = Sus + Z'uz (25)

where S' and Z' are respectively components of the current density along the

base helix and along the nanotube axis.

As defined in Figure 24 and illustrated in Figure 25, uc is always perpendicular

to uz, therefore us can be resolved along uc and uz as follows

(26)us = uc cos Oh + uz sin Oh

j = uc (S' cos Oh) + uz (Z' + S' sin Orf = jc uc + jz uz (27)

It implies that,

jc = S' cos Oh (28)

jz = Z' + S' sin Oh (29)

52

>

Figure 25: uz and ucare orthogonal unit vectors and us makes an angle Gt

sin^

According to Eq (26), j can be expressed in terms of uc and uz as
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The interference between the axial and helical paths connecting a pair

of atoms is neglected so that transverse motion quantization is ignored [44,

127]. This approximation best describes doped chiral carbon nanotubes, and is

experimentally confirmed in [129].

Thus if in Equation (24) the transformation

is made, Z' and S' respectively become,

Z’=

+ V,/z

(30)

and

+ VSA •

(31)

(Refer Appendices A7 and A8)
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T

C t /di
exp --k/Z \dPs J[£•(/?) 

/d> /<K

— dt ^dPs fdP2vfp-e 
T) J/ .*/

xR-W

2
(2^)2

. [.Eo + Es cos wz"]dz

2er
(2?zft)2

g/o(p) 
de

dex P(p)

dPs p/’J [«■(/>)-zd

fexp -

\dps \dpl

:0+Escoswt']dt"'jf0(p)

p

’0 +EZ coswz"pz"^

2e r°
+ (2t^)2 "k

£, [e0 + Ez coswz"]c/z"yo(p)

2e r0
+ (2t^)2

(2^). k Tj <

A]Zz:
• J rj~i
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where the integrations are carried out over the first Brillouin zone, ft is

Planck’s constant, v5, ps, Es, VST, and Vsp are the respective components of v,

p, E, VT and Vp along the base helix, and vz, pz, Ez, VZT, and Vzp are the

respective components of v, p, E, VT and Vp along the nanotube axis.

The energy dispersion relation for a chiral nanotube obtained in the tight

binding approximation [127] is

(32)- A, cos

coordinates, ps and pz are the components of momentum tangential to the base

helix and along the the nanotube axis, respectively.

The components vs and vz of the electron velocity v are respectively calculated

from the energy dispersion relation Equation (32) as

(33)

sin p-e

>■)

CO:

(34)

(35)

54

ft

sinf p ~ eJ . [£(

coswZA, <4 
ft

PA 
ft

PA 
ft

P.dz 
ft

ft

where £0 is the energy of an outer-shell electron in an isolated carbon atom, Az

and As

k") = - e[_, [£o + E, cos Wt' }*')

are the real overlapping integrals for jumps along the respective

(p-ef^o + ^c03^'

• PA sin-^-^ 
ft

coswZ ]<7Z

-COS-21—L 
ft

’0 + Es cos wZ )

A 7 dP: ft

dPs ft

^(p) - - A5 cos
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and

3

co;

(36)

To calculate the carrier current density for a non-degenerate electron gas, the

Boltzmann equilibrium distribution function fo(p) is expressed as

/0(p) = Cexp (37)

7

where

(Refer Appendix A20)C =

no is the surface charge density, In(x) is the modified Bessel function of order

n defined by

0) (38)

Now, substituting Equations (32) - (37) into Equations (30) and (31), and

carrying out the integrals, the following expressions are obtained for S' and Z'.

(39)
kT

55

\
+ Zz-^0

PA 
h

270(A,J)Z0(A,j

_ A,< 
h

4- A, cos

"MS)S'=-as^K-^~e I kT

M~~£o 
kT

HS2-a-

p - . [eq + Es cos wr ]t/z J

1 71In (x) - — J d3 cos nO exp(x cos 
71 o

k") = ( p - e{'_, l£o + E,cos wl" k ’)

A* = — and A* = — and k is Boltzmann’s constant.
5 kT 1 kT

<(ko+ss coswz

(p-T_,[£®+£»cos wf j

J . Psds Ssin-^—^ 
h

a pAAt cos-^-^J h

P.d, . , 
-cos ‘ * sin 

h '
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Z'= NJ (40)zn

(Refer Appendices A47 and A48)

The electric field is applied along the nanotube axis (see Figure Al in

Also ai(E) is defined by

(41)
1 +

(Refer Appendix A25)

Substituting Equation (39) into Equation (28), the following is obtained for the

(42)

The following is obtained for the axial carrier current density jz after

substituting Equation (40) into Equation (29),

+ 2-A*, •VJ (43)

56

C Sp-^

e

Z=-k(^)+c7X£)sin2^}C - crz

g0-A 
kT

gp~A 
kT

(4M e \ kT j

_ e2rA,<i2rc0 /)
“ h1

MM '

-/ok
7k

circumferential carrier current density jc,

/.k)T. 
MkJJf

- <t! (e)~ sin 0h cos Oh ■ 
e

/ok
7k

_____ i_
ed,E0/

/h

+2-A;Ak)
7k)J

Where we have defined E*sn as

Je =-O-I(MSin^C0S^M

2
I T2

■Zk

+o-J(M-siii20/> e

Mk5„£ , i =s,z

+ 2-A*2Z^l

e

Appendix A), so we used the fact that Es = Ez sin 9* = E sin 0/,

7k
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Let us define

(44)

Then Eqs (42) and (43) respectively become

(45)

and

(46)

Equations (45) and (46) define the carrier current density. The circumferential

obtained from Equations (45) and (46) respectively. In fact the coefficients of

(47)

(48)

Resistivity, thermopower and power factor

The resistivities and p„ along the circumferential and axial directions are

defined respectively by

(49)

(Refer Appendix A63)

and

57

_2_
A’’

■s(£)-sin2^-A: 
e

L(£)-[^-aX-a’x]
I e

= as(E)sm0hcos0h

coi0.,{c- £SBS-A>Jv_T

= °-.-(£)

z=-U(-e)+cr;

g)g0-A 
kT

+ cr5(#)sin2 0h

_______ 1_______
<js (£)sin^ cos 6^

°zz

(E)—sm0h 
e

1
o-C2

^C2

the electric field - E\n in these equations define ocz and as follows,

• te)sin2s \ z n) zn

Z = -O’, (£)sin 0h cos 0hE'zn -

■
i0

crcz and axial Ozz components of the electrical conductivity in the CNT are

i = s,z
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(50)

(Refer Appendix A64)

The differential thermoelectric power is defined as the ratio in an open

circuit (i.e. when j = 0). Thus setting jc to zero in Equation (42), the

thermoelectric power along the circumferential direction is obtained as

follows

0

(51)

(Refer Appendix A65)

Similarly, the thermoelectric power along the axial direction is obtained

from Equation (43) as follows (i.e. when jz = 0)

U(£)0

e

k(£)+crA£)sin2^}C =
k(£)-k-A*
I e e

58

L -A*x] + <Ts(£)-sin2#^-A's
( e e

-A‘:B2 -A’x] + <rJ(E)-sin2 0h[g-A’,

1
P: =----

1________
+ <’■.,(£) sin2#,,

v.r
as(e)— sin 0h cos 0h {£ - A*sBs - A*. A.}
______ e _____________________ _

a,(E)sin0Acos0A

v r

vr

L--{^-a>5-aX 
e

a cz

-as(E)sm0hcos0hE’„

crs (£)sin#ft cos 0hE':n

;(£)sin2 0h}E':n

-crs (#)— sin 0h cos 0h {£ - A's#s - ti.A. }v _T 
e

- <js(^)— sin 0h cos6h - A‘sBs- ^ZAZ }v,T 
e

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



(52)+

(Refer Appendix A66)

Finally the electrical power factor P is defined as

given respectively by

(53)

(54)

In summary, we have obtained analytical expressions for the carrier

current density j, the electrical resistivity p, thermopower a and electrical

power factor P in a chiral SWCNT. It can be seen from these expressions that

p, a and P depend on the geometric chiral angle 0hj temperature T, the real

overlapping integrals for jumps along the tubular axis Az and the base helix As.

The dependence of p, a and P on T, 0h, As and Az will be discussed in chapter

four.

59

C
V 7

Therefore the power factor along the circumferential and axial directions are

A

e

V:T

as(E)sin2 0h 
o',(E)+o,J(E)sin2 0h

P = cra2
P

P = acz 1 c
Pc

o'5(E)-sin2<9/I[<f-A*sEJ -A*,X.]}
-j-------- -----------------------------

^(^;k-A>;-AX] 
o', (e) + crs (E)sin2 0h

<r.(E) + ffj(E)Sin20A ssJ
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Thermal current density and electron thermal conductivity in Chiral

Carbon Nanotubes

In this section, an expression for the thermal current density in a laser

electric field is calculated. From this expression, the electron thermal

function of the GCA 0h, temperature T, the real

In addition, the thermoelectric figure of merit is also estimated as a function of

0h, T, As and Az.

weak electric field E along the nanotube axis. The thermal current density q is

given by

(55)

velocity has components vs(p) and vz(p) given by Eqs (33), (34), (35) and (36).

Substituting Equation (21) into Equation (55) we have

•co

0
p

pmp) £ p-e

(56)xv p-e o

60

COSW/”pZ"-//exp(--0AZT(p)

,ds <

overlapping integrals for jumps along the tubular axis Az and the base helix As.

t 

p-e j[£,

4=E[4p)-aHp)/(p) 
p

where f(p) and e(p) are given by Equations (21) and (32). v(p), the electron

conductivity is obtained as a

Consider a SWNT under a temperature gradient VT, and placed in a

+r Jo

X

+ E coswf’Jft"

induced carbon nanotube under a

+ E coswZ"J/Z"

temperature gradient and placed in an

| [fi0 + E cosw/")/z'

p-e j[£,
\ t-l'

YlvT „
' — + Vp-

’ \ T) p
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Making the transformation

^=T -A

"Ao

(57)■v p-e

We resolve the thermal current density along the tubular axis (z axis)

and the base helix respectively, neglecting the interference between the axial

and the helical paths connecting a pair of atoms,

quantization is ignored.

Then using the following transformation:

base helix S' respectively as follows,

Z’= “A

61

s p~e
< T j p L k

( 71 71 
exp — wz J dPs j a

1 T)

p-ej*[E0 + EcoswZ"]dz

2
(2t^)2

3s k
X v(p}

p-e f[s,

XV p-e j[£0+Ecosw/"}7/" /0(p)

we obtain for the thermal current density

we obtain the thermal current density along the tubular axis Z' and along the

so that transverse motion

+ E coswZ"}/z"

\
+ E coswZ"J/Z”

+ E coswZ"]#" [*(/>)-a] y- + vA

p

dPz £ p - e J [Eo + E2 cos wZ”}/Z' ’
_ k t-r 7

2r r°
(2^)2 0

jdPs \dP2 
-"/d,
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X

-A

+ VzAMv=G’) (58)X

and

S'= -A

“A

(Refer Appendices B6 and B7)

where the integrations are carried out over the first Brillouin zone.

The thermal current density in the phenomenological model is in the form

Using Equation (26), q can be expressed in terms of uc and uz as follows,

q2uzq

respectively

qc = S' cos Oh and qz (60)

62

t >

j [£0 + Es cos f„ (p)

t \

J[eo + Es CQSWt"}lt"

t \

j[E0+£z coswZ”|/Z"

V5T 
T

£ p-e 
k

%

i [dP;

XV5 P~e
\ *

j[E0 +Es coswZ"}/Z"

r (
dPz £* p-e

L IfoexP Hf J
_«7. _n/

Z' + S' sin Oh

exp(-i)* \dPs

ds

•” f t o exp --

d/o(/4| '
\ \

X [f(p)-p]

1
vz P~e\lEQ+E2coswt'ty'

t k
v, p-e |[#0 +E, cosw/”}/Z”

>v5 p-e J[£o 4-EscoswZ"}/Z” (59)

UcS’ cos Oh + uz(Z’ + S' sin Oh) = qcuc +

r r WZ pps \dPz £ p-e

q = S'us 4- Z'uz

where the circumferential qc and axial qz thermal current densities are

2r 1 p 
(2^)2 ’0

2
(2tz?z)2

2 p 
+ (2t*)2
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For a non-degenerate electron gas, we use the Boltzmann equilibrium

distribution function f0(p) given by Eq (37), i.e.,

+ A, cos
/o(p) = Cexp (61)

kT

where C is determined by the condition

C =

and no is the surface charge density, In(x) is the modified Bessel function of

order n and k is Boltzmann’s constant.

The components and vz of the electron velocity v are given by

(62)

(63)sin p-e

k(p) (64)

and

sin (65)

63

r J dPs\ ■

\ds
~1T

dsdM>

P-d, 
h

PA 
h

PA 
h

kT }

coswz' ]c/z'

ds (=----  p-e
dP, V ■

^p-e coswz ]dz )

. PA (sm-^ 
h

A + PS coswz ]dr’ )

COSWZ ]t/Z

- <,[£o+^ COSW/
£ . [eo + Es cos wz"]c/z" j

^£)=^Asin
^PS

coswz ]c7z j

PA -cos^-^- 
h

co(^-ef[J
Psds -cos-^- 

h

-0 + Es cosw/ "]^z j

ds(p) .
= —•'-■-sin 

dPz h

PA -J—-CO;
h

AA .~ (sin 
h

A Psd5
At cos-^—£
J h
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Using Eqs (60) - (65) and the fact that Es = Ez sin Oh, VST = VZT sin 0*, and

densities after a cumbersome calculation as follows,

cokT
zn2e n=-<x>n=—<x>

n=-<o

ba+ 22

oo

(66)X
n=-<o

00

e n=>-<o

zn
n=-<on=^x>

n=-<o

++ 22 Z7=-00

+ 22

64

E*n = En + Vs —, we obtain the circumferential qcand axial qz thermal current 
e

i-4 ^.2W v

-au Ik,

kT “

i+S-'.’W
n=-co

+ crJ(£)sin2^
n=-<o

-44 E42W 
rt=-CO

-2A^ Jj2(a)
n=-co

i+£•/’(*)
\ n=—co

1+S^2(«)
n=-oo

44 fi+3jU2W 
/

44 i+3E42W

i+3X42(«)

Z42W
/7=-cO

1+3X42(«)
n=-oo

-2A;<Mz J .7’(a) 
n=-O0

2A\$42 J J„2(«) 
n=-co

a? a;

i+3£j2w|+(a’J
\ n=-co J

(,-41

a/a\
( 4—^c5

4^4

44+3S/m|-a>,
\ ZF>-CO

A*J

-o-s

-^^4

kT
Qz =-------

(E)^-Tsm6h cos0h- 
e

+c7,

k2T

(£)sin2^ ^X‘/"(«)-y4

• ^k£J"(a)-y 4p+3 p2(a)
I n=-<a \ n=-«o

(£R2S42(«)-y^4
n=-<o

^c{

r. 4^
A J
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(
(67)

(Refer Appendices B99 and Bl02)

Here we have used the definitions given in Equation (44) and the definitions

(68)

(69)

From Equation (66) and (67), the electron thermal conductivity %e is given by

k2T

(70)BSAZ

(Refer Appendix Bl03)

AsBzCz

+ CTS

65

2

Zec=C'XE)

■ k2T

l + 3£j„2(«)
Z \. n=-co

^i+3£^(a) 2A'S$4S E j2(«) 
n=-<n

(£)sinX
n=-&

I w=-co

2A;$42 £j2(«)
Z7 = -CO

i-4 z-'.’W
A, J 77 = -cO

i-4 V
z / n=-<o

\ 77=-a> J \

l+3p»
\ H=-cO /

+ (A'J

'1+S^w'
\ n=-« /

i-^sine,sosS,4 Jj.’W -4® 
n=-«>

i+£^w
n=—co

e2^sds2
" (*)2

2A\£< J J2 (a) + 
n=-co

[■-41I 4J

6 .
+ —, i = s, z

+M
2

a; a: +——-
•2

2 5

3/0(a-)

A’=-^-, i= s,z
W) kT

aA
a\

A*,
2

41
A*,
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AZBS

(71)

(71) that Xec and Xez depend on the geometric chiral angle 0h, temperature T,

the real overlapping integrals for jumps along the tubular axis Az and the base

helix As. The results for %eC and %ez will be analysed numerically in chapter

four. In order to check our results, the Onsagar relations are determined in the

next section.

the electrical current densities and the electron thermal conductivities of the

Equations (45) and (46) now become

(72)

(73)

66

respectively the circumferential and axial components of 

the electron thermal conductivity. It can be observed from Equations (70) and

Onsagar Relations

In this section, we consider the ground state level (i.e. n = 0) for both

£ ■
t J n=-oo

n=-<o
l+3£j„2(«)

k c- <r5 (e)~ sin 0h cos0h 
e

4 J
(Refer Appendix Bl04)

i e

A*X] + Sin2 Oh - A*54 - A*24]|v2T

where Xec and are

jc = -<JS (#)sin 0h cos 0hE'zn

+ ——-
2

+felc
2 5

and

jz = —|cr. (s) + cr3 (E)sin2 0„ }e';„

chiral CNT.

When n = 0, the circumferential and axial electrical current densities found in
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where

(74), i =s,z
1 +

Using Equations (47) and (51), Equation (72) can be written in the form

(75)

Similarly, using Equations (48) and (52), Equation (73) can be written as

(76)

When n = 0, we also obtained the circumferential and axial thermal current

densities as

<lc =

(l + 3J02(a))

(77)

+

67

2

fi-4^ 
A.

(a-J
2

kT
<L =------- \^2

e

k2T

as(£)sin2^ ^2(a)-^B3(l + 3J2(a))-A:4J2(a) !<

Cs (1 + -7o(a)) +

C: 0 +^0 (a)) +

(£p2 J2 (a)- (1 + 3 J2 (a))- 2A;^ J2 (a)

e2rA/>0 /,(a',)

a/a;
2

x (l+3J2(a)) + (A’J2

h2

2A’z£4zJ2(a) +

1

e^£0/
/h

1-^4 -/oW}V7

rXE)—smdh cos0h \^J2 (a) ^(1 +3/2(a)) - A*: A: J2 (a)}^,
e 2.

2
T2

M
2

- (E)^-s'm e>, c°s eh k2^2 («) 
e

^B.A.
2 5 ‘
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+ crJ(£)sin2 3h

A.BS (l+3J2(a))

(78)

Equations (73) and (78) and then compare our results with the Onsagar

relations. From Equation (72), we have

(79)

Eqn. (79) is substituted into Eqn. (77)

BSAZ (1+3J2 (fl))

68

(4)

c 0+^0 (fl))+

Q G0)+

+<l(£)

a/a:
2

2

________ Jc
as(E)s\n.3h cos 3h

-^-A^-A'.yljv.r 
e

Jc 
ors(E)sin3hcos3h

i-Abd v/
M J

qc = ^(-E)— sin^ cos#A {</2(a) -7 ^(1+A/o(^) 
e 2

< Vo2 (a)- (1 + 3 J2 («))- 2A^y2 (a)

E' = zn

Now we eliminate E'zn between Equations (72) and (77), and between

2t (- (7S (fi)^-sin 0h cos 0h £272(a) 
e

2

+M
2

(l + 3J2(a))-2A,2^J2(a)

— sin#;, cos#;, |$/2(a) ^(l+Sl2(a))
e 2

- A’AV2(a)}-{^ - <5,- <4 }V7
e
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sx (1+3^0 W) + (a’J

U2W (80)

Also making E*w the subject in Equation (73), we get

[^-aX-aX]

(81)+

X

[^-aX-aX]

sin20A[£-AX-AX] v7+

69

(X
A,

^[^-AX-AX]

+O-S(£)sin2^ [XM

+ crJ(E)sin2^[^702(a)

-AXVoWfe

CS (1 + ^0 (°)) +

-Ax-Axjhx

a? a;
2

Q'X) 
o2 (£) + as (E) s i n2 0h

^(£)
+ cr5(E)sin2 3h

j 7^ A *

-cts(£)—si^cos 0>2 Jo W (1 + 3J2(«))-2A;£Vo(«)

i-X -E4

_______ Jr_______
az (e)+as (£) s in2 3h

_______ h_______
cy2(E) + cys(E)^2 0hC =

B2(l+AJ2(fl))-AXX(«)]

ct,(£) k
a. (&)+□;(£)sin2 3h e

q, =X"W

M2

|x(l+3J2(a))

kT 
= — e

^4(l+372(a))-AX^W]}

+^{<7z(£te(a)-^S2(l+V2(fl))-AXsJ2(a)] 
e z

■ 2— sm 
e

^Bs(i+3J2(a))-AXyo2«;

cr.-CE)+°;(£)sin2

Substituting Eq (81) into (78) we obtain

k(£fe(«)~
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Cz (1 + Jo2(a))

AZBS (1+3J2(*))

Simplifying we get

W]

+

+ crJ(£)sin20,I

70

A.

k2T ( '

(a-J
2

(a-J
2

--J-{CTz(£)[fV02(a) 
e

Bj\+3J20(a^sAsJ2

4B2(l+3^(a)) + (A-J

^(a)-^5s(l+3J02(a))-A>2J02(«) -A

Cs (1 + j02(°)) +

Q (i+/> (fl))+

Q (i+^o (a))+

+(a*J

a,x
2

a? a;
2

-2A;^;j02(fl)+

-2A;^sj02(a) +

4/?:(i+3J2(«))+(a-J 1-A jo^(a)]

o-^^sin2 6>, 
CT;(£) + o-A(E)sin2 0h

o2(«)]

CTz(£)[^2J2(fl)

I A-.r

l-^p2(«) -

+M
2

2 J2(1 + 3J2(a)) - 2A*Z^Z J2(a)

a/a;+——
2

+ <rJ(E)sin2 0h[eJl W

2

a.^+o-X^sin2 0h

(1 + 3JO2W)

^B2(l + 3J2(a))

kT 
qs=— e

(1 + 3 J2 (a)) - 2<£4S Jl (a)

^A45s(i+3J2(«)) + (a,z)2

A.}
A J
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U(£)[^02(a)

[^-aX-a’x]XS

VT+

A’AVoW

45.(1+3J02(«)) + (a‘s)2

(E)sin2 0h (a)-^s (1 + 3 J2(a))-2A^ J02(a)

[^oW

to

71

kT
<lz= — e

+o-J(^)sin2^[^2(a)

^(g)

Cz 0 + ^O (°)) +

Q (i + J0 (fl)) +

Q'.-tX)
.<7.-(£) + CTs(£)sin2^

a/a’, 
2

^(-g)
CT=(£)+crs(£)sin2^

o-t(£)sin2 6h

o;(£)sin2 eh 
cr=(£) + CTX£)sin2 0H

2

<^(£)
•CT.^sin2^

^Sz(l+V2(a))-A>y2(a)]

52(i+v2(a))-A>y2(a)]

toW)I AJ

+M
2

2

sin^-A’^-AX]

^(g)
,o-z(g) + ^(g)sin2^,

^o2W-y^(l+3Jo2(«))

^T-(o-=(g) + o-s(g)sin2^) 
e

^4(l+372(a))-AXJ2(4

^r(l+3J02(a))-2A^y2(a)

^Bs(l+3J2(a))-A;4J2(«) •

AA4jji(i+34(a))+(A-j

A'
2

a;
2
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X<

(82)+

Equation (80) and (82) are in the form of the Onsagar relations given by

(83)^ = ncsjc-xC2vj

and

(84)^=njc-Xy:T

Where X is the electron thermal conductivity when the carrier current density

J is zero and n, the Peltier coefficient, is given by TI~aT. As usual a is the

thermopower.

Comparing Equation (80) and Equation (83), we obtain the circumferential

component of the Peltier coefficient fl as follows

(85)

This implies that,

(86)

Again comparing Equation (82) and Equation (84), we obtain the axial

component of n as follows

W]

72

X

]f VJ

£
2

k
e

BZ[\+3J^-^ASJ2O

sin2 6h [f - A* B. - A*,?f 
n L~ s s z z

rL.

_____
o’.-(£) + o’s('E)sin26’A

= aaT

«.=-h2W e

nra=-fe(«)
e

^B5(l+3J2(a))-A>2J2(a)}
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+

(87)

This implies that,

(«)]

(88)+

Now, comparing Equations (80) and (83), the circumferential component of

the electron thermal conductivity (when j = 0) is as follows

(89)

Now, comparing Eqns. (82) and (84), the circumferential component of the

electron thermal conductivity Xzz (when j = 0) is as follows

X

73

k
e

Q 0+^o(a))+

^2 (1 + ^0 (fl)) +

A,X
2

2

g.-(£)

.°'X£) + cr!(-E)sin2^

5X(1+3JO2(«)) + (A*J

o;(£)sin2 Oh 
o-,(e)+ct (£)sin2 0h

crs(E)sm20h 
a, (e)+(Js (e) s in2 9h

4-cr, (#)sin

1-Ako2(a).
I Aj

ASB: (1+3J2(«)) + (a’J^I - A) J2(fl)]

^oW-y^(l+3^(«))-A>VoW -T

- ^2(«) -%,(1+V2(«)) - A’2AV2(«)k-a’A-A>J

(a) - B, (1+3 J2 (a)) - Al Az J2 («) 7

M
2

X. = o-s(E}^sin0hcosGh R2J02(a)- 
e L

+tel
2

^j<7..(E)[^2J2(«)

2 k242 («) - y (1 + 3^0 (a)) - 2A;$4V2(a)

^^z(1 + 3J2(«))-2AXj2(«)

(l + 3J2(a))-2A;^J02(a)

to-f
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A.BS +

[^oW

+

X<!

(90)+

Laser Switched Off ( Es = 0 ).

When the Laser source is switched off, Es = 0, a = 0, w - 0 and /^(a) becomes

unity, therefore the expressions for the resistivity from Equations (49) and (50)

pa and p„ along the circumferential and axial directions are reduced to

(91)

and

(92)

, i =s,z .where
1 +

74

f.XI AJ

CT.- (£)

cr,(£)

Q 0 +

sin2^-AX

_  °X£)_
.o-z(^)+^(£)sin2i9A

1_______
(£) + o-X£)sin2^

a? <
2

CTX£) 
o\X£) + ^(£)sin2 0h

Pc

P: = — a:

sM__
-crj^sin2^

1
edfE  ̂/

7h

cr, (-£)sin2 0h 

^(XO+^X^W 9h

M
2

o2(«)) + 1-^ -/oX«)]-

[xw ^5S(1+XW)-A>v02(«)] ■

2
T2

-|x(i+^))-a>x2W]

e2T\td2na /.(a*)

h1 WJ

______ 1______
crs(^)sin^cos^

[^-A’X-A’X]

k2T (
- (E)+cts (E)sin2 0h)
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a

(93)+

The removal of the Laser source also causes the electron thermal conductivity

%e to become

+ 2A/A>s^+(A'J (94)

(£)sin20A ? -2^Bs-2&\$4:

(95)

75

where %ec and %eZ are respectively the circumferential and axial components of 

the electron thermal conductivity.

= crJ(£)

(£) C ~2.^B: -2ti£A3 + 2(a’2)2C2 + 2A2’A>A

+(a’J

t-A>r -A>;

k2T 
e2

k2T
Xet =—

e

fi-41I A J

I

sin 6h cos 0h - 2A* £8, - 2A’2£42 + (as ) C,

A.

o-r(£)sin26>,, 
cr:(£)+o-5

+ 2(a,s)2Cj+2A;a>2^+(a;)2

Also, the thermopower expression in Equation (52) is reduced to

<T2(E) k
+ crs(£)sin2<9A e

—5—-k-A>s -A'.zl.] 
(E)sin2 6h e L 5 s * 'J
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CHAPTER FOUR

RESULTS AND DISCUSSION

In Chapter Three,

the electrical resistivity p, thermopower a and the electron thermal

conductivity %. Calculations were done for both the circumferential and axial

components of the electrical resistivity, thermopower and the electron thermal

conductivity. These calculations were based on solving the Boltzmann kinetic

equation with energy dispersion relation obtained in the tight binding

approximation.

In this chapter, the equations obtained for pc, pz, az, %c and Xz shall be

0?

we determine how the results obtained in chapter three depend on temperature

T, the overlapping integrals (As and Az), the applied d. c. electric field Eo and a

Laser source with a. c. electric field Es. Typically, Oh for a chiral SWCNT is a

few degrees. For the analysis of the electrical resistivity and thermopower of a

0.3 x 10"12 s andchiral SWCNT, parameters with values ds 1A, dz = 2A, t

and an a. c. electric field Es = 5x107 V/m. In the case of the electron thermal

conductivity of a chiral SWCNT, values considered are ds 1 nm, dz = 2 nm,

s and Oh = 4°. All numerical analysis and plots were done using

Mathlab 7.5 (Professional edition).

76

analyzed numerically. With appropriate choice of values for ds, dz, t, Oh and n(

a tractable analytic approach was used to calculate

t = 0.3 x 10-11

0h = 4° is considered. The Laser beam present has a frequency w = 1012s 1
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Electrical Resistivity

temperature T is sketched for various fixed values of the electric field Eo. The

value of the d. c. electric field, Eo is chosen such that Qt = 1. Where

107V/m. In the presence of Laser, it was observed in Figure 26

that pc changed slowly at low temperatures up to about 200 K and then

increased almost linearly with temperature. Explanation to this trend is that

vibrate faster thereby increasing electron - atom collisions. As a result of

increasing electron - atom collisions, electrical resistivity also increases

correspondingly. Also, the low value of resistivity observed is a clear

indication that chiral CNT’s can exhibit metallic properties. There was also a

is increased, the electrons in the CNT become more energetic, and so they

collide with carbon atoms within the walls of the CNT, setting these carbon

atoms into large amplitude oscillations which scatter the electrons.

increase as observed in Figure (26). Thus at high electric fields, Ohm’s law is

violated. However, the resistivity, pc,

increasing As as shown in Figure (27).

77

remarkable increase in resistivity as the electric field Eo was increased. As Eo

increasing the temperature causes carbon atoms in the walls of the CNT to

was found to decrease markedly with

be 6.9063 *

Therefore increasing Eo causes the resistivity of the chiral CNT to

z^0/Thus using the values of ds, dz, and t given above, Eo is found to

The electrical resistivity of a chiral SWNT for which ds, dz, t, w, Es and 

Oh, are given above is studied using Equations (49) and (50). In Figure 26, 

relationship between the circumferential electrical resistivity pc and
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1

Temperature /K

Figure 26. The dependence of pc on temperature for various fixed values

of the electric field E=E0, 2E0, 3E0 and 4E0, where Eo=6.9063 x 107V/m.

Es =5.0 x 107V/m, As = 0.018eV and Az = 0.024eV.

x 10'

Temperature /K

Figure 27. The dependence of pc on temperature for various fixed values

of As, Az = 0.024eV, Es =5.0 x 107V/m, E= 2E0, where Eo=6.9063 x 107V/m.
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decrease of the resistivity, pc, of the chiral CNT as observed in

Figure (29).

Using Equation (50) the relationship between the axial electrical

(31), (32) and (33) for various fixed values of the electric field Eo, As, Az and

chiral angle 0h. It was observed that pz, like pc, changes slowly at low

temperatures and then increases almost linearly with temperature at

temperatures above 200 K. There was also a remarkable increase in resistivity

pz with temperature is similar to that of pc, the values recorded for pz is greater

than that of pc. This means that the number of electron - atom collisions along

the chiral CNT axis is more than those along the circumferential direction.The

resistivity, pz, was found to decrease markedly with increasing As as shown in

Figure (31). It was observed in Figure (32) that increasing Az had very little

effect on pz at temperatures below 100K. Above 100K, pz is seen to increase

with increasing Az but in smaller amounts. Also, increasing the chiral angle, 0h

resulted in a decrease of the resistivity, pz, of the chiral CNT as observed in

Figure (33).

79

was increased (Figure 30). Even though the behavior ofas the electric field Eo

resistivity pz and temperature were sketched and presented as Figures (30),

evident in the overlapping of all the curves. Also, increasing the chiral angle, 

0h resulted in a

Figure (28) revealed that Az have no effect on resistivity, pc. This is
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8
x 10'

7

6

3 1

2 -H

100 200 400 500 600

0.018eV, Es =5.0 x 107V/m, E = 2E0, where Eo =6.9063 x 107V/m.

r

500
Temperature /K

Figure 29: The dependence of pc on temperature for various fixed values

where Eo=6.9063 x 107V/m.
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E
S

° 0 = 1.2 degrees
- 0 = 2.2 degrees

0 = 3.2 degrees

300 
Temperature /K

Figure 28: The dependence of pc on temperature for various fixed values
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x 10'

----------E

2
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1

0.5 -

100 200 400 500 600

of the electric field E = Eo, 2E0, 3E0 and 4E0, where Eo =6.9063 x 107V/m.

Es =5.0 x W7V/m, As 0.024eV.
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x 10'
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of As. Az =0.024eV, Es =5.0 x 107V/m, E =2E0, where Eo =6.9063 x 107V/m.

8I

300 
Temperature /K

Figure 31: The dependence of pz on temperature for various fixed values

300 
Temperature /K

Figure 30: 3 he dependence of pz on temperature for various fixed values
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1.2;

1
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100 200 400 500 600
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0.008

0.006

0.005

0.002

0.001

400 500200 600100

where Eo =6.9063 x 107V/m.
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300 
Temperature /K

Figure 32: The dependence of pz on temperature for various fixed values

300 
Temperature /K

Figure 33:. The dependence of pz on temperature for various fixed values
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also

also found to increase with Eo but the frequency remain unchanged.

x 10'

1

o

electric field E = Eo, 2E0 and 3E0, where Eo =6.9063 x 107V/m,

increases the amplitude of pc also increases. The amplitude of oscillation was

E V/m s

Figure 34: The dependence of pc on Es for various fixed values of the

therefore increasing Es implies increasing the intensity of the Laser. The 

relationship between the circumferential electrical resistivity pc and Es is 

presented in Figure (34). The dependence of pc on Es is found to be oscillatory. 

It was observed that pc was linear at low values of Es up to about 1 x 108V/m 

and then increased rapidly to a peak around 1.6 x 108V/m and then began to 

oscillate. The rise and fall of pc occurs at constant intervals of Es values. As Es

As = 0.018eV and Az = 0.024eV.

The behavior of electrical resistivity with varying electric field Es were 

analysed along the circumferential and axial directions using Equations 

(49) and (50). Electric field Es is an a.c. source associated with the Laser

6-.
—— E = E o

E = 2E

c

1s 3I r
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Es is also found to

be oscillatory. It

about 0.5

also found to increase with Eo but the frequency remain unchanged.

oscillations for pz is much more greater than that of pc.

3.5

2.5

2

1.5

0.5

As = 0.018eV and Az = 0.024eV.

84

a
N

I

Figure (35). The dependence of pz on

increases the amplitude of pz also increases. The amplitude of oscillation was

« 17 for the same values of

Figure 35:. The dependence of pz 

electric field E = Eo, 2E0 and 3E„, where E„ =6.9063 x 107V/m.

was observed that pz changed slowly at low values of Es up to 
g

x 10 V/m and then increased rapidly to a peak around 0.75 x 
g

10 V/m. The rise and fall of pc occurs at constant intervals of Es values. As Es

Es v/m X 108

on Es for various fixed values of the

It is quite interesting to note that the ratio Ip7

Es and Eo. On the other hand for the same Es and Eo values the number of

— E = E0

E = 2Eo 
———— E = 3E

x IO’5
3

A sketch of the relationship between the axial electrical resistivity pz 

and Es is presented in
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Thermopower

It can be

temperature T, GCA 0h, and the overlapping integrals As and Az for jumps

along the circumferential and axial directions. Generally, a typical GCA 0h for

a chiral SWCNT is small, so sin2 0h = 0 (in Equation (52)). Therefore Equation

(52) which defines the axial thermopower becomes approximately equal to

Equation (51) which defines the circumferential thermopower acz. This makes

be similar. Based on this reason, only Equation (52) for axial thermopower

will be sketched and analysed.

on

temperature for a fixed value of Az = 0.015eV and values of As varied from

0.015eV to 0.025eV. It was observed that the thermopower decreases rapidly

with increasing temperature for values of As between 0.015eV and 0.018eV.

For values of As above 0.018eV, the thermopower increases rapidly to a

value and then start decreasing gradually with increasingmaximum

temperature. At

lower constant value for all values of As. A similar behavior was observed by

J. Hone et al. in [130], where they measured the thermopower of a SWCNT

experimentally.

The hyperbolic curves obtained in Figure (36) are similar to the

characteristic thermopower behaviour expected for semiconducting CNTs

[131]. Therefore under these conditions, the chiral CNT behaves as a

semimetal. The fact that thermopower values in Figure (36) are positive over

85

high temperatures above 500K, thermopower assumes a

seen from Equations (51) and (52) that the thermoelectric 

power of a chiral CNT is dependent on the electric fields Es and Eo,

the dependence of and ctcz on Es, Eo , T, As and Az for a chiral SWCNT to

Figure (36) illustrates the dependence of thermopower aH
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the entire

x 10’

Temperature /K

Figure 36: The dependence of azz on temperature T for As equal to

The dependence of thermopower on temperature is sketched for fixed

values of Az = 0.024eV, 0.027eV and 0.041 eV as Figures (37), (38) and (39)

respectively. In all cases, As is varied from 0.015eV to 0.025eV.

In Figures (37) and (38), the thermopower was found to increase

rapidly to a maximum value, then decreases slowly to a constant value as

temperature rises. All the curves were observed to have turning points at

different temperatures.

86

0.015eV, 0.018eV, 0.020eV, 0.025eV, Az =0.015eV, Es =5 x 107V/m, E= 2E0.

--------- As= 0.015eV

As= 0.018eV

--------- As= 0.020eV

As= 0.025eV
| 
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§ 
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range of temperature indicates that the contribution from positive 

(hole) earners dominates the response.
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Figure 38: The dependence of on temperature T for As equal to

0.015eV, 0.018eV, 0.020eV, 0.025eV, Az =0.027eV, Es=5 x 107V/m, E= 2Eo.
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Figure 37: The dependence of azz on temperature T for As equal to
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Figure 39: The dependence of OzZ on temperature T for As equal to

0.04 leV, Es = 5x 107V/m,

Comparing

reasonably well with the experimental values. Careful study of all the curves

obtained (including Figure (39)) revealed that the turning points shift toward

lower temperatures for a given Az and increasing As, but they shift towards

greater temperatures as Az increases.

Interestingly, it came to light that there exists a threshold temperature

for which hole conductivity switches over to electron conductivity. It means

that positive thermopower of the chiral CNT becomes negative. The threshold

value for the temperature shifts towards lower temperature as Az is increased.

pair of weakly

overlapping electron and hole sp or n bands with near mirror symmetry about

88
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our results obtained with the experimentally measured

thermopower in reference [36], it was noted that the theoretical curves agree

This can be explained by the fact that graphite has a

0.015eV, 0.018eV, 0.020eV, 0.025eV, Az

As= 0.015eV

As= 0.018eV
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500 600
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these are consistent with the negative thermopower

observed [36].

armchair CNTs [130]. This was attributed to the mirror symmetry of the

coexisting electrons and holes in the overlapping it bands. An observation

made from Figure (41) shows that when Az is greater than 0.25eV, increasing

As does not affect the thermopower.

Analysis of the behavior of thermopower with varying Es field was

also considered at a fixed temperature of 300K in Figure (42). It is interesting

to note that as-Es increases, the thermopower shows distinctive peaks. The

dependence of thermopower on Es was found to be oscillatory. It was observed

From this point, the thermopower increases rapidly then oscillate and drops off

again. We noted that, this behavior of the thermopower repeats itself at regular

intervals except that the drop off points rises as the Es increases. Furthermore,

89

that thermopower changed slowly at low values of Es up to about 0.3 x 

108V/m and then drops off rapidly to a minimum value around 0.75 x 108V/m.

thermopower was found to decrease as Eo increases.

material. It was observed in Figure (40) that at a temperature of about 600 K 

and above, thermopower becomes zero. A similar observation was made for

nni energy Ep. Approximately equal numbers of electrons and holes in 

symmetric n bands

Looking at Figures (40) and (41), it is clear that values of Az greater 

than 0.085eV render the thermopower completely negative and hyperbolic 

[131]. Under this condition, the chiral CNT becomes completely n-type

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



0

r3x 10'

-2.5
100 200 400 500 600

Figure 40: The dependence of a

i 0.015eV

-2 11

—

H -6

-7

100 200 400 500

Figure 41: The dependence of «zz on temperature T for As equal to

0.015eV, 0.018eV, 0.020eV, 0.025eV, Az = 0.25eV, Es =5 x 107V/m, E
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7.065

0.5 1 1.5 2 3 3.5 4

6.9063x 107V/m As 0.024eV,

Electron Thermal Conductivity

In the presence of Laser, Equations (70) and (71) which respectively

define the circumferential and axial electron thermal conductivities of a chiral

CNT, were subjected to numerical analysis. We considered a SWCNT for

2 nm, t s and Oh= 4°.

Figure (43) and (44) illustrates the dependence of the circumferential

We noticed that the relationship between & and T is nonlinear and indicates a

positive slope at low temperatures and negative slope at high temperatures.

The physical interpretation to the part of the graph showing positive slope is

that more electrons are thermally generated to transport heat through the chiral

CNT. The peak of the graph indicates the threshold temperature at which

electron and heat transport through the chiral CNT is maximum. The negative

7.064 - 
0

slope of the graph shows that as temperature exceeds the threshold value.

which ds Inm, dz

electron thermal conductivity, on temperature, T for various values of Az.

0.018eV, Az

5 ’ — 
0)
i5 7.066

2.5 3 3.5 4 4.5 5
EsWm x 108

Figure 42: The dependence of a2Z on Es for temperature T = 300K for E =

Eo, 2E0 and 4E0, where Eo

I 
g 7.069I o £ 7.068 <D

7.067

0.3x10""

7.072 p——  __  
x 10'5

7.071 °
-- 2E°W
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to 0.026eV and it shifts gradually

towards high temperatures.

Also, Figure (45) and (46) was sketched to show the dependence of Xc

on temperature, T for values of Az between 0.027eV and 0.048eV. Generally,

%c decreases rapidly at temperatures below 150K but become very slow at high

Xc values do not change at temperatures above 200K. Analysis to find out how

GCA 9h affects Xc was also considered. In Figures (47) to (50), Xc against

temperature T was studied for GCA Oh varied between 0.2° and 4.0°. It was

noted that Xc increases with increasing GCA Oh at low temperatures and peaks

at 75K.

40

350 40030010050

Figure 43: The dependence of Xc on temperature T for As = O.OlOeV,

Es =1.5 x 107V/m and Az varied from 0.010 to 0.014eV.
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energies through the chiral CNT. The peak values of Xc 

decreases as Az is varied from O.OlOeV
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temperatures. However, we realized that for values of Az =0.036eV and above,

energized to vibrate faster thereby scattering the electrons

carrying thermal
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Figure 44: The dependence of fa on temperature T for As = O.OlOeV,

Es =1.5 x 107V/m and Az varied from 0.017 to 0.026eV.
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Figure 45: The dependence of & on temperature T for As = O.OlOeV,

Es =1.5 x 107V/m and Az varied from 0.027 to 0.036eV.
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Figure 46: The dependence of Xc on temperature T for As O.OlOeV,

Es =1.5 x 10'V/m and Az varied from 0.039 to 0.048eV.
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Figure 47: The dependence of ’/s on temperature T for As = O.OlOeV,

Az = 0.017eV,. Es =1.5 x 107V/m and GCA 0h varied from 0.2° to 1.0°.
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Figure 48: The dependence of & on temperature T for As = 0.01 OeV,

Az 0.017eV5. Es —1.5 x 107V/m and GCA Oh varied from 1.2° to 2.0°.
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Figure 50: The dependence of /c on temperature T for As = O.OlOeV, Az =

0.017eV,. Es =1.5 x 107V/m and GCA 0h varied from 3.2° to 4.0°.

Investigations were carried out to study the behavior of the axial

electron thermal conductivity, for various values of Az and increasing

temperature, T.

Like %c, the relationship between and T is found to be nonlinear and

indicates a positive slope at low temperatures and negative slope at high

temperatures. Figures (51) and (52) illustrate the dependence of the axial

electron thermal conductivity, on temperature for Az varied from O.OlOeV

to 0.026eV. It is interesting to note that as Az increases, the peak values of Xz

also increases and it shifts towards large values of temperature T. However,

0.026eV, decreases rapidly at low temperatures up to about 80K

where it turns and then conforms to the patterns shown for low values of A-
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slowly tends to lower constant value. Increasing the values of Az also provides

behavior of Xz to appear hyperbolic in nature.

It is quite interesting to note that the values of Xz are much larger as

compared with those of Xc- This assertion is made clear by considering the

3600 W/mK used for the calculation are the peak values for which Az -

O.OlOeV in both cases.

4000

ri3500
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0 400

Figure 51: The dependence of /z

Es =1.5 x 107V/m and Az varied from 0.010 to 0.015eV.
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a corresponding increase in Xz- Values of Az greater than 0.030eV make the

The behavior of Xz with increasing temperature for Az varied from 0.027eV to 

0.048eV is sketched and presented as Figures (53) and (54). Xz decreases

Az = O.OlOeV 
Az = 0.012eV 
Az = 0.014eV 
A_ = 0.015eV

ratio X/7Xc ~ 33. This is quite substantial. The values Xc = 110 W/mK and Xz -

exponentially with an increase in temperature, and at high temperatures it
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Figure 53: The dependence of Xz on temperature T for As O.OlOeV,

Es =1.5 x 107V/m and Az varied from 0.027 to 0.036eV.
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Es -1.5 x 107V/m and Az varied from 0.039 to 0.048eV,.

Figure (55) illustrates the sketch of the %c dependence on the Laser

0.010 eV , 0.015 eV and 0.018 eV. We noticed that as the

Laser source increases the %c drops off and oscillates towards larger Es values.

As Es values become larger, the amplitudes of oscillation decrease. It was

further noted that increasing As causes %c values to also increase. Figure (56) is

qualitatively similar to Figure (55) except that increasing Az decreases & by

variations in Az values become

insignificant.

Figure (57) demonstrates a sketch of the dependence on Es for

varying Az. we observed that as Es values become larger, the drops off and

then oscillates. Like Figure (55), the amplitude of oscillation decreases

towards larger values of Es. Also, increasing Az raises values too.
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Laser Switched Off ( Es = 0 )

When the Laser source is switched off, Es = 0, a = 0 and /„(&)

becomes unity, therefore the expressions for the resistivity pc. and p2, along

the circumferential and axial directions are reduced to Equations (91) and (92)

respectively. Also, the thermopower expression in Equation (52) is reduced to

Equation (93).The removal of the Laser source from the chiral CNT also

electron thermal conductivity to become Equation (94) and (95) respectively.

Further studies were carried out on pc, pz, %c and & to compare for each

Figure (58) shows the behavior of the circumferential resistivity

of the chiral CNT when Laser is switch on and also off. We noticed that when

the laser source is switched off the values of pc decrease in magnitude as
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Figure 57: The dependence of Xz on Es at temperature T = 300K for

case when Laser is switch on and off.

causes the expressions of the circumferential and axial components of the
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Pc (Laser on) and pc (Laser off) tends to
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Figure 58: The dependence of pc on temperature T for As = 0.018eV,

1. 5 x 107V/m and GCA 0h = 4.0° [Laser off-

Right hand side ordinate axis, Laser on- Left hand side ordinate axis]

Comparison was made for pz when Laser is on and also off as shown in

Figure (59). Like pc, we noted that when the laser source is switched off the

values of pz decrease in magnitude as compared with the laser on case but the

trend remains unchanged. Laser transfers much energy to the carbon atoms

within the walls of the CNT and set them vibrating at large amplitudes which

electrons. For this reason, pc and pz values rise when laser isscatter more

switched on.
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Figure 59: I he dependence of pz on temperature T for A.

Az = 0.024eV,E =2 Eo. Es =1. 5 x 107V/m and GCA 0h = 4.0° [Laser off-

Right hand side ordinate axis, Laser on- Left hand side ordinate axis}

The axial thermopower dependence on temperature in the presence and

also absence of Laser was sketched and presented in Figure (60). In both

cases, the thermopower was observed to exhibit the same characteristics of

increasing rapidly to a maximum value and then start decreasing with

(Laser off) and ctz (Laser on) . This•7.

results show that the laser source used have no effect on the thermopower

values of the chiral CNT.
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Figure (61) illustrates the behavior of the circumferential electron

thermal conductivity, of a chiral CNT when it is induced by Laser and also

maximum value (~109W/mK) and then start decreasing with increasing

temperature. On the other hand when the Laser is switched off, & decreases

exponentially with increasing temperature. At temperatures below 70K the

characteristic behavior of %c when Laser is induced in the chiral CNT becomes

when Laser is switched off. We noticed that the & values

when Laser is absent are quite larger than the case when Laser is switched on.
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The behavior of Xz was also studied for both cases when Laser was

switched on and off as shown in Figure 62. When Laser is switched on, Xz

rises shortly to a turning point and then decrease exponentially with increasing

temperature. On the other hand when Laser is absent, Xz decreases

exponentially with increasing temperature. The ratio Xz (Laser off) to fa (Laser

on) gave a value of 10; indicate that when Laser is switched off, Xz values

increases about ten times. The laser energizes the carbon atoms within the

walls of the CNT and set them vibrating at large amplitudes which tend to

scatter the electrons carrying thermal energy. For this reason, the presence of

laser causes a reduction in Xc and Xz-
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Thermoelectric Figure of Merit for Carbon Nano Tube (CNT)

In this section the thermoelectric figure of merit ZT was studied for

both cases when Laser was switched on and off. The figure of merit

expression used for our analysis is given by

(96)ZT =

is the electrical conductivity and / iswhere a is the thermopower, cr

the thermal conductivity of the chiral CNT. The value % js sum

electron thermal conductivity and the lattice thermal conductivity of the chiral

CNT.

o - 
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400

sketched for various fixed values of As and Az. We observed in figures (63),
106

The relationship between the figure of merit ZT and temperature T is
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Figure 62: The dependence of fa on temperature T for As = 0.018eV,

Az = 0.024eV, Es =1.5 x 107V/m and GCA 0h
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case when Laser

we noticed that as As is increased by 0.02eV, the ZT

is increased or A-

same and at 300K the ZT 1.3. For values of As > 0.18eV or Az < 0.030eV,

the ZT values rises but the graph for both Laser on and Laser off continue to

overlap.
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values also increase by 0.1. Also, a decrease i

rise by 0.1. The values of ZT when Laser was switched off were found to be a

z is decreased. From Figure (66) we realized that when As is

0.18eV and Az is 0.030eV, the ZT values for both Laser on and off are the

Figure 63: The dependence of ZT 

0.030eV, Eo = 2.507 x 107V/m, Es = 4.17 x 108V/m.

(64), (65) and (66) that ZT changed slowly at low temperatures up to about 

100K and then increased almost linearly with temperature. The trend for the

was present was found to be similar to the Laser absence 

situation. Interestingly,

little higher than the case when Laser was on and these values gets closer as As
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Temperature /K

on temperature T for As
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108

Temperature /K

Figure 64: The dependence of ZT

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



1.9

1.8

1.7

1.6

1.5

1.4

1.3

1.2

1.1

1 I-

100 600

Figure (67) shows the behavior pattern of the Figure of merit when the

Laser source is varied. The ZT curve oscillates for the negative values of the

Laser source and peaks up at Es = 0. The ZT curve then drops off rapidly and

begin to oscillate again as the Laser source increases positively. It was also

observed that as the d. c. voltage source increases the ZT value decreases.
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CHAPTER FIVE

CONCLUSIONS AND RECOMMENDATION

Conclusions

The resistivity p, thermopower a and the electron thermal conductivity

% of chiral CNT induced with monochromatic laser have been investigated. The

chiral CNT parameters As Az, 0h, the d.c. electric field Eo and the laser source

Es were found to have influence on the resistivity p, thermopower a and the

electron thermal conductivity % of chiral CNT. Therefore these parameters

affect the figure of merit ZT because ZT is a direct function of a2 and inversely

related to p and %.

increase which tends to affect ZT negatively. The results reveal that an increase

in both As and 0h causes a decrease in p which will in turn enhances ZT.

Comparing the two situations when laser was switched on and also off, it

where found to be oscillating when the laser source was varied. The low p

values recorded in our results indicate that the chiral CNT is a good conductor

of electricity therefore it can exhibit metallic properties.

exhibit semiconducting properties. It became clear that as Az values increase

beyond 0.040eV, the chiral CNT shifts from a p-type to an n-type

semiconducting material. It was noted that an increase in both As and Az causes

111

became clear that laser made p values to rise. Also the resistivities pc and pz

In the case of thermopower, the results show that the chiral CNT can

It was observed that increasing the d. c. field Eo, causes resistivity to
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presence of the laser source did not affect the thermopower values. However

the behavior of thermopower with varying laser source Es was found to be

oscillatory.

The results obtained from the electron thermal conductivity show that a

greater percentage of the electron and heat transport is along the axis of the

chiral CNT axis. It was observed that an increase in Az causes Xc to decrease

and %c to increase. Also an increase in 9h made /c to rise but had no effect on Xz-

The parameters Xc and Xz were also found to be oscillating when the laser

reduction in the x values. The reduced values recorded for Xc and Xz is a clear

indication that the laser retains heat at the junctions of the chiral CNT which

helps to maintain a large temperature gradient.

Also we noted that the presence of the laser source lowered the figure

of merit by small margin. The thermoelectric figure of merit is enhanced

mainly by increasing As or decreasing Az in the presence of the laser. At room

temperature (300K) the value of ZT recorded for the chiral CNT in the

presence of laser was greater than one.

Furthermore, it is realized that, when As is 0.18eV and Az is 0.030eV,

the ZT values for both laser-on and laser-off situations gets closer until they

overlap. This observation is generally true for all the temperature ranges

considered.

In view of our observations, we conclude that, Chiral CNTs should be

induced with a monochromatic laser to enhance its usage as a thermoelement.
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a decrease in thermopower a, which will in turn reduce ZT. We noted that the

source Es was varied. The results show that the laser source caused a drastic
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Recommendation

It is recommended that the findings of this study may be used to guide

refrigerators and generators.

113

manufacturers of thermo devices in order to improve their products such as
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Appendix A

Carrier Current Density in a Chiral Carbon Nanotube

In the linear approximation of VT and V//, the solution to the Boltzmann

kinetic equation is

A2

Substituting Eqn. Al into Eqn. A2 we have

£
p

A3

becomes

j=er

p

130

J=e^v(p)/(p)
p

Making the transformation p - ej . [eo + Es cos wt ]dt -> p , Eqn. A3

^dt

-rex<4>?

cosw/’]d/"^

/(p)=r

The current density j is defined as

fexpl>(- - vf p ~ e£, +e* c°s wt 
\ r J p

k +Es cosw/ kz J
Al

+ ef exp --Vz£v(p 
\ T J p

[4p)-z4y- + vA

.k+^cosw/ ]dt )

1VT 
"A — + V/z

-A —+ V/2

’0 + Es cos wt

x v^p - ef' . [e0 + Es coswt" + £Jcosw/ p/

'0 + Es cos wt \ltJ=e7-'£° exp ■t^zSvCpVo^

+fexp[-;
xvl p-e cosw/
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X vl
A4

Z'= er

p

x A5

and

p~e
p

A6

Making the transformation

Eqns. A5 and A6 become

Z’=

+ V./Z

131

%
\dPs \dP:

-n/d. ~7.

c rexp — pz \dPs \dP; [4p)
1 r/-%, 1

/ .x 7. 7. ,
exp — \dt f dP5 f dPy\

1 1

exPQEz£ E(p) 
p I

OS J v

p-4'z.k<

2
(2tz?z)2

g/o(p) 
ds

+ef Jo

T
+erJo

Resolving the current density along the tubular axis (z-axis) and the base helix 

we obtain

’0+^2cosw/"p/’y0(p)

Lko+£s COSWZ "kJ/oGO

’ jVZ “ e k + ^2 C0S ]^" j

COSWZ \lt j

OS

~^\~^2P

p

■0 +£. COS W/'Jrf/'l/oG?)

eL, [£o + cosw/"]cZ/' J

5'=er’'f expf--V'EvX 
\ T J p

p

'lex p°

2e p iVT
-P\~Y~
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X A7

and

fe4+ + VSA

vXp)Xi A8

respectively, where integrations are carried out over the first Brillouin zone.

A9

and

A10

vi p-e

Expanding the trig function (sine)

All

Substituting Eqns. A9, A10, Al 1 into Eqn. A8, we have

132

de J “V

p-e£.[E(

A/5 
h

2e

Psds 
h

5/o(p) 
de

[eo + Es cos wt \ltcos^ p - ej . [j

Let’s first consider S’. The energy e(p) is-given as

sin(p - . [#0 + Es cos wz"}//’ )

t X f V T-k pps pd[4p)-z4-±-
J 1 T

(p-e£. K+E. cosw/ ]z/Z

coswz

eI-,‘ + cosw/ pz ”)

£(p)=£o-^s cos

coswz ]afz

Psd5 -cos-^-^

cos wr’pz

:o + £5cosw/‘]z/z"yo(p)

• Ps^s
sin—— 

h

Ms . I- sin
h

. Psds sin-^- 
h

Vj(p) = M£) = ^A 
dP5 h

qi_ 2er 1 p ( t A 

s = M?J.“V7?

A Mt- A7 cos—5—- 
z A
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p-e

~ A5 cos*5 - A, cos

x

sin A12

Now let

cos

A13

52

- A, cosff0-As cosX<

133

exp --U \dP5 \dP:

n/ n/r t \ A fa 
expl—yt pps \dP:

- y<i.

sinf p - e J . [,E(

PA 
h

PA 
h

PA 
h

2e
(2.7th)2

PA 
h

±A 
h

■ pA i sin-1—- cos
h '

r Jo

PAs • I -cos-^-sin 
h

V7 -A —+ VjA

'Lk + Es coswf p/" J f0(p)

?ST V7 
-A ^r- + V5// ■

J • Psds x<sin^—1- l • h

cos(p-e£.[E0 + Es cos

{p-ef-,k+^cos wz']c//' j

J> \dP._ 
/d.

r i /1 
Jo exP —

(a k+£’ coswZ \it

cos wt ]<// j!'

c,' 2er
1 (2^i)2

A d r» C t ’ k
- £ expl — \dt ^dP, 

~K/a, ~n/dz

pAs -cos-^1 
h

:0 + £jcosw/"]c/z"H /o(p)PA -cos-^—1 
h

x] sin-^i
I h

h de

p 
h1

; 2e A2,<2
(2^)2 h2

2er 1
(2^/i)2
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A14p-e

So that 5’- +S2. Let’s consider s;. /0(p) is given by

+ A~g0/oW = Cexp

k

Where C is determined by the condition

«o

no is electron concentration. Thus

7

A15

where

Now let’s change the integration variables as follows

A16

Then

134

/
A5 cos + A-^o

\dPs \dPJ0(p)

(._£ r
f^exP '< kT )_n/^ <

h >

2C
(27ih)2

2C
(27ih)2

2
(2tz/z)2

PA 
h

PA 
h

P2dz 
h

PA 
hkT

\dP. expf—cos 

A J_/z - VT

-cos^s-sin! 
h

A, -^-cos 
kT

’ Vt (■
- I dP, exp A, cosj dPs exp cos

A* = — and A* = —
5 kT kT

=

x sin MM
I h de

2C | Mexpl

—- = dr 
dPs

I_/[£:o + ^cosw/"}z/^j>

coswr ]^// j■ psd5 ( 
sin-^cosl p-e 

h \

J dP5 j dP. exp

A cos-^L + A, cos 
_________ h______ “ 
~~~~~~ kT~

zs = Psds and Z2 =

, dz- and —- = d,
dP; ‘

A+ A, cos—i:—±- 
h

kT
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A17dPz

From the definition of modified Bessel functions I„(x) of order n,

A18

) A19

Thus

«p

A20C

Therefore

fo(p) = expexp -

+ A*, cosexp A*5 cos/o(p) exp -

+ A*, cos A21/o(p)

Substituting Eqn. A21 into Eqn. A13 we get

135

2/oK

0\

/
A, cos

exp -- \dt \dP, \dP.
1 rJ

A-g0 ]• 
kT /

8C
&th)2 dsdz

PA 
h

LA 
h

PA 
h

A-g0 
kT

A-g0 
kT

kT
A-gp 

kT

|70(a;X(<)

z. cos— 
h

4 (a‘s)= - f dZ5 exp(A’s cos Zs
71 o

1 *In (x) = “ J cos n P exp(x cos

Psd.
h

o- AeT~
1 ' (2^)2

A
+ Az cos-5—- + // - £0
________ h________

kT

dZ:
dz

Substituting Eqns. A16 and A17 into Eqn. Al5 we have

v-rexp A*5 cos 
oAJ <

Z A* ( cos -y- Jj dZz exp^A*.

2Ch2 |Ixzexpl

dsdznQ

dZs
= dP and 

dS

h

a A ^dAi \f” 
h 2/0(a;KKt

dd^ \^wxpc
P-d.

h
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+ A*, cos

5,'

+ A*. cos

exp A*s cos + A*, cossinX<

The first term of this Equation is zero since it is an odd function of Ps

oo

136

t A
j [2s0 + Es cos wt' di

(exp — Uz j dPs j dPz
\ o o

/ .A %.

exp — U j dP. ! dP, 
k T)

PA
A ,

/ .a A %. 
exp — k | dPs J dP.

Psd, 
h

PA 
h h

P5ds 
h

PA. 
h

PA
ft

PA 
ft

exp A*5 cos

Psds • x<cos -sin —- 
h'

AA, ( *
j dPz exp A*,

2 0 X

( t f ed. r rexpYYsink.

xvin-^c°(p-T -o + cosm"]^")

• psd5 x^sm-^-cos 
h

dsdznQ p 

24(aXO

pA. ■ -cos-^-ism 
ft

d A'JIX) + cos ’ * exp^Aj cos

a-+ A, cos * “ 
h

'ed 1 Y
f [Eo + Es cos wZ"V/'' ■

"A.
x J dPs cos 

0

p ~ eI_/ lp0 + Es cos

psds cos-^- 
h

P.d. cos-^^ 
h

^dsdznQ p 
2/0(a’)Z0(a;)J»

dsd nQ p

er"1 \5ds
(tz/z)2 h

psds cos-^ 
h

2er~' &sd'
(2^/z)2 h

2er~x Asds
(27di)7 h

2ev~ \ds
1 (2^)2 h

( d 1 Yl fft n£°+£i cosw/”}/Z'j| exp^A*s cos

integrated over the Brillouin zone - <PS< yd • Thus Si’ becomes

psds
h
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Changing the integration variables using Equations Al6 and A17 we have

From the definition of modified Bessel functions in A18

and

5,'=-

X

5.’=-

The time integration is

oo

.21 +

137

j [Eq + Es cos

n ( z j dZ, exp^A*,cos-^-

rexp(-;)sin[vi[£-

zo(a;)Zo(<)

er

^-\[E„ + E, cos di=Yj J2„(ai
< ™ t-t‘ 7 n=—<n

CT

Pexpf-— Isin f [#0 + Es cos wf’V/" dt
Jo Id h v z \ i-t /

r» ( /V ed r exp — sin —1
‘ \ t) ft ;

(a*. )=— f dZs exp| A’, cos— 
7TJ0 < fl

. ^d n

4

edsEQ/
/h

( edsE0/
I /h

( d 1j*[£0 -\-Es cos w/"}//" dt

S o

- jsin! 
T .

\'rrdZs Zs (. ZsA(AJ=-|—icos^exp A,cos-^
7CJQ h n < n

1 n
Zt 0

Z3 zsYl , cos—exp A, cos— —h I 1 h hr

Zs ( Z
j cos—exp A cos— 

fi I h

2 + nw t
___ /
' V+ MW T

•CO

exp - 
Jo

er-'A/^p /,fc)
ft AM)

As<n0 r° T Y •

A 1 p f , 7
J— J dZ: exp^A2 cos-^"

ef1 &sds
1 (^)2 h ’0 + Es coswf ’}//" dt

Zz
h

dZ5
h

h

Zs
h

Z2
n

zs
h
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S,'=-
h

1 + + nw

+ mv

1 + + mv

A24
1 + + nw

Now let’s define cfs(e) by

A25
1 + + nw

A26

Now we consider S2’ in Equation A14

- A, cosx< ^0-A5cos

138

\dP.

MW 
n=-«o

MW 
n=~<o

exp -—p
1 T)

°’s(£) =

edv .

PZd2 

h

2e
(2rth )2

psd, 
h

^’=-^(£1 £o +

___ £
edsEQ/

/h

2

t2

2

I t2

Where a =

S2' =

edsEs 
wh

eT AW)

V T 
-A +

___ £
edsE0/

/h

edsEa/h'

C e^s£o/
I /h

2

I

er~'M^o /,(<)

W) 2

I r2

edsE^/ 

t___ /h

edsEQ/
/h

1 2 + nw \t

LetEn=Eo+^.
" ° eds

-n MW A<5 J n=-a>

eds J

e T Esd2sn0 A (a*,) y r^(n\ 
h2 ~iW\^JAa> 

l0\^s J n=-<n

^sd2s p 
h2

e2T\sd2n0 A W)

W)
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A14

From Equation A21

+ A*2 cos

Using this equation S2’ becomes

S2’=-

£Q~AS cos

exp A*, cos

cos

+ A*, cosx<sin

139

exp|^A*s cos

( A. A. 
exp — k j dPs j dP

1 T) -A. -A.

dAno

PA 
h

PA 
h

PA 
h

P5ds 
h

Psds 
h

PA 
h

dfo(P) 
de

2eA2/2
(2^ft)2^2

xjsi„AA%WU.
1 ds f r

2e
(27th)2

>00 /

exp — cos
J I r J

A (Ar Vo (A. )kT

A. A.
x jdP, \dP:< 

-A. -A.

a pd- -A, cos——- 
z h

V,T V7 
-A -y-+V,A>

Psd 
-cos-^sm 

h

( , / A
J[#o + Es cos dt

2 PA 
h

V7 V7

fe^s rr n \
J [£0 +ES coswz’*}ft'' •

S2'

f6d rr

JlA)+ Pscos

A PA A 
£0 - A, cos- A, cos

j ■ pAs sin-s—LCos 
h

pAf x sin —■ L 
h

• PAx <sm-^—l

Psds -COS-^-L 
h

( d ' \
sin |[£0 + Es cosw/”}/Z'' >

a* PA}[ 
h-A^cos-^-5- >h J

r
2z0(a;)/0(a,J7J»

'[[£0 +£scosW/"^"
I A

I A* PA exp A tcos-*-LI

&2A r°
h2 Jo
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+ V5/z •-A

x<sin A27

zero because it is an odd function of Pz, Thus,

- A, cos£q - A5 COS -A

+ A*, cosexp A*, cosx< sin

s0 - As cos

exp A*s cosx^sin

+ V,A-- A, cosf0 - A5 cos

140

, \
|[£0 + Es cos dt 
-r /

VJ
T

( ' I exp — cos 
k t J

VST 
T

PAs 
h

Psd5 
h

PA 
h

PA. 
h

PA. 
h

VST 
T

PA, 
h

PAS 
h

PAs 
h

Psd5 
h

-71/
/d5

r00 IMJo expl — I cos
(2^A)2ft2

P.ds 
ft

dsd.na

x \dPs \dP2 • 
0 0

I M ■ exp -- sin 
k t )

r” ( t &d s f
exp -- cos —- 1

J° V A k

Integrating over the Brillouin zone

J [#0 + Es cos wZ'' dt

A* ^<1+ A. cos—-— >J

2 PAs 
h

2PA 
h

d5d/Iq poo

pAs (.c°s—expl As cos

X \dPs \dP: ■ 
0 o

A*+ A, cos —■ 
h

x \dp<

~*A, ~A,

s;

' ed 'j[£0 + Es cos wt"}lt" dt 
k " i-r J

A-A, cos—=—£- — 
h

A.
x ■

-A. -A.

(ed 1 "1
j[£0 + Es coswZ”]7rM dt

e^2sds dsddh
(7di)2h2

cos-5 5 — A, cos~^: 
h " h

< P< n/, makes the second term 
/ ds

2e^2As + —--------------
&rh)2h2 27,

2ek2sd2 Adznv r 
(2^)2a2 2/0(a;)z0(a;>P°

V7 V7+ Vv// 
T
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1

xssin

Employing the trigonometry identity

We obtain,

The time integration is

1 +

where a

141

Z7.’W 
n=-«>

Changing the integration variables to Zs and Zz using Equations A16 and A17, 

we have

1 x< —
2

cos^-^- j[E0 + Es coswf’Jfr" dt

PA Y
h ).
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1 + 4- nw

7t

14- 4- WW

A28

Let the terms of Eqn. A28 be S21, $22, S23, S24, §25, S26

ie. S2’= S21 + S22 + S23 + S24 + S25 + S26
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where

A31

A32

Thus,

A33

Substituting Eqn. A33 into A30, we have

,21 +

21 +
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.21 +

21 +
A34
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second order modified Bessel function. Modified Bessel 

functions obey the following recurrence relation
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T
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Let’s consider S24’
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0

1 + + /7W
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Using Eqn. A33

0
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Thus
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We now consider S25’
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1 + + rrw

^25 =

1 + + MW

A42
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We now consider S26’
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1 +

h

1 + + nw

>
.21 +

Using Eqn. A33
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VST4- T
kT 2 T1 + + nw

A45

Adding all the terms in S2. So we sum up Equations A29, A34, A35, A41, A42

and A45
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Simplifying, we have
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1 + + flW

X VsT

21 +

1 + + nw

x

A462 kT

Where as (E) is defined by Eqn. A25. But S’ = Si’+ 82’, thus adding Eqns.

A26 to A46

we obtain •
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S’ -A

S’ A47
Ik kT )e

Going through similar steps described above, Z’ is found to be

A48
kT

The axial jz and circumferential jc components of the current density are given

by

A49jz=Z'+S' sin 3h

A50jc = S'cosOh

Oh is the geometric chiral angle (GCA).

From Eqns. A47, A48, and A49,/z is

zn

-<JZ

+2-a*. A51sin^VJ

156

k e ) e

MM Mr 
mMJ ■

— •< f go
.k kT ,

V kT ) ‘

kT ) S7K)
/.(<)!

MM

MM '

Jz=-<7;(eK

MM

Z'=-a.(£X„ -CT.(E)A [£oz£La- 
e { kT } 2 7W

(r\k \

-CT/Ljsin^M

e

~°s

Where we have defined E* as sn

+2-a;^^
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E

Uz

us EsinOh

A52

V7 = V2Tsin0A A53

E* ~ E* S^n A54

Here, E = Ez is the magnitude of the electric field E. Therefore,

zn

kT

+ 2-A.

zn

kT

157

,• a(<)]f gpfe 
ll kT J

/q(<

g0-A 
kT

kT

j= =-^.-(£)K

jt = ~^AE)El

-fe feu e I kT J

-^=T

■ (#)— pfeM-A’. 
A ’e { kT J •

- o-.-(E)- 
e

------------
uc

Figure Al: the magnitude of the component of 
E along the base helix Es is E sin0h.

From Figure Al,

- <js (E)— sin2 0h< 
e

j2=-{o-z(E) + <Ts(£)sin2^}E;w

-o-s(£)sin^sin^Xn

-^(E)sin2^X

+ ctj(e)—-sin2 
e

-A*^fe!A& + 2-A*.fe-n

w.

+2-a;#H

+ 2-A*

-A’fe

Es = Esin#*
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J
V,T A55

kT

A57

Let us define

i = s, z A58

zn

-<cr.

and

A60

The circumferential cr„ and axial components of the electrical conductivitycs

as follows

158

A* ’

—'h

A56

Therefore using Eqns. A53 and A54, Eqn. A56 becomes

A =-<^(£)cos0X>sin0A

cos0„ {<* - A>2 - A>2 }V2T

A - -o-J^cos^s; -o-5(e)^J[£oZA 
e I kT

T gp~A 
.1 kT ,

AM)

gp-A 
kT

-4A v.r 
MM "

4

From Eqns. A47 and A50,Jc is

h;A^+2-’A'^K“a’‘

Then Eqns. A55 and A57 become respectively

A = “U (£)+<A (#)sin2 0h }E’n

are given by the coefficients of the electrical field - E'„ in Eqns. A59 and A60

-cr,(£)— sin6h cos0h■ 
e

+ 2-A*2^^

Jc =-as(E)sin 0h cos0hEl,-crs(£)-sin^

A = -<^s (A)sin 0h cos 0hE‘n

-o;(£)^sin0* cos^-

-A‘s^fe
Ta

-X^fe^ + 2-A’.

(£)-[<*-A>2 -A>2] +as(£)-sin2 0^-^sBs -A>2J}V2T 
e e

A59

k
e
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A61

a- A62

A63Pc =

and

Pz

A64Pz =

The differential thermoelectric power is defined as the ratio in an open

circuit (i.e. when j = 0). Thus setting to zero in Eqn. A60, the thermoelectric

power acz along the circumferential direction is obtained as follows

0

159

1
a.

<js (£)sin^cos^<„ = -crs(£)—sin cos^ - b,B- Ar A frj 
e

o-X^ + aX^sin2^

v r

C 
vr

Pc

i
cr, (#)sin0A cos0A

________ 1________
^(^)+^(^)sin2^

a (#) ~ sin 0h cos 0h {£ - A* Bs - A,AS}
_____ e ____________________  

crj(£,)sin 0h cos0h

-^s^)sin0h cos0h

1

-<js (#)sin 0h cos 0hE'„ - <r5 (£)-| sin 0h cos0h - A>s - A*:4 jv/

Resistivity, thermopower and power factor

The resistivities and along the circumferential and axial 

directions are respectively
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a
A65

I e

a

A66

Therefore the power factor along the circumferential and axial directions are

given respectively by

A69

A70

160

-aX -aXRe-A’X -A‘x] +<7S (Easin’ 0h[^~ A’,

(E)+a, (E)sin2 6h }E';n =

-AX] +o’s(e)—sin2 eJ^-AX -AX-Re 
e

+—
CT,

o;(E)sinX 
(^)+crJ

v.r

The electrical power factor P is defined as

-[<£-a’x -aX] 
e

-■X.(e)-[£-aX
I e

. k(E)|[£
^zn _ I______ e
VJ °z '

\7zT

k
e - ‘

Similarly, the thermoelectric power along the axial direction is obtained 

from Eqn. A59 as follows (i.e. when jz = 0)

" Pz

a2

P
P-aa2

2o\e'n) zn

- AX, - AX] cr,(E)-sin2 0h\$ - £SBS - A>2 ]}
--------------------------------- 1------------------------------------------------
(£) + cr5(£)sin2 &h o-^Z^+ct/jE)sin2 &h

P=^-
C Pc

. A 2 - [<? - aX, - aX. ] (E)sin 0h e L

0 - (#) + (Js (#)sin

CT=(£)+crs(£)sinX
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Appendix B

In the linear approximation of VP and Vp, the solution to the Boltzmann

kinetic equation is given by Eqn. Al.

fexp[ t
dt

T

+

Al

The thermal current density q is defined by

Bl

Substituting Eq. Al into Eq. Bl, we have

p-eq = T
p

o

B2xv p-e

Making the transformationp-eflX + & cos wZp, Eq. B2 becomes

-Ar

161

/
x v p-e

q = X^CpI-aMpI/Cp) 
p

0*' e p~e

expB)*? \

exp^-0*X|?(p)

||£0 + £ coswt"]i/"-/z

£ p-ej[p(

/(p) = r

exp^- [£(p) "

r Jo

r

+r Jo

+ E coswz"]^/"
/

+ E coswf'J/f'-//

+ £ cosw/”}#’

+ E coswt"]#"
7

+ E cosW^/"

Ylvr „

j[£0 + £ cosw/"}*'’ /oCp)

JIA, + coswt"]sfc"

f /
e p-ej|£(

c t
xv p-ej[£0 'M-e J d£ I .

j[£0+£ cosw/"p/■Wp-e
J de

■q + E coswz”]^/”

Thermal Current Density in a Chiral Carbon Nanotube

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



“A

B3

Resolving the thermal current density along the tubular axis (Z - axis) and

the base helix we obtain

-A

-A

B4>V,

and

+ coswz"}//" -AS'=T

][Eq + E5 coswz”>’ -A

B5P

162

i

J[e0 + E coswz"}/z"

t

j[£0 + E. coswZ"]tfZ"

d/o(p)L '
de 'I

e p~e 
T' p L V

(_“VZE s p~e 
\ p L V

(--Vee p~e
\ T J p L \ 
t

f [£0 + EscoswZ"]*" /oCp)

x<v(p)

xV.-(p)

r 1 I
x v: p-e J[£0 + £,cosm"}//" f0(jy) 

\ l-l‘ /

X v5(p)

ds

ds

t

p-e j[#0 +EZ coswZ”}#"

-ej,[£0 + £J coswr”}//" 
t-r /

+fexpl

+fexpl

I

v p-ej[£04-E cosw]^” 
k t-r

+rexpi

Kp)-A]y- + VA

t

1 j[E0 + E: cosw/"}//”

£exp|
/

x vs p-e

-i r® IZ'= t Jq exp|

V T

y:T
T
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Making the transformation

Eqns. B4 and B5 respectively become

z z
Z’= -A

. + -A

B6

and

%, At

+

B7 .

163

%, A.
f \dPz 

-A, -A.

( /de /dt \ ( 1— rz JdPs JdP, 8 p-e J[£o + E, coswZ"}#"
V T) ~A. ~A. L < - “ >

( /d, /dt

exp — Lfr J dP5 f dP,
V TJ -n/_ J/

expf-— \it \dPs
< Jz

fexp —

2
(2^/z)2

/ t A
£ p-eJ[Eo + E2 coswf'}//’'

■v, p-e J[Eo + Ez coswf’]#'’

1XV. p - e j [Eo + E: cos wt' '}lt'' f0 (p) 
k t-t' /

v3 p-e H£o+^ COS

Where the integration is carried over the first Brillouin zone.

Let’s consider S’. The energy is given by

A, A, 
\dps \dpz 

~Ad, ~nAt

r exp —

5/o(p)L' 
ds J

p

( t\ 7d, /dt r ( a
— dt \dP5 \dPz 8 p-ej[E0 + E5

1 T) -a. -At L >
X

xy. p-eJ[£0 + £scoswf"]*" /0(p)

2r -
(2?zfi)2 Jo

2 r®

(2^P

2 r® 

(2t^)2
( 18 p-e j[E0 + Es coswr"}//"
\ t-t' /

+ V24 k(p)^U/
OE II

2<
(2^)2
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B8

and

1 dj[E0 + Es coswz"}7z"

,k

-A, cos

B9-Azsin

BIO

Bl 1

164

M 
h

, _ ds
> ” IPs

Expanding the trig function

cos— j[£0 + Es coswZ”J/Z”

— cos sin —- f [£0 + cos w/"}//" •
A h

i

- e j [Eo + Es cos wZ' '}/z' ’— e j[E0 + £s coswz"}/z"

P/z 
h

Psds 

h

= W, 
h

pA
h

PA 
h

— Ps

PsdS 
h

( 1e p-effo+E, coswf'}//"

= ^0-A5 cos

c
= £0-A,COS p5-e

sin p5-e j[E0 + A5coswr”J//'

-cos-^- f[£0 +ES coswf 
h

A P’d~
-A, cos- * 

h

^sd3

5 J-<sin 
h

• Psds 
sm2-^ 

h

&d i
-cos j[E0 + E._ COSW/"]^/”

sin^2- f[£0 + E. cos wrH}/z 
A

T t

sin f [Eo + Es cos ’ 
h •„

^Ps *

- A. cos pz - e j [Eo + Ez cos wZ"}//’'
V i-t' /

4p) = ^o “A5cos

a • Psds
- Ac sin-^-^-^ 

s h
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S’=

+ ES cosw/"}/z”

—cos

- A5 sin

-A. sin

165

j[£0 + £scoswz"]*"

Substituting Equations B8, B9, BIO, Bl I into B7

(4)*

J [Eo + E, cos wr’-

sin— f[E0 +E,cosw/”}7/,’-a > 
h

-cos— [[Eq + E^cosw/")//" 
h

P;d;
h

Psd! 
h

fexpl

. ed, r sin—- *
A ,•

ed rr icos~r ll£o

^o-A5 cos

^^-sin— f[Eo + Escosw/”^” ’/oGO
• h h

£Asinfi f[£0+£s cos 
h h *

i t

~ [K + ^ cosw/”]*"

- cos j [Eo + Ez cos wz "}/z’'

^-cos— f[E0 + E,cosw/”}/z 
h

'll \sd5 
(27di)2 h

x pP/(

-A, sin ^5^-sin
J h

-A*-sin^y£h

2
+ {17th)2

x pP, \dP:-

• Psds x< sin - -cos 
h

A PSdi 
eq - A cos-£-^~’ 

h

A P'd
-A. cos^-^ 

h

A P'd‘‘
- A,cos^-^ 

h

&s2ds2 fro I expl
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x< "A

B12

Now let Si’ and S2’ be equal to the terms of Eqn. B12 such that

It

Af-A, sin

B13

and

52 =

166

x<sin

Pos^- ffo + E.coswf}*" 
/?

cos—j[E0 + Es coswf'Jft"

Uos^- \[E0 +Es cos 
.h

sin^- i [Eo +Es cos wt''}lt'' > /o(p)

pA 
h

Psds 
h

Psds 
h

fatfl)2

x pps ppJ.

2 -H

£q ~ A, COS

-cosM 
h

h

-i.sin&i
5 h

IJ • psds 
h

cos^ f[£o + ^coswZ"^"

sin^ f[£0 + £.cosw/">

sin^ \[E0+Escoswt"]E" 
h

2
(2^y h2

A P~d^
- A, cos— ~ 

h

-A,cos^^ 
h

V7

x/si„£A%«t 
h ds

A PA
^-A^ cos-^ 

h

J[^o + ^COSwZ,,]^z" ’

^sds r° I-VJo eXP|
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- As sin

-A, cos

A

+ V,/z •£0 - A, COS -A, cosx< -A

X

B14-cos

Thus Eqn. B12 becomes

B15S”=5;+5'2

Let’s consider Sj’

We substitute Equation A21 into B13

fZ

-Assin

-A. cos

167

eds f
h ■

1 t

—j~ j[E0 + Es coswz”}/z"

V3r 
T

%, nA
\dPs I^J^o-A5COS

-cos^- f[E0 4-EjCOSWZ’']#" 
ft 7,.

h

d'd‘n°
210(A'T0(<)

psds 
h

p2d, cos 
h

X fdP,

X \dP„ \d!\' 
-7*.

[[£„+£, cos WZ"}//” 
h ,le

- Az sin

sQ - As cos

- Psd. sin^-^ 
h

\ ed, j-r-cos—~ j |E0 +EZ coswz”pz"

Lsin—=- f [eo + E, coswz"}/z"-

^^•sin^- j[E0 + EJcoswZ"}/z" -

^^-sin— frE0 + EJcosW,,}/z"

cos — [ [Eo + Es cos w/’ ’}/z’' 
h J

2r-1 * \sds 
(2^)2 h

P-d:
h

z sin^- f[E0 + E, coswz”}/z' 
h ” J

iieos 
h

Psds . ^-^-sm 
h

j [Eo + Es cos wz’ '}/z”

sin£A^(p)l.
h ds J
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+ A*. cos

s,'= exp

-A, cos

7

+

- A, sin

168

4-£, coswr"]#" -cos

Pzdz'

h >
B13a

-cos—f[£0 4-E, coswf’Vf 7sinP2d. 
h

Ps^s

~7T

Psds 

h

Pzdz 

h

Psds 

h

Psds 

h

Psds 

h

eaz rr~y- J |£0 + E: cos >

x pps

ed. 'r 
-cos—- 1 

h :.

2t“ \sdi
(2/di)2 h

• eds f 
sin—- 1

h *

x ^dPs JcfP/- As sin
cd isin L f [eo + Es cos vW"]#”

A /„

5 ed, f r -i
-cos-^ J[Eo + EjCoswr">'

2r-1 &sds
(2^/z)2 h

- cos--5-5 
h

2T-1 ksds 
(2tz/z)2 h

x< sin^i 
h

cos~~ j[£0+ £5 coswr"]7/"

dsdsnQ p
2^(a;)zo(a;)Jo

sin-^- j[£0 + £, cosvW"]^/" >sin

cdsin-^- f [Eq + Es cosw/"]yr"

cos-^- f [Eo + Es cos w/"U"

7 I

cos^- f [Eo + Es cosw/"]i/"

cdcos-^- I* [£0 + Es cos ivfUr” 
h ...

dsdn0 f“ | 

2/o0^A‘jlo P1

A o- Pzd^ . ed, r 
- A. sin^-^-sm—• 

h

I a* exp As cos
I h

A* P~d~
+ A, cos-^-^ 

A

JIX + ps cos >exp| A*5 cos^^- 
i-r I h

A*4-A7 COS-^^- 
h

___<*sdd\. J” J 
2/0(A- j/0(A-jJo ” Pi

%. %. r •
x JdPs ^dP.< £0 -/z-Ascos

I a- psd. 
expl A, cos—~

a P.d.eQ- p.-&s cos^-^- 
h

A P^-
- A. cos-^—- 

h
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-A, sin

The first term of this equation is zero since it is an odd function of ps that is

integrated over the Brillouin zone

$1' =“

^o-A-A cos

-A. cos

+

-A, sin

exp A*, cos

169

J[E0 + Ez cos wt"}ti" >cos

7-x r expf--Xfr 
<JJo AV

s*n-^£_ + £zcosw/"}fr" >

2/0(a;)/0(a;

pA 
h

PA 
h

Psds 
h

Psds 

h

Psds 

h

Psds 

h

Psds 
h

-s-sin^- j[Eo + coswz"]*" -sin

%. %. r
X \dPs \dP_-.

'7

2r‘

(2?zft)2 h

A. A, r
X ^dP5 JdP/-A,sin 

~A.

2t"‘ &sds
(2jih)2 h

• edt rr Asm-^- J [Eo + Es coswrty"

psds cos^— 
h

2r &sd5
(2^/z)2 h

sin— f[£0 + Es coswf’J/r” 
Z.

sin— f[£0+ EscoswZ”}7^",

1 t

cos^- f [£0 + Es cos
...

x ^dPs JdpJ-Assin

I a’ expl A5 cos--^ -

2t'1 &sd, 
(27di)2 h

-cos^- f [#0 + ES coswf '}#" 
/z

sin— f[£0 + -Escoswf'}/z" 
ft A.

+ A, cos— 
h

£Acos^- f 
h h -

I a* psds exp A? cos-1-^-
I A

4. A*+ A, cos---- ‘J

drsdf\ J" exp| 
27o(a;)zo(a;)Jo '

__ TexolZZoAokP0 1

/d * Thus

Psds v P2dz£■ + A, cos-^—- 
h ‘ h

__ ^>0 rexpl
2W.WJ" P1

A*4- A cos—- 
z h

psd<expl A5 cos——

~7ds - -
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-A, sin

Simplifying gives,

s;=-

X

ft

X cos

-A, sin

sin

+ As sin

170

f
h :

//)cOS

ea, rr
J |£0 + Ez cos wr”]7z" -cos

A

Psds 
h

Psds 
h

Psds
h

PA 
h

j[E0 + Es cosw/"}// sin j[£o + ES coswf'}*"

2 Psds 
h

P’d’ sin^- f[E0+£s cosw 
h ’ h *

sin2 — {[£0 + ^ coswf'}*"
A

* (^0

x pPj-A'Sin sin~^- J [-Eq + Es cosw/"}//"

^-cos-^- J[E0 + E,coswf'}/r

ps ds5 — cos 
h

-A, sinsinJ[£0 + EZ coswz”}7/”
A h tJ_r

cos i [Eo + Es cos wt' ']it"
h h

sinf[£0 +ES coswZ"]*''

1 t

sin^-L f[E0 + Es cosw/,']7/', 
A

A 2 PSdS ^^*5

+ A. cos s --cos—-
' h

A* P^d- 
+ A, cos—- -A J

(a*exp As cos^-^
< A

sinfi j[£0 +ES cosw/"^/" cos^- f[#0 + Es coswt"}E"

p-d4- A. cos—— 
h

_ rCXD|2t Asds
(2^A)2 A

, pd
x f dPs J dP„ exp A*5 cos-^—l 4- A*, cos

p„d, . ed. f—; sin-
A
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B16

X =

x

+ As cos

-A, sin

171

rexp(“)*

' ~(£o -a)cos

PA. 
h

dA.no 
2/0(a*j)Z0(a*2)

pA, 
h

sin—j[£0 + Es cos wz"}/z"

7 t

+ Es coswZ"}# sin“^~ JIX + Es coswZ"j7z"

dsdsnQ

2 P.d. 
h

2 PA. 
h

Ad, 
h 2E

. ed. 'rr
~sin~^ J +^= c°swz"}ft"

• a r sin----  1
h

PA
h

eds \
cos—- 1

A ;

x cos

a-+ A, cos—x— 
h

Psds x cos— -5 
h

sm~^~ f IX + ^coswz”pz” >

sin^- [[£„ + £,coswz"}/z" 
ft

A*+ A, cos-^-^ 
• h

+ A cos cos^- f[£0 +E, coswZ"J//" 
h h

27~ A5<

(27zft)2 h

%. ( pd
x j dP5 j dP, exp A*s cos-^—- 

‘ v h

7l/. and /d3

( it

J[£o +ES coswZ"]sfr" cos-^- J[X> +Es coswZ"]s?Z" ■

2r-1
5,=^y

%, %. / .
x j dPs j dP. exp \s cos

Again, we set the terms (the last three terms of Eqn. Bl6) that contain integrals

of odd functions of ps and pz over Brillouin zones  Vj < p < 
/a5 r 5

Pz n/d to zero.

a • P^d + A-Sin-^-^ 
h

Pzd.
h

ed^ zf
h
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X

+ Ay cos

*;=

7 i
-(s0 ” a)c°s—sin—- |*[E0 +Es coswf’J/Z” 

h h
xs

j [Eq+Es cos

S\ =

172

j-
A /

Now the integration variables are changed to Zs and Zz using Eqns. A16 and

A17 to get

j[#0 + Es coswZ"}# sin^-

a)cos

4-A, cos—cos^^- f [£0 + E, coswz"]7z' 
h h

ed r r prj t
~ Jl^o+E.cosw/"]* sin-^- j[so + E, coswz"ty"

p5ds 
h

Psds 
h

1n 
x —

< 0

fexpl

2 Psds 
h

4d,d no 
2z0(a;)/0(<)

. p,d. ed, rr
4-A. cos cos—- [Eo + p coswz"l/z"

n n J J

2 Psds 
h

(^0

J[£o +ES coswZ"p7" cos^-
■ eds f 

sm- 1

- eds f cos—sin----  1
h h

- As sin

x cos

-Assin2 Asin^A coswz"}//

2t 1 \sds 
(2^/z)2 h

2t-x A5<
(2zz/j)2 h

sinV' jl£o + ^coswZ"}//"

e< r cos-—f 1

1 2
I dZs — [ dZ, exp A*5 cos — + A*, cos—
0 <- 0 " v h

1 I

"cos^- f[£0+£scosw/"k".

4M.sn1 TcxdI27o0o(a'JJo P1

s'n4~ j[Sq + Es coswz"}#"

ed^\[E0 + EsCOSWt”]it"

edh-\lE0+Escoswt"]:lt" ■

A 2 >4-A, cos —cos—-
5 h

z
h

Z5
h

Pzd;
h
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h h

eds ir
— J [Eq + Es cos

173

7 
h

Z^ 
h >

( ZL exp|^—Jdi

r / y exp^—Ja/

cd 1+ ^sC0S~ f[£0 + £!cosw/,']2'/si

x^-(s0 -/^cos-^-sin

• (ed- f
-sin —- 1I h

7 p/7
X’ -(s0 -/z)cos-^-sinj[E0+EJcosw/">"

A z/ f
+ -^-sin2~^~ J[E0 + Es cosw/”}#cos2

1 ' x —
< 0

1x — 
ds 0

1 d 1j[#0 + E. coswf'J/z"—-|[£0 + Es cosw/"]*" ■
. 'I t—t'

Z„ Z ed rr
+ Az cos--cos-^cos—[Eq + E. coswZ”tfz"sin 

h h hJ

n—2- f [#0 +E. coswz”l/z|
h b 1

-j-^-cos-^-cos-^2- sin J[Eo+E2 coswZ*'}//"+

2t" \sd5 
(2tz/z)2 h

2t 1 &sds 

1^2'22
4dsdsn0 r« 

2/0(aJ/0K)J<>

4««0 r»

2/okM<)J°

Now let S\ = SH +Sn +Sn +SM, where

•• /r z <7 i

f dZ — [ dZ, exp A* cos — + A’, cos-^- 
{ < Jo I ‘ r~

n i n /

f dZ — f dZ, exp A*s cos—+ A*, cos-^
Jo <Jo I h h)

f[£0 +Es COSWZ"J/Z” > 
h ...

J[£o+4coswZ"^"

2zs ■ 2ZS> 
cos --sin —

h h )

1 i 71 /xyPZ’tPZ-’exP COS^- +a‘. cos^ 
0 o k h • h

Z
h

Zs
h2

Z:
h

z5
h
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X
B17

X2 =

B18

B19x

x4=-

B20

From Eqn. B17

174

e(^5 f 
~h ;

Zz 
h

t \

|[E0 +£s cosw/"}#"

1x —
d.

4dsdsn0
21o(a;)Zo(a,J

]dZ:
s o

j. 4dsd ft? (.»

2UOXaJjo

■ Z. 
cos—-

h

x — ”

< -o

1 ’
X ----

<0

5U=-

fexp|

h

n

x jt/Z, 
0

A, Z, Z5— cos—cos—
2 h h

*^13

(£o-A)sin^-J[eo+£jCOSM,z„^,

«0

^dsdsn0 ,» I
^(A’ yAjJo eXPl

r 1 fJ dZs ~r J dZ. exp A’ cos -i + A cos 
o -- o I h ~ h

-^)f“di exP|

Z ( Z (' cos—exp A* cos— f dZz exp A*z cos
5 h \ Mi I

, 1 L'z fx* Z^x- Z~, — aZ, exp At cos—+ A, cos —< Jo “ I * ‘ .

1 ^5ds
(tz/?)2 h

2r 1 ^sds 
(2^/i)2 h

(cd 1
sin j [Eo + Ez coswr"}//"+

x—cos—cos4^-sin j[.E0 + Ez coswf'JZf

, \ y t

-- lsin““ JIX) +£5 cosw/”]#"

It \sd5
(2^/z)2 h

AX 
(2^)2 h

J TC /

dZs — | dZ, exp A* cos — 4- A*, cos—£- 0 <J0 ‘ I h. “ h

As . eds r r _
x—sm2— J [E0+Es coswr”}//cos2

.1

7 1

f [Eo + E cos wr’ '17/ ’ ’

A2
2

z,
h.

Zz
h

z;
h

t
T

Zs
h

Zz
h

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



eds \

1 + + nw

For weak electric fields,

B21

Also, from the definition of modified Bessel functions in Al 8,

n

Therefore.

B22Sn + mv

From B18

x

175

Z?

+ mv)2)]

+ mv)r2]

+ >2(l-O(e<Eo

|1A(<)

r I t I
flfrexp -- sin

JO \ T J

The time integration is

A

(£-o-a)ZJ„2(«
n~-<o

dCl 1* r co— \[EO+ES coswt"}n"=
t I n=~to

r ^5dsnQ
h

Z Yr ( ♦ Z— tZZ, exp A, cos— »J! • V *

4W=‘f
0

edsEQ/
/h

edsE0/
/h

f edsE0/
I /h

n (
dZ2 exp A*, cos—

^2«o 
Ma’Jo(a’z)

= Zj2(a)[(e^^o 
n=-eo

= SJ"(a)[(ec/sFo
n=-oo

n=-co

2
T2

( * z dZs cos—exp A5 cos—
0 \ >

edsEQ/
/h

+ nw It2

+ nw r2

n Z \\dZ cos 2—exp A'.cos
Jo h v

, .W'° r~r\ J" dt expf~ sin 2“T’
Z0(a’)7o(a.)Jo I r) h

T \sds' 

I7" h

<?■ T~‘

12 2(^)2 h

1 t

e s- j*[£0 + Es cos wt'x\lt

Z
h
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The time integration is,

2
2

1 + 4 + nw

For weak electric fields, \ed^o + mvh

2\’

1-0 + nw

The integrals are expressed in terms of modified Bessel functions using

Eqns. Al9 and A32

A2X
2

B23

but
2

1-

/
B241-+ nw

From Eqn. B19

x sin

176

T

f[£0 + E2 coswt"]Jt"+^~ f[£0 + ES coswt'fy"
< 1-c * " *-*' '

= twi
n=—co L

= z-®i 
n=-<o

+ Etcoswf’}* = E-A(a) 
n=-co

00

E42(«
n=-<x>

W|
n=—<x> L

2 a fc) 
a; 7K)

T

2(^)2

2 /.(a:)' 
a;

* &2sds”o 
h

s

h

sn =

s;3 =

S'n =

*^12 “

/2(a;

a fc)
EK)

T

2h

rrfzexp(-;}in2^j[£o

2

As

e<#0/
/h

edsEo/
/h

edsEa/
7h

edsE0/
/ti

/h

a(a,J-+a(a*J

eds^/
7h

I 2 + nw t

+ nw r2

+ w t2

eds^/
/h

i __ _y jUa

+ nw \t2

t2

a(a;X(<)

edsEa/
7h

Esds ri rdteKn(_L\
h 2 Ma;)/0(a;)J° pl J

+ nw t2
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0

Making use of Eqn. Al 8 to express the integrals in terms of Bessel functions

T

x

The time integration is

+ w + 4- mv

2

14- + nw +

For weak electric fields,

4-mv+ +

-12 Y

1-0 4-mv+ nw +

+ 77W+ /W +

T + nw+ HW 4-
0

+ nw4-MW 4

B26

177

eC^s f 
~h r

n=-a>

CO

n=~<o

co

rt=-CO

co

- S-'.’lo' 
n=-co

B25

S|3 =

s;3 =

J[E0 + Es cosw/"}//"
exp^-—^sin j[E0 +E, coswr"}fr"+

s;3 = T\st\.dsn0
2h~

\ds A, _
/> 2 I,

&,&:dsno
2h

2

«1

Z f ♦ 2 V 7 f■y expl As cos-i JdZ2 cos-^-exp A*, cos^-

edsEo/
7h

edsEQ/
/h

e<E0/
7h

T2

ed5EQ/
7h

edsE^/
7h

t1

T2

T2

T2

edzE^/
7h

ed„EQ/
7h

ed^Eq/
" 7h

ed,EQ/
7h

ed,E$/
“ 7h

ed,EQ/
7h

edsE^/
7h

ed5EQ/
7h

ed,EQ/
7h

/ z\ (ei t , t

£^exp^--Jsin j[Eo + E2 cos wj [e0 + Es cos wt' '}lt''

A (4, )/,(<) 
ok)

x I dZs cos—J 
o

eJsE0/
7h

h
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From Eqn. B20

A^

j[E0 + Ez cosw/"}Zz'

Making use of Eqn. Al 8 to express the integrals in terms of Bessel functions

The time integration is

+ /7W+ nw

+ nw1 + + nw

For weak electric fields, + /7W

+ nw

_e^sEo+ nw

178

°°- sy.’M 
n=-a> I

03

n=-<o

exp ^Zzsin •

n

Az«0

ed_EQ/
‘ /h

r Jo

2

I

n
x \dZ:

0

1 • \ecE f 
frsin —- 1 

h r

^4=-

s;4

X 

£°exp^-—^7/sin f

’f

ed2E0/
/h

edzEQ/
/.h

f l-Eo + £s coswfty" | 
h ... J

ed,E^/
/h

ZS ( A‘ 

cos—exp A cos— 
h I 5 h

T
2h

Z, ( . Z
, cos~~ exp A,COS— 

h < h

_t- &,ds Arc } 

(^)2 2h EWM)!

2

r2e<£0/
7h

ed5Ea/
7h

T2

T2edsEQ/
/h

rZsin| J[E0 + E, cos wZ"}Z/'

J[E0 +E, coswf’JZz"—j[E0 +ES coswz"]7r"

< +nw n

n

[[E0 + Ejcosw/',}Zz” 
h ...
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+ nw B27h + nw

So,

+ nw + /7W T2h

+ w2A h h

B28

Summing up Eqns. B22, B24, B26 and B28

*;=- + nw
h

* £<”0
1-+ + mv

h

+ nw+ nw ++ h2h

r&sds&zn0 + mv+ nwh2h

s\=- + nwhh

t &2sdsn0 1-+ w+ hh

+ nw+ nw ++ hh2h

_(edsE0 + 72W+ 77W h
0

r \dsnQs\ = - + nw
h

179

fa- a) EA2(« 
n=-co

(£o-a)ZJ"2("
n--<o

oo 

n=—<n

00 

n=-co

00

n=-co

n=~oo

E^2(« 
n=-co

= Z42(« 
n=-co

(^o-A)£^2(a
77=-<O

n=—<x>

co 

n=-<*>

AJ

r^sSzdsn0

r ^sdsn0 lp.(A)
'Jma)

A (A) 
MA)

rAA.-<«o

2 /,(A)'
A MA).

ip. (A)
'Jma)

a; AR);

edzEQ

edzE^

^sdsn0

A4 = -

M=- eJ.E0rAT6f A.nn
Jo *» U

A (A

a(a)a(a) 
A (a Vo (A )

a (a Ma) 
A (A K (A)

a (a Ma) 
a (a Ma)

edsEQ

ed2EQ

edsEQ

edsE0/
/h

edsE0

f ed,E0/
‘ /h

edsE0

edsE<i/

/h
ed:Eo/

7h

ed^/
/h

edsEo/
/h

edsEa/
/h

edsEo/
/h

edsE./
/h

j a (a Ma) . MaMa)

T2
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1-+ nw

+ fflV + + nw

+ 77W

+

+ mv

+ nw

1-+ w

B29+ + mv

+ nw

a)+a5 B30x

nwt7
S\ = 0

180

/
1-

\(a;
iek

EoKEZM
n=-<n

EEE) 
n=-w

EEE)2 
n=-co

M = -cO

00

EEE'
n=-co

CO

EEE: 
n=-oo

co

eee:
rt=-co

co

EEE'
n=-co

m a(a;Ma;) 
ijJ/0(a;X(aJ

aK
EK

K 
EK)

2 a KJ 
a; EKJ

2 a (<)' 
a; EKJ

2 aK 
a; EKJ

ME;
IEK

KE)£j„2(«
n=—co

a (a; Ma;)
EKEK

a (a; Ma;)
EKEK

i1a(a;)
'JEK

aKJ
A>(Aj )\

h

/h /h

Eq +

00

EEE.
n=-co

a E; J 
EK.

a (a;)' 
EK.

eee:
n=—co

T+ —

T^s\zdsriQ

h 7

-4-"|+a.
A.

nwh ) Z, 

eds ,

c'__r A,^5, —-

x MEoK+A.

7 A.^Hq

ed^Q/
7h

edsE0/
/h

edsEQ/
/h

E° + eds ?

edsEa/
/h

ed&>/
/h

ed,Ea/
/h

ed'Eo/
/h

edsE0/
/h

. _ t ^sd5n0
S'=~T~

er ^sd2snQ 
77

4 (^0

h

t AMa 
2h

, r A^^n 
h

. er Asd*n0
S'~ h1

-4-V
AJ ‘

, rAA<A«0 
2A

a (a;) 
EK
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aK)J B31

Let’s define

B32

Then Eqn. B31 becomes

<!l5; =

‘s

n

S\ B33

Now let us consider the term 82’ given by Eqn. B14

nsQ - A5 cos

- A, sin

- A. cos

181

f 
h

ed5 r 
h r.

CO

TA
n=-<x>

xL(^o-a)+A

nwh' 
edt ,

P~dz 
h

cos^- j*[£0 + E, coswZ"]sfr"

LW

2 "l 
—r + A.M •

h2
52 =

cos JIX + Es cos wt'

Afcy

X \dPs \dPz-

x ‘ ~(£o ~a)+A

e2rAX2 »0 < (a’J

-Vu

We have defined En as

EnA,

2 A— +A.

2 •A.V2 
(2^)2

E„= Eo +

Eq +

nwh^ 

eds ,

nwh
eds )

W 0

(E) J J2 (a)- • (ff0 - pi) - A 
n=-oo

\d2n0 
eh2

-(s0-a)+A.
n=-«>

P^sin^- j[£0 + E,coswt"}lt"
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-A. sin

sQ - A5 cosxs + J sin

j[Eo + Escoswt"]lt" ►cos

B14

Taking the derivative of Eqn. A21 with respect to e, we obtain

B34

Substituting Eqn. B34 into B14 gives

S2

ii

-A5sin

-A, cos

-A, sin

- A, cos£0 - A, COSx<

+ A*, cosexp A*5 cos

182

e< f
h :

^RKkkexp^C0S

sin~^ f[£o +£-cosw/"}/f'-/z ■

2
(2?z7?)2

Pzdz 

h

PA 
h

cos-- JX + Ez coswZ”}/z”

dsdznQ

Pzdz 

h

Pzdz 
h

P:dz 
h

d/0(p) 
de

Psd!
h

Psds 
h

Psds 

h

Psds 

h

f IXo + coswz"}#"-// -

.2,2
\ ds

h2

■ ed, !■
sin—~ 1

Psds df0(p) 
h de

• fsin-—- 1
r

VST
T

^^-cos^- [[£0 + £5coswZ"}/z 
h h J

V T -A +

X fdPs \dPz<

sin^- f [£0 + Es coswz"}#" 
h h

s0-A5 cos

’ Psds 
xSsin^-^ 

h

• Psds 
x sin —— 

h

a* p~d~
+ A. cos J

j* X) + P's coswz"}/z”-cos^^-

a P-d.-A, cos— - 
h
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X5

x<

52

(^o-a)2X

183

s fFm 1-cos-^- J [Eo + ES coswz"_p"

PA 
h

pzds
h

Psds 
h

PA vst 
h T

____ 2
(2tz?z)2

4 cX J f dPz eXP 
-yd, < *

f l^o + Ps cos wZ"]Zz’'— cos

(vaK cos

$2

5 eds r -cos—- *
h :

VsT 
T

f[E0 + Es coswZ"}#" > 
h h JL

Rearranging gives

h2 2E

-cos^- l*[E0 + E, cosw/”}#"

2
(2^)2

x j dPs J dP. exp Aj cos 
-"A, -A. 1

a* P d «
A5 cos^-^- + A,cos 

h

sin^- j[E0 +E5cosw/”}7z"

-A cos^2 z- —— + Vcn>sin 
h T

sin^^ 
h

J[eo +EJcoswr”}/r”-cos^^

sd tsin—- f[E0 +E, coswZ"}^/" ►

dsdznQ r® / 
JaTKOt Jo eXPl

A P-^-A, cos2-^ 
h

1 t

sin-^- J[E0 +E5 coswZ"}Zz" ►

-A,sin^^- 
h

P^5- + A*, cos 
h

eQ- pi- A5 cos-^^ 
h

x« sin P-d- cos 
h •

^s2ds2 d5d:n^
h2 2zo(A;yo(k>r

A Psds 
cos-^ 

h

-A5sin^-
5 h

Pzdz ?ST
T

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



-(^o-A)A

h T

(e0 -a)as sin^-sin^- J[so +Es cosw">/"^

+ A2, cos

184

~X -/z)A, cos-

,VST 
T

ysr 
T

ysT
T

y5r 
T

pA 
h

P5ds 
h

2 PA 
h

i t

sin^-*- f X + Es cos wf kf 
h ...

p d V T -cosV-F+^o-a)va

~cos~/z^ +

+ A5A, cos COS cosfir z? i VT h h ~~h~ J ’£° + cos

cos^^-sin 
h

J(X + Es coswz''kz"-^X 
T

5 H^o + ^COSWZ”Vz”^^ 
/-/• T T

p.d^ cos--^ -
h

h£0 + £Jcosw/'']rf/' 
h .J.,

&dcos —- f X + E, cos wZ ’ 'kz' 
h ,J„

sin-^- (X + ES coswz"kz"Vj// 
h r..

+ ^COS^COS^ r 
h h ■

prl 1
-COS—^- |X + ^2 coswz”J/z’

+ A A,sin-^- 
h

- COS J X + ^2 cos ’ '^SP

cos^- jX + ES c°sw/”}7z,'VJxz

a • Psds -Av sin^—£ 
h

-A. cos— — 
h

+ A2Jsin^.
h

-(^-a)ajCos^<cos^x r 
h h -

+ A.A, cosP^2 cos
* 1 h

a P^d-- A, cos2-^-5 
h

p^s
h
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ed7 ‘c

x

185

J [A + COS wt cos

-(^o-aKcos

e< fr
JIA + A cos wz"}/z"cos

^-cos—f [A + A coswz"}/z” 
h /.

^-cos— f[A + AC0SvW’'kz"v^ 
h

-(^0-aK cos

P-d. 
h

VST
T

Pzdz 
h

ysT 
T

Psds 
h

VST 
T

Psds 

h

ea rr n
~ J K + E: cos wt'fy" VjA sin

-fco-AKcos

P,d, V,T 
h T

PA v,t
h T

s;=-

e<
COS-----  1

h r

Setting all the odd function terms of the above equation to zero, we have 

ft2

V7 'T+ A COSWZ”}//"—2—

+ (^0-aXa

£ACOs^ r 
A h ;_t.

-^-cos-^- J[a +Acoswz'’kz

sin sin 
h

^0-A)A2sin-^sin^- fk
h h ,JL 0

s'n J [-Eo + E. cos wz"}//'

• Psds x sm —£—£- 
h

5 " h

f [a + A COSWZ"}/Z" ’

2
(2^/z)2

r nd
x fdPs j dPz exp a; cos^ 5- 
00 v

A* P~d-
4-A. COS 

h

+ A A, cosPs<^-cos 
h

-A, cos^—
5 h

4dsdznQ f” I
2z0(A;)z„(A;>rJ» expi

a2 • P^d, + A. sm— -fc-cos 
h

(^o"A) —

- A, sinsin 
h

cos^-1[A + A coswz”}/z”^

,.yz 
T+ A2 cos2 

h
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+ A2 cos'

-A, cos

xsin »»

The integration variables are changed to Zs and Zz, using equations (A. 16) and

(A. 17) as follows:

S2 =

-(eQ -//)Azcos

186

xH^o“A)2

ysT
T

ysT
T

PA 
h

ysr 
T

—COS-^i 
h

h T h T

xJdZjdZ;
0 0

T

ed rr ,
±"cos~y’ J + E‘ coswZ"}*"vJA ■

2 Z>X 
h

'= ed. 'f -COS----= r
h -

2 Psds 

h

~ J[E0 + E, COSWl'^'^L

ed, fr
cos~^~ J LA+ A cos wr”}7r’

' # 7 e 7
exp A* cos— + A, cos— 
\ I 5 h “ h

j[£o + £Icosw/"]c/z"-y- 
t-t'

+ A2 cos2—cos^—L f [£0 + Es cos wt”}//’ 
Zz /z

C0S~^’ f IX + cos

<zz0 1 p |
(^)2^24(A'JoK>r dsd„ J" I

^--(£0-aK cos

ed, fr„ cos~^ J lA)+ A cos

cos—cos^- f [Eo + Es cosw/”}/z
Zz h

-A cos—cos^- f[£0 + Es coswr”}//"V,//
5 Zz Zz

7 7
+ A A cos—cos—cos

5 “ h Zz

“(^o“A)A2cos^^ 

Zz

+ A A cos-A^
Zz
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B35

Then

^=-

fco "A)2

B36

It

B37

187

Let the terms of Equation (B35) be equal to Uh U2, U3, .... Ui2 so that

Equation (B35) can be expressed in the form

expl — di

xsin2^-cos^- j[E0+£,coswf’}zr

—cos^- f[E0 + ES cosw/”}#’ 
ft

+ A2 cos2 cos^ j[£fl + E. cos

, VST 
T

+1/2 + U3 +... + U[2

z Z . Z } 
exp A* cos—^- +A', cos-*- (s0 -/z)A3 

n n

. 2^
xsin —cos

h

Z, ed„ rr
- A: cos~cos~ j [£0 + E: coswr"ty"VjA •

Zs cos— 
h

_(£0 COS^COSV +£= cosm">-^I

n n

X jdzjdz:
0 0

jffi'o + E.

U2= +

x \dZ5]dZ, 
0 0

( . z Z exp A cos—+ A, cos— ‘ I 5 h - h

^sWd:nQ 1 r
«■Jo

■ 2^s 

xsin -
h

+ A,A5cos^-cos^-cos^- f 
h h h -

j[E0 + £,coswr]#'^ 
n 1

\s2ds2dsd.na 1 r» i (^)2^2/0{^ d5dz -I expl

Zz
h

z.
h

Z
h

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



B38

B39

+

o .

B40

B41

188

(s0 -/z)a,cos —

I dZ51 dZz exp A*5 cos— + A*, cos— (s0 - /z)A5
J •'I h " hi oo. \ n ri '

„ V7
T

j[E0 + Es coswz"}/z” V5/z

2 I* [Eo + Es cos wZ”)/Z 
7z

x
0

n n r
x J dZs j dZz exp A*s cos 

0 0

^4=-

Z5 cos— 
h

• 2^s 
xsin — cos 

h

1 f°O

Jo

U6

____

n n
X \dZs\dZ.

o 0

/ Cos~^~ JIX + E, cosw/"}*" AL

7t n

x ^dZs^dZ.
0 0

exp — dt
V T)

z exp A5 cos-—-+ A, cos
V £ ‘ h)

ed_ I-—cos—- 
7z /

7
A2 cos2 —

5 h

r£exp|
z

t/3=+

2 exp^A’, cos A + < cos A-^ _ A)

2 2

(^)2 2/0 (a; )z0 (a'^ J° expl

^s2ds2dsdznQ 1
(^)2A2/0(A's>0(A;>r«

^ds2dsd:na 1 p j 
^2h2I0(s's)l0(A\)kr dsdz J’ Pl

• 2^
xsin

h

2 Zs 2 
xsin —cos 

h

^2d2dd:n____ lrexp|
d^d-

Z5 A' Z- 

— + A, cos — 
h ‘ h

• 2^ 
xsm -- 

h

ed rr i V T-T j[E0+Escoswt"}lt"-^-

Zz
h
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A5A. cos—cos—-

B42

2 B43

B44

ul0 =

A.A, cos——cos——■Z, L>

B45

189

+ A* cos— (s0 -^)A, cos-7-

j[E0 + Es coswZ"]*" cos

7 P d r r 1xsin2-T£cos-^- j[E0 + Es coswf'J/z”

,.V£
T

2 f[^0 + Es coswz"}#"

n n / 2
x j dZ5 j dZ2 exp A*5 cos— 
00 x h

n n
x JdZ5Jt/Z

0 0

_L A*+ A, cos—- 
h

[ .♦ * Z.exp A cos—+ A, cos—< h ‘ h

^s2d52dsdznQ 1
^2h2l0(^s)l0(.^r dsdz

Us= +

u9 = +

AA, cos —
5 h

• 2^ 
xsin —cos

h

• 2^
x sincos 

h

2 9
Aa d dsd,n9 1 f„ | 

(^)2A270[a‘3)z()(a'2X7; d5d; Jo eXPl

■ 2 25 eds f 
xsin —cos—— 1 

h h

&s2d2dsd.nQ 1 r» | 
j° exp|

j[£0 + £- cos wt'

n n ,

x f f exP| COS 
00 \ 5 h

n n ( t Z Z^
x J dZ JdZz expl A*5 cos-^- + A,cos"^
00 x

Zz
h

z2
h

Zs
h

Z
h

Zz
h

z.
h

Z.
h

VQS^- j*[#o +£, coswz"}/z
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B46

x

Let’s evaluate each of the terms of Equation B35. The first term Ui, Eqn. B36

is

^!=-

0

The time dependent integral part in Eqn. B36, is

Pexpff[£0 + Es coswz"}/z"
Jo V t y h t_e

1 +

190

ed, f

=
n--oo

(4)"

jt n / 2” A
f dZs f <7Z, exp A* cos— + A*, cos— (#0
o o < h ' h)

2, eds fir 1
_cos___ j |£o + COSWZ"}#’

T

.,y7 
T

^n=-

J[£o + ES coswz"]7z" cos^-5- J[E0 + Ez cos wz"]7z" V5/7

B47

Z, cos— 
h

, exp A5cos—+ A* cos —
I h ‘ h

T

edsEQ/
/h

X \dzs]dz., 
0 0

X 
0

c/12 = +

2
T2

AA, cos — 
h

a2 2 -A, cos
h

' cos ^2- f [£0 + E, cos w/”}Zz 
h

r ( 7\dZ,\dZz exp A’5cos—+ A*.
oo \

. 2 ed5 f xsin —cos—-
h h '

xsin2^-cos^- j[E0 +Es coswZ")//'

■ 2^

xsin — 
h

^2ds2dsdzn0 1 f„ ,

«J0 expi

kid^d^ _I_r"ex I 
d^d-0 exp|

2 2
A5 < dsdzn0 1 r | 

expl
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B48

Therefore Eqn. B36 becomes

(^o~a)2

ta-A)2

X

(^o-a)2

191

/
T 1 — 0|

Z^ 
h >

zs 
h

2(^)2a2/0(a;X&X~
n f

< j* dZs exp A*s cos
.o . '•

n (
tfdZ, exp A*, cos
o v

n=-<x>

n~—«o

ism 
n=-to

x \dZA — 1-cos—-Jo m h.

VST 
T

^s2ds\ 
(^)2a270(a;X&>

AX'*.,

For weak electric fields, + mw) «1

CO

Z42(«
n=-co

tA/^/^o^2

2(/2pz2/0(A-J/0(A:>T

a2Y + nw
eds^/

/h

VST 
T

VST 
T

n

J dZ5 cos 
o

I Xtejj

n ( zdZ, exp^A*,cos-^

± j2„ (a){i0 (< >0 (<)-1, (a; >0 (a; )} 
n=-oo

z (4 z Y ■ (sin2exp A* cos— ft/Z,exp
h < Jo I

' I A*z exp| A,cos-^

>expl A5 cos-^7

xjjZs
0

2(h) kT

\n ( ZfdZ, exp < cos—
’ I ’ *

zy.’W
* rt=-OD

^X-72W
n=-oo

2Z5 { K-
—i-exp A, cos— h H 5 A

2Z,
h

fir
2<

22.
h
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(*o-a)2

B49•vsr

Evaluating the next term of Eqn. B35 which is U2,

+

0

B50

192

ZY 
h >

The integrals have been expressed in terms of modified Bessel functions as Io 

and Ii.

1-1 +
n=-<D

VST
T

, VST
T

n
X \dZ

0

7t / r^r \

f dZs f dZ, exp A, cos —+ A*, cos— (s0 - //)AS cos-^- 
0 0 < h ‘ h >

x
0

2(h)2 kT

MM

A,

2 
a’,mM

u2 = +
^s2d52d5d 1

(^)2^2/0(a;)z0(a*JF«

fzcos^- J[E0+ cosw/”]^/”

• 2 ,xsin — cos——
h

_ T\2ds2n0 / v V T y2/ A 
2^2kT ( 0

d2nok (ea-^)2 r2( a
W~

^2d2dsd2nn 1 r- |
<< expi

e^r j[£o+£scoswZ"]*'

7 Z ( Z Yr ( ♦ 
cos_A.sin2—exp A* cos— t/Z,exp A,cos

5 h h < h )J0 ~ <

aK)

zs
h
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Using the identities,

B51

B52

is written as follows,

= —cos— I-cos—-

B53

Integration of Eqn. B50 with respect to time, using Eqn. B48, followed

by substitution of Eqn. B53 gives,

+

B54

193

v5r 
T

4

T\2d?n^5h2

n--<n

n=~co

n=-®

VST 
T

cosf Zy/\in2 f 
\ /h ) /h )

+ cos(x-y)]

V7 
T

T\2d2n^5 
4(h)2 kT

x]dZ: 
0

tA/J/mqA 
4(^)2 ft2I0 (a*s )zo (a*. )kT

h

Zs 3Z, 
cos—+ cos—- 

h

3ZS 
-cos—- 

h

«> j

n=-oo

U2

x =.~-(l-cos2x)

U2 = +

U2= +

cos x cos y = 1 [cos(x + y)

( z J cos—
I h

/0(a;)

1 zs 1= —cos—----
2 h 4

1 Z5 1 Z5 2Z5 = —cos——cos—cos—- 
2^2'

1 Z\ Z5 1 3Z — cos—- — cos——cos—-
2 h 4 h 4

sin2

zs ^zscos—-cos—-
h h

( z V ( z exp A', cos— f dZ. exp A’, cos—i
I 6jJo ' I * h

2Z.
h

Zs
h

^z5
h

Zs
h

zs
h

zs
h

z5
h

Zs
h

^z5
h

1
2

Zs
h
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(a;)

(a;)
As

B55

Substituting Eqn. B55 into Eqn. B54 gives,

T

B56v5r

The third term U3 of Eqn. B35 is given by Eqn. B38

V5T 4 
a;

4 8/, (a;) 
a*>0(a;) ■

8/, (a;) ' 
a'/aK),

a (a;) 
aK)

8i, (a;) 

a?i„(a;)

a(a;)--^0(a;)+4t1, 
As 

lo(A‘J

(^o-a)EJ"W
n=-«o

194

(^0-A)EJnW
n=-oo

n=-co

fa- /z)A_. cos-=-

410(a*J
A’/ofa)

Integrating U3 with respect to time using Eqn. B48 gives,

V5T 
T

, V J
T

I kT

M

rA/rf,2n0A, 
4(ft)2 rfkT

M = +

U2= +

U3= +

u2 = +

a(a;) a(a;)
MAJ 1®

z/aJ-iXa-J =
lofa) J

Eqn B54 is expressed in terms of the modified Bessel functions Io and Ib

Using the recurrence relation in Eqn A33, l3(A*t) can be written as

\ 27,(a;) a

I a;i0(a;)J

(a;)=i,(a;)-Ai0(a‘5)+47z, 
As 

Therefore,

n n / Z , Z
x f dZ J dZ: exp A’s cos-^ + A2 cos-^ 

0 0

• ^s2d^dsd:nQ 1 
(^)2/22/0(a;)z0(a,>tMs<.

xsin2^cos^ f[£0 + ^cosw/"^'

8

8

a;

Zz
h

© University of Cape Coast     https://ir.ucc.edu.gh/xmlui

Digitized by Sam Jonah Library



X

= +

= +

+ 

B57

Where as usual, the integrals have been expressed in terms of modified

Bessel functions. Using the recurrence relation in Eqn A33, Eqn. B57

7

X) B58

195

1 f ^7 I i „ 7
o J J cos-— exp A cos—

n k h I

(£o-a)5^„2(«)
n=-co

can be expressed in terms of Io and Ii as follows:

[/.(a;) z2(a;
IaK) 7^7

a (a;) 
aKJ

2z,(a;P 
a;a>(a;)J

T

VST 
T

VsT
~~T~

Afc) 
aM)

rA/j/^A 

W^ATK^TJfcF

rA/rf/w A
2^2h2I0(^)l0(A\)kT

-A)S42(a)
n=-co

A
1—

lpz2 
0

_ 2/, (a;)/, 
A'/ok)/o(A’J

2Z ) <
1 - cos—I expl A*5 cos

Z ( 4 Zcos—exp A,cos— 
h I ‘ h

]dZs sin2 ^expf cosOdZ. cos^expf A’ cos^ 

0 n \ h h \ ‘ h

= ZifeX-l +

n=—co

xpZ5 
0

zs'\}^7 Zz z;— dZ_ cos—exp A, cos— h JJ0 " h \ “ h.

r-
X-

0

(£o-A)£^(a)
n=-co

^{/0(A;)-/2(A:)k(O

/,(<) z2(a;>,(a;)~
.A\A2) zo(aj)z()(a,)

to

rA/af/»0A2
2(A)2 kT

Z;
h

2Z,?I
A y

Z.
h

zs
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B59

Integrating U4 with respect to time using Eqn. B48 gives,

B60

196

Zz 
h

co

fexpH}"

£?„2(«) U - a) ko(<)~ A 
n=-<o

go A 
kT

x ]dZ
0

Ut=-

no

^=~

u4 =

U1

1 2ZS
1 - cos—- 

h

U<

u<

n n
X jdZsjdZ:

0 0

T&2d2 nQ
2(A)2 kT

Where the integrals have been expressed in terms of modified Bessel functions.

^d?n0 “
2(a)2 Z0(a’s )/„(<>?

1 • Z • z A. expl As cos-^- + A*. cos~ I fa - a)

X^Wfa-^A' 
n=~<o

2/, (a;)/.(a;) 

a;/0(aj/0(a;)

ife) zJa'J v t 
mSJmS) s

The fourth term U4 of Eqn. B35 is given by Eqn. B39.

2 2^5 ^5 Z^Q 1

1 a(a;)1

n=—co 1

, • 2 ( A* f ( A*
. sin —exp A cos— tZZ, exp A, cos 5 A V *JJ0 * I ‘

-T-cos^- j[E0 + Es coswf'jzt" Vs/r

o-a) V.A

n=-<o

■ 2z5 
xsin —

h

0

Substituting Eqn. B58 into Eqn. B57, we get

_ | T^ds2n^z
2(A)2/cf

Z ( z exp A* cos— fdZ, exp A*, cos— 
l Jo v

T^d2nz 2, x /

2
, rA5 d5 na\zk

■' 2zs in ___ ±_

h
Zs
h
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1-

B61

B62

j[E0 +Es coswz"}/z’

The time integral in U5 is

197

/
1-1 +

o=-a>

Using the recurrence relation in Eqn A33, Eqn. B60 can be expressed in terms 

of Io and Ij as follows:

= 1 r dt expf - - Y1 + COS 2 f + Es cos wt' '>/'
2J° A rA *

2A(A'T 
a’aIaJJ

T

Substituting Eqn. B61 into Eqn. B60, we get

2 /.k) 
a s A> (a, )

2^J- f[E0 + Escoswt"}it" 
h

r® . I Z 1Jo dt expl — I cos

n

X
0

tA=-

* * ( % z y / \ z
jdZs jdZ. exp a; cos-^ + A: cos-^ I - a)As cos-^- 
0 0 '

n=-<n
UA=-

^s2ds2 n0 
2(h)2 kT

2 
xsin2 — cos 

h

t/5= +

2 A (a‘J 
a; EK)

7o(AJ

f a>(a;)--U
A, 

a, (a;)

2 eds f 

fl ;

^,d,2 n0

The next term U5 of Eqn. B35 is given by Eqn. B40.

^s2ds2dsd:n0 1 r“e | 
d^d-Jo '

a(a‘J
I aK.

Zs
h
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For weak electric fields, e<^o

1 + 4 + w

T 1-0

B63

Therefore integrating Eqn. B40 with respect to time using Eqn B63, we have

Using Eqn.B53, we have

x
o

198

2

2

1 [.
= — T2 Ii+MW

77=-CO

n

\dZ
0

i+MW
>J=-cO ,

MW
77=—CO I

i+MW
77=-co

i+ MWi
n=-m J

to
T

rA/<2770A5(g(, ~ a) 

h110 (as )/o(a. )kT <

VJ 
T

T

If ( z 3ZS- dZ,\ cos-7--cos—— 
4J0 \ h h

U,= +

r+ MnW1-

It 

x J dZ 
0

ta/m<aW~W ' .
2W)2s2iowyoW>7’ 1

( Z f Zexp A* cos— I dZ„ exp A*, cos—z-
< Ji < J

T

edsE0/
/h

h

edsEo/
/tl

W cfrexpf-- 
2 A t J

t^5= +

■ t cos—sin
' h

U5= +

tasXMW-W J 
8w2/oWKWM

2

I T2

T 1
=--- 1---

2 2

+nw «1

f [&0 + E coswz’’}//"

< Z . Z ' 
exp A. cos — + A*, cos—-‘ \ 5 h “ h)

n=-«o

If00, (
+ 7Jo "ZexP — cos2 

\ T)

+ mv^ j j

3ZS
h

Z
h
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B64ZK)
Where the integrals have been expressed in terms of modified Bessel

functions.

By substituting Eqn B55 into, Eqn. B64, U5 can be expressed in terms of Io

and I] as follows:

B651-

The next term LU of Eqn. B35 is given by Eqn. B41. Integrating LU with

respect to time using Eqn. B63, we have

B66

But,

199

8/. (a;)

1+

n=-<n

n=-<o /

k fco ~a) 
kT

VST 
T

T
2^- [[E0 + E,coswf’}/f 

h A

4

• 2^ 
xsin — cos

h

U6=-

z 
sin2 — cos 

h

x
o

V6

2Z 1 . 22Z4.2 — =—sin -----
h 4 h

2 2 Zs
A2 cos — 

h

2^ 

h

a7o(<1

1 1 fl 4Z> ----- 1-cos-------  
4 2<

7 f Z V f Z y —q A* cos— (dz, exp A*. cos-7- 
h I 5 A JJ - < ‘ h J

y,r
T aK)

v3rt/5 = +

u5= +

u5= +

rA/<2n0As(g0 - A) 
8(ft)2A:r

2(A)2

n z\dZs sin2—cos

^S2ds2no^s(so~iu) ' 
^kT

____^d2dsdzn------ l_r%xp|
(^)2a2/0 (a,j K(a’;>t dsdz Jo I

J

x j dZ3 j d.Zz exp A*5 cos— + A*, cos— 
00 \

4ZS
h
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B67

MO-a (a; )MOT

B68OOJ

a;

+

00=00- B69

200

21,(0 
a;

Where the integrals have been expressed in terms of modified Bessel functions.

According to Eqn. A33 the recurrence relation for Z4(a*J is

1

Substituting Eqns. A33b and A37, this recurrence relation becomes

8/, (a; y 
A*/ y

n=-co\f>(h)2kT

J T

81,(0 2470(Q 
a;/o(a;)

Substituting Eqn.B67 into Eqn.B66 gives

tA/j/wqA2 (
2(^)2A270(a;)70(a\>7' <1+ 2O(«)

n=-<o

x ]dZs-
J * ft 
0 c

00=00-

U6=-

74(0=00-400

1 4Z<
1 - cos--- -

h

40O 
A'

tl6 = -

4Z ) =srcoM

A* Z5

At cos — 
h

THE LIBRARY 
UHIYERSTTY OF CAPE COAST

ir ,7 z:I az, exp A2 cos — 
0 \ .

87,(0,247JAJ 487, (^ ) 
a; a;2 A?

n=-oo /

= ~^kTS[i+^j2M
16(A) kT <

, 48/, (a; ) 

OOO O70(a;)

Therefore

mO

^aOOoA2 ( 
16(A)2 70(AO0(OfcT I

ite ko(A'J-A(0}
T 70(aJ

^7 f, Apy
T 7 (a')
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B70

T

B71

The next term U7 of Eqn. B35 is given by Eqn. B42. Integrating U7 with

respect to time, using Eqn. B63, we have

|[E0 + Es cosw/"}/Z

Bessel functions, we get

V T

201

Z Z f ♦ — sin2— exp A5 cos

a7z0(a;1

6/,(a;) v j 

</0(a;L

tA/j/kqAA

n 1 fa-i
0

rA/d/ttpAA '.

rA32<7/n0A2
\6(h)2kT

( 7exp A*, cos-—- j
\ " /o

r\s2d?nak£s 
2(A)2

z 
cos-

h

k n 

xjdZsjdZ 
0 0

Z5 3Z,cos—-cos — 
h h

V7 
T

. 2Z5 xsin —cos' 
h

Z7=—CO

a(<)_±+ 
J ^o(a,J a ,

u.

u.

= HMa;) 
a'A^K) a; +

6/.(aJ )

Substituting Eqn. B70 into Eqn. B68 gives

7,fc) 3 + 
Wm a;

2eds f 

a

■ z (z.dZ, cos —exp A, cos—
. ■ * I ■ 4

i+s-'.’w ¥
n=-co / L

n=-<o / J

( A* ZS A* Z’ 

, exp A cos—+ A. cos— 
‘ < 5 h ‘ h

. n=—00

x \dZs 
0

Substituting Eqn. B53 and expressing the integrals in terms of modified

Z ZA,A, cos—cos-7-
1 ‘ A A

Z Yr z C . z,\— \\dZ, cos—exp A. cos—^ A JJ * A A ‘ A J

t±2d2dsd.nQ 1 r« |
H2^2z0(a;)z0(a;Xt d5d2 Jo expi

3ZS
h

8
J \

Zs
h

x
1
4
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u-.=- (<)}/,(<)

B72

B73

The next term Us of Eqn. B35 is given by Eqn. B43. Integrating Us with

respect to time, using Eqn. B63, we have

B74

modified Bessel functions, we get

202

n=-« /

1+ Zj"(a)
, co

1+
n=—co

fl=-00 /

T

' Tk2d\& 
2(^)^2/0(a;)zo(a'2>T

8(7j)2£r

rAs d2n0&’ A, k

rAJ2c?J2n0AJA2 ( 
i{h)2kT

f[£0 + £scoswr"}/f" V2/z 
ft

1+ XJn(a)
M=-co

T^aJ J/JaT)
By substituting Eqn. B55 into Eqn. B72, U7 can be expressed in terms Io and E 

as follows

. 2Z, xsin —cos
h

*\dZs]dZ..
0 0

J T

ezUW-a(a;)U(a;)
T / (a-)

tA,2<2h0A

n

x J dZ3 cos 
0

Substituting Eqn. B53 into Eqn. B74 and expressing the integrals in terms of

As MAjJ

U>= +

Us= +

U3 = +

/ Z . zexp At cos— + A, cos— 
“ I h “ h

7 7 n ( z • z^-sin2 — f dZ, exp A*5 cos-*- + A*z cos-5- 
h h Jo ‘ I n

4 87. (<)]/, (a; )
< a-A(a;)J7M)

/ co \

2 (rtfi )2 #2 A) (a*, )/o (A r < "='*° '

^2d2dsdznQ _J_rex I 
(^)2ft2/0(A;)z0(A;>r dsdz J* expi

z 
A, cos — 

ft
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8(h)2 kT

Substituting Eqn. B55, we have

B751-

The next term U9 of Eqn. B35 is given by Eqn. B44 as follows

The time dependent integral in Eqn. B76 is

cos

203

OP ~4

n
| j d.Z, cos 
0

zj=-co 7

f-—COS

( 00 \

\ n=-<D 7

n=—CO y

cos^2- f [Eo + E. coswf'jA"

B76

27,(<) ~ 

a; MO.
t&2d2n0

2(M

A/<2m0A

T&2d2noks 

s(MMa;JMMM

xpz.lC
0 \

1 r°° , ( X
— at exp — 
2Jo < T)

'ed5 f

< h

j (E0+Es cos 
t-e

xfexp|

8(h)2 kT

MO-7 (a;)1
I 4(0 J

t/8=+

U9= +

Z. (.♦ Z, — exp A. cos— 
h ‘ h

Ue= +

778= +

C/8= +

Z 3Zcos-i-cos-=^ 
h h

) C > z Yr ( . Z exp A cos — dZ exp A. cos—
J < ~ I ‘

r d ! A
j [Eq + Es cos wz’ ’]7z''+ j [£0 + E, cos wz' ’}/z' ’

cos^- JX +EZ coswz”]7z"

2 7/ KrA5 ds n0E f 2/ ~ 1+E42W A
\ n=—co J

fexpl

C0S“|L f[£o + Es coswr"]7/"

* 2 r * zx f dZ' sin2 -7-exp A*5 coStt"
Jo h { 3 h

Z5
h
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4-COS

1 + + HW + + nw

+ nw

For weak electric fields, + nw «1

2

+ 77W+ «W +

2

-0 + W

B77

Substituting Eqn. B77 into Eqn. B76 gives

204

fI *

=
n=—oo

fa-a)
n=-co

U-a) £J"(a) 
n=-<n

v5r
T

v 7
T

T&2ds2nQAs

T

( ed,EQ/
I " 7h

+ —
1 +

[ ed.EQ/
" 7h

edA>/7h

( ed„EQ/
7h

ed5EQ/
7h

edsE^/
7h

T

ed„EQ/
7h

xljrfZ, 
0

eds^/

7h

• z (A* z,dZ cos—exp A, cos— 
o' h v '

L/,= +

l/9= +

1 40

n=—co

2
T2

■ TA/^2n0A

(^)2ft2Z0(Aj0(A\>T

1-0
n=-co

2
T2

1 2Zs
1-cos—- 

n

edsE0/
7h

CCl f r j t
J lA) + A cosw/"}//’'---^ J[eo + E: cos w/"]#"

n Z ( * Z Yr
x f dZ5 sin2 exp A*, cos-7 I

J0 h < h > 0

( # Zt Yr Jr7 Z, ( . Z, exp A cos— dZ, cos —exp A, cos—
k Ji ‘ k
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K(aJ-/,(<)}/,(a;)

co

B78

B45 as follows

205

where we have expressed all the integrals in terms of modified Bessel functions 

and made use of Eqn. B61. The next term Uio of Eqn. B35 is given by Eqn.

Eqn. B45 is integrated with respect to time using Eqn. B77, followed by 

substitution of Eqn. B53 as follows

n=~<o

M)
n=-co

aM

a (a;) 
A> (ajA) (a/)

VST
T

A (a;) 
A)(Aj)J A)(azJ

tAs ds2nQ&Jc 
(*)2

T

VsT 
T

VST
T

VST 
T

a(a'J

rA/c? 2« A, 
2(A)2 kT '

T\2d2nQ&:
2(h)2 kT

2rAs d2n0W
2(h)2/k\kT

gp~A 
kT

ul0 = -

(£o - a) $>,((«)
«=—00

u9

(go-a) ^J2„(a) 
n=—<o

UIO

(^0

xf^zj
o o

U9 = +

u9 = +

^ = +

U9 — +

u9 = +

U-a) £j2(«)
n=~co

L^l vst

/ 7 ,
dZ, exp A* cos— + A, cos—-

‘ I 5 h ‘ h)

2 2^Aj 77OA, z x 03 \7 rp

(e" .^.’W ~

/0(a;)-z (a;)] /,(<)
1 z0(a-s) Jwj

z zA,Ar cos—^“Cos— 
h h

r\2d^n0\.^s y a\ 
(nhfh2!^^^ "

xsin^cos-^- \[E0 + Escoswt"}it'' 
h h f_e

cos^i ([£„+£. cos
h 1

&52d?dsd-n<) 1 r° |
----------- -—t—\ “/■- \--------------exp (^)2a2/0(a;)/0(<>z dsd: '

! Afc)! z,(a;)

, <2»qA..

(^)2
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t/,o=-

{<&)- /3 (a; )}/,(<)

B79

Substituting Eqn. B55 into Eqn. B79 expresses the equation in terms of Io and

Ii

B801-

The next term Un of Eqn. B35 is given by Eqn. B46 as follows

B81

Eqn. B81 is integrated with respect to time using Eqn. B77

206

VST 
T

4
a;

±j2M 
n=-<x>

IjM- 
n~~<K>

n=-<D

n=-m

M)
n=—<o

xsin^cos^ f[E0+E,cosw/"}*" 
h

.v/
T

zAs d2nQ&„&sk

\ST
T

VST
T

^2ds2n<AAs
4 (ft)2 kT

T&2ds2n<AAs
4(ft)2 kT

^X\A;A

2 2
A d n0\:\s 

W^a^aT)^

z,(a; )-/(<)] z,(a;) 
MA‘J

v5r 
T

^0

2z,(a;) z,(a;) 

a; z0(a;)J W)

uw

nx Pz, 
0

n n

x !dz’l 
0 0

s/,(a;) z,fc)

/ 7 z y
dZew A* cos— + A,cos—z \ 5 h ‘ h)

h Zz cos—exp A, cos— 
h I ‘ h

A2 2A, cos — 
h

Z 37 cos -i- cos--- *-
h

— A, cos A I
Z«Yf^7 z- fv Z-— az. cos—exp A. cos —
M • h \ • h

( Z A* exp^A’s cosJ^dZ.

r5 cos sin 
h

x

___ ------------------------ L-Pexpl
dsd.^ I

z.
h

h

Z5
h

cos— f[E0 + £, cosw/"}/r'
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The following replacements are also made

and cos

(/„(*;)-/2(a;)X/0 (<)+/2(<))

B821 +
T

where we have expressed all the integrals in terms of modified Bessel

functions.

Applying Eqn. A33

B83

207

M)
n=~<o

| / 2Z A ( * Z
■ \\dZ, - 1 + cos—- exp A*, cos-7- JJ0 ‘2l h ) \ ‘ h

VST
T

VsT 
T

VsT 
T

TAs2ds2n0A?s
4(a)2

4(^)2/0(A;)z0«>r

T&s2ds2nQtf

x \^ZS 
0

xpZ;
0

1 2Z’

1 + cos— 
h

■ 2ZS 
sin —*■ 

h

n=—a>
Uu=-

n=~<n

Un

4(^1”

2z, (A* Z. ; —exp A, cos—- 
h ‘ h

—dZ, cos
* Jo *

'i 2Z,— 1 -cos--- -
h

2^ = 1
h 2

1 (1 2Zs
— 1-cos—- 
2

■ 20(A=)

= 1 +

? 2 /,(<)

<XK)

v^f1 r®.

’ • 2 Z 1 ♦
s sin As cos 

h I

-A®2 . szO

A* A exp As cos—
\ /o

l + ife

2Z2
h

2Z,
h

1
2

Zz
h
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Using Eqns. B61 and B83, Eqn. B82

as follows

1-

B84VST1-

The last term U12 of Eqn. B35 is given by Eqn. B47 as follows

Eqn. B85 is integrated with respect to time using Eqn. B77

208

f
h r

T&2d2n^2 

ffikT

n——a^

77——co

A’JoO

A(mVST
T

\2d?dsdjy 1
(^)2/i270(A,3)z0(A'2>7’«

A270 (a’ )io (a", )kT

K

4
0

7,(A;)ru„=-

can be expressed in terms of Io and Ii

MaJ k

z, cos— exi 
A

fo“expl

tA>=-

n=—co

( 2Z ( 
dZ5 11 —cos—expl

A*s cosy-^j/ZZ.

l/12= +

A’ Z’

A, cos—- 
h

AA, cos—- 
h

n Z ( xpZ.sin2— exp^A*,

'cos®^ f [Eo + £, cos w/”]7z" Vs/z
/? /-/■

B85

rA/tZ/npA2
4(h)2 kT

x f dZ. [ dZ. exp A* cos— + A*, cos-f-
J0 J0 I ‘

ta/^/^a y/fa) v „ 
2(^)2A270(A5yoKE/ "

UI2= +

xsin2—cos^- f[£0 + Es cosw/"]7/' 
h * J

^12 = +

VST 2 7,(<) r 
r A^Tpfcn1

Z x* 4 Z
A* cos— \ [dZ, cos—exp A\ cos-y- 

h JJ0 ‘ h < h
z.
h
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7, (a’JCO

B86
n=—<o

B87

Summing up all the terms Uj, U2, ,Ui2 of Eqn. B35, we have

+

+
(*)2

a(a;

vsr+

X

vj

1-+

209

EA(«)vjA 1-

67,(0
A’s2/o(a'JJ

£-72(a)
n=-ao

1-
n=-« 7

I+Z-'.’W 
rt=-CO

i+£j2(«) •
f1= —CO ✓

saw 
n=—co

TA/c//n0M'5
2(A)2 I

^s2ds2nQk g0 - A 
kT

27, (a;) 

a; 70(a-j

tA5 d2nQ\s Azk
2(A)2 I

rA/j/npA, 
2(A)2 kT

i+i^w •
rt=-co /

A d2n0\zk [ g„-/z 
kT

t\, ds\bz

|XAW 
n=-a>

2 7, (a; ) /,(<) 
a; 70(a;)z0(a;)

/1--CO

S2

a(aQ Ma;)

rA/<2n0Az 
2(A)2 kT

_ 27,(a;)'
f a’,70(a;)J

A 2 J 2 rA5 ds n0 
2(A)2

V 2/,(a;) 7,(a;) 
a; 70(a;)J

a(a;)'

Substituting Eqn. B61 into Eqn. B86, we have

n=—co

rAs ds2nf

)V7,(a-s)_J_ + 
’J^ZTa;

f?2(«)V A 
n=—co

!oA (g0~/z) 
kT

W)W) j

^12 “ +

f/12= +

t/12 — +

nQ
(*)2

T\2d2nok (g0 -//)

2(A)2 kT

\ 27,(A-y
< a; 70(a;),

. Iq \As a
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Afa.)gp A
kT

VST

1- V/T
n=—co 0

+

2

S'2

2A, V5//
2

kT

2gp-A
kT-

-a2
kT

0

kT2

aX+
2

A/A;+
2

gp
-A,

kT

210

Afa

fAfa)_ 4
fafa

rA5d.~~w
tSM 

n=~<o

As fa<

n=-a>

ZXfa) 
n=-oo

M) 
n——co

i?.’w
n=-co

i?.’w
H=-aj

a(<) f 
a\z0(a;)J

-fe)
<)

a(<)
<)

2 A fa)'
A’< 4fa).

A fa) 
mOaK)

A fa) fafa)

zA, ds\bj£:k

t-A, <2m0Az

2 *rAs ds nQS,^s k 
fa2 ■

Afa)f 
A)

tA5 ds2n0k 7,fa) [fa, - a)2 
w Xfa)

Afafa) A . A —

Afa) Afa) /ofa)zofa)

Mfa) 1 
n=—co

t-/2Wy 
n=—co i

K-k n=-<o

fa-A)£^„2(a)
M=-co

a fay

tA5. d^n^.k 
+

)

fafa) 
Afa)

-A-

Afa)
Afa)

/> \ ( co

7- i+y/;w
Aj J \ «=-<»

«P

4- e/m
A Jn=-«>
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+ A2A’= 1-

52=-

XCO

a
7

+

+

+ Aj£ 1-

Let ctj(e) =

co

n=-co

00

n=-co

211

a

t\5 ds\k Z^A*,) [(g0-/i)2 
kT

2
A’JW)l

SX(o) V7
/?=—CO

E42(4 v.t 
rt=-co

i+jj.’w'
n=-co /

Xa2(«)
n=-m

(v/OM)
. n=-co

n=-oo

ZJ=—00

I <40

r /.(<)'

AZA, f 7o(As)
2

"o 44.)
W)

\ /7=—CO

1^-41-A^W J^,(AJ As J e

Ml
2

-2A.
A kT

\ n=^o J^Zj^AjJ y

WJ

S2 = -°’J(£)| ■ (f0 -A)£j2(a)

f, 3z0(a;) ro

a. y^(o)Afel.
2 " v 7 J (a) 

n=-co 1Q\P‘z))

e2rA,rf,2 n0 A(A’J
(ft)2 4 (a J

+ a.a {Afc)_A^AfcJ<M<) A;

.V I2 / t J n
n=-co

6+d

a, (gp

2 kT

A/

2 I
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kT

2
7

X

4-
2

a/a2
4-

2 n=—<x>

+a2a*2 i- B88
n=~co

Now, S = S\ 4- S'2

WJJ n

n=-<o

2}A,
kT2kT n=-<o

-2A2 2kT

2
4-

2 s

212

Law

(£)i G 
e

(*p~Wf A fe 
kT

n=—m

MW V7

-WM»W
n=-<o

MW 
n=-<n

n=-<n /

-A.iy.’W
«=-<»

2 '

As ? k

aW) '
A, k

a/a2 f /q^A*,

c A(A;n
I A’JoWJj

A^y 
mO

f /q(a; 
Law

a fc)

(gp~Wf A^
LawZ42W 

n=-co

V.-* 
e

To

a;

A A | 370(Aj) 

rWi

aw

-2a/^A£^AK)
a kT Jaw)

6 +d

aJ -

6

2 n=-a> 7 \^A\As/ As

AW

5'=-as(E)i Jj2(«) (gp-A) 
n=—<o

-A

Xmw
J \ n=-<ort=-O0

A, a; C 370(a‘J
I XaW

-a,(E)4J(£LZiZ
e2 kT

7 \ ( CO \

l + 3£j„2(a) 
n=-a>
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+ax i- B89s

2^1.
e

n=-co /
~°S

n=--<x>

kTkT 2

X
g0-A-2AZ

kT 2

2+
2

v,r

A
kT2kT

g0-A-2A, 2kT

213

(go ~f)(A>(A'.I 2 * '.

1j:w-
n=-<x>

n=-co

E/(4 v5r 
n=—co

n=-co

co

I?2(« 
n=-co

n=-°o

A/a, ( I0(aQ 
iWr

/,(<)

/.(a;)

(£)t 6

r

el n—o 2

tj2M- 
n=-co

e

a;

6
+a;\

-O',

6
+ T2

A, J

E.

fl

£„+v,^ 
e

-aXE^\^L

(F\k i(go-A)2 
e2| kT

X^2W + 
?7=-«3

o-^X^W-A,
n=—co

izw+
/j=-oO

•s (gp a) A)(As) _

IW) a;

+4Xr1__'Ml- \ aj0(aJJ

nA/ co

4- l + 3£j„2(o)
— 5 / X

5’ = -a5

\AA2 J

JaO 
aK) a’J

_a.£j2(«)AW.
* Z A I/F=-0O 2P\MZ /

3/0(a;) 
axa;)
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2+
2

00

n=—co

A; 2
2

2 V co

2 kT n=-<x>

-2Ar
kT

aX 34+
2 k

zM

V,T+ A. A‘, 1-

S’=-<7s
e

sn

2

(^o-a)2
kT

214

k K*q-a)2 
kT

a A f z0(a;

+ AX 1-
k

^|i+3Ej2W 
n=-<o

f?„2(«)| vj 
n=—co

n=-<o J

n=-co

7J=-CO

i?:w ■ 
n=-oo

+Axf4x)_A
2 I^TK) a; J

00

-A..£J2 
n=-oo

W+31?m

a(a’J

a (a;) 
W)

♦

(gQ-^)f aX
IW

a (a;) ~ 
AJo®.

'y oo4- -a-£j"W-4[i+3£j-4W} z k «=^>

A,

A* 5 ✓
K

A (a-J ' 
XaK)J

(£4

m(go-A)£A2w
C n=-<n

~(rxE^' IjM 
n=-<x>

S'=-as(E)- (£o-^X^W

I 3/»(a',) X
6 +d

A,A
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-2AZ

+

+
2

B90

Now going through the same steps

CO

n=-a>

2
zn

£2

kT

-2A5

/

+ • 2

215

(gp-A) C 4^) _ 
7K)

2 W) 
4

£■4(4 vst
n=—<o

1+ £-4(«)
. n--<x>

i+3X4(«)

tfM

£4W
n=—oo

jy.!w

tSM 
n--«>

n=-<n (“>fF

<az G0(a;

/0(a’ ) 2 (

Wr 1+3S4W
' \ s / s J \ n=—oo

Az
2

k (g0 a) 
kT

aX
2

g0 A 
kT

(£La K

(gp-A)'

2 kT

go A 
kT

Z'= -o-.(£)-](go- a)£4(«) 
e

as above, Z’ is found to be

A,A‘, _ 
2~

£n+vs^ 
e

. 3/ol
/ ZaKJ

c

6
+<

a(<)

\ 370(a‘J

a (A0 
4K)

Where we have defined E*n as

* A AJoM

4®

4¥i+3£4W
A. J fl=-<o
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+ aX B91z

respectively given by

B92=£’+£’sin <?„

B93qc =S'cos0h

Therefore in order to obtain the axial thermal current density, Eqn. B90 and

B91are substituted into Eqn. B92 as follows

-cr.Qz

kT

-2AS

216

+ AsA‘3^1-

(e)1
n=-oo

£a2(4
n=--«o

1+3Ej2(a)

n~—m

tSM
n=-<x>
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The axial and circumferential components of the thermal current density are
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kT

kT2

-2kz

B94

Also, from Figure Al, we see that

B95ES~E sin Oh

B96V7 = V2Tsin^

So, substitution of Eqns. B95 and B96 into Eqn. B94 gives

CO
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kT

kT
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+
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kT

kT2

/
1 +1-+

2 k
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+ A;A\ 1-
k

The terms of the above equation are rearranged, and then multiplied and

divided by kT as follows

1
<L e

-A[l+3£j2(fc
\ 77=>-cO J

2

(g0 - a)2
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-x'KA.fe0

2 kT
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g0~A(X < kT
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4W\ Jaxr
CO+

AX

+ o-5(E)sin2 3h

-2A*2

1-+
2

B971-

If we define C, as

B981-

And use the definitions of At and B, given in Eqn. A58, Eqn. B97 is rewritten

as follows
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A*

C,

+ 
2

2

aX B994^+
2

In order to obtain circumferential thermal current density, Eqn. B90 is

substituted into Eqn. B93

CO

<lc e

kT
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a;kT2

g0 A-2AZ
kT
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+ AZA*Z

< «=-> JIJivM 4 J
X}

kT

-2AZ
< kT

+

+ A,A*,

Using Eqns. B95 and B96, we have
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+
k

+

B1001-

Multiplying and dividing Eqn. Bl00 by kT, we get
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B101z

kT co
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B102

thermal conductivity respectively
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ASBZ+

225

/
1-

-2<£4Z £j2(a)
n-—co

Z7=-“ '

2ZW V7 
rt=-co

\A: 'Bz,
n=-co

i+£■/’(«)
„ n=-<o

£ V 
n—~co

n=-co

n=-<o

J CO

/ «=-°°

w
2

a>;
2

a(<-)
I W

V rp-co / \

Zee

BSAZ

& [_ n=-co

■s sin cos J„2 (fl) -
& n=-co

2A’2^. £^„2(«) + 
n=-<n

= -CTj(E)£sin^ cos0„ bjbfc) ~^B\l+3£jfc) 
n=>—co \*r—\ Hx>-co

l + 3£j2(«)
n=-co J
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+ <TJ(£)sin20A

B104n=—co

Onsagar Relations

B105

and

B106

Using Eqns. A61 and A65, Eqn. Bl05 can be written as

B107

Similarly, using Eqns. A62 and A66, Eqn. Bl06 can be written as

B108

We now make E*n the subject in Eqn. A60
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226
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Eqn. Bl09 is substituted into Eqn. B102
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+
Bill

Eqn. Bl 11 is substituted into Eqn. B99
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Simplifying we get
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X< ~aX-a>s]

+ 
VJ Bl 12

Bl 13

and

Bl 14

Where X is the electron thermal conductivity when the carrier current density

j is zero and II, the Peltier coefficient, is given by II = aT. As usual a is the

thermopower.

Comparing Eqn. Bl 10 and Eqn.Bl 12, we obtain the circumferential

component of the Peltier coefficient n as follows

n as follows
CO00

CO

\T
+

232

Eqns. 110 and 112 are in the form of the Onsagar relations given by 
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Again comparing Eqn. Bl 12 and Eqn. B114, we obtain the axial component of
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CO

n=-co

BSA:

CO CO
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Also, comparing Eqns. Bl 12 and Bl 14, the circumferential component of the

electron thermal conductivity X„ (when j = 0) is as follows
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Now, comparing Eqns. Bl 10 and Bl 13, the circumferentia! component of the 

electron thermal conductivity Xa (when j = 0) is as follows
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